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The quaternion Wigner-Ville distribution associated with linear canonical transform (QWVD-LCT) is a nontrivial generalization
of the quaternion Wigner-Ville distribution to the linear canonical transform (LCT) domain. In the present paper, we establish a
fundamental relationship between the QWVD-LCT and the quaternion Fourier transform (QFT). Based on this fact, we provide
alternative proof of the well-known properties of the QWVD-LCT such as inversion formula and Moyal formula. We also discuss
in detail the relationship among the QWVD-LCT and other generalized transforms. Finally, based on the basic relation between the
quaternion ambiguity function associated with the linear canonical transform (QAF-LCT) and the QFT, we present some important

properties of the QAF-LCT.

1. Introduction

The quaternion Fourier transform (QFT) is a nontrivial
generalization of the real and complex classical Fourier trans-
forms (FT) using quaternion algebra. Many useful properties
of the QFT were obtained such as shift, modulation, con-
volution, correlation, differentiation, energy conservation,
and uncertainty principle. It was first introduced in [1] for
the analysis of 2D linear time-invariant partial differential
systems and then applied in color image processing [2, 3]. It
is a natural question to extend the QFT to the linear canon-
ical transform (LCT) domains and then it is the so-called
quaternionic linear transform (QLCT). This extension is
constructed by substituting the kernel of the QFT with the
kernel of the LCT. A number of useful properties of the QLCT
have been investigated including shift, orthogonality relation,
reconstruction formula, and Heisenberg uncertainty princi-
ple (see, for example, [4-6] and the references given therein).

In [7], the author studied that the fractional Fourier
transform (FrFT) can be reduced to the classical Fourier
transform. Based on this fact, some properties of the FrFT
can be derived very easily from those of the classical Fourier
transform by simple change variable. Recently, in [8], the

authors developed this idea to derive an uncertainty principle
associated with the quaternion linear canonical transform
(QLCT) by using the fundamental relationship between the
QLCT and the QFT [8]. In [9], the authors proposed the
quaternion Wigner-Ville distribution associated with linear
canonical transform (QWVD-LCT) and obtain its funda-
mental properties. In the present paper, we first establish
the basic relationship between the QWVD-LCT and the
QFT. We then show that some fundamental properties of the
QWVD-LCT such as inversion formula and Moyal formula
can be obtained by combining this relation and the properties
of the QFT. We investigate that the QWVD-LCT can be
reduced to the quaternion windowed Fourier transform and
the continuous quaternion Fourier transform. We finally
establish the relationship between the QAF-LCT and the QFT
which enables us to derive some useful properties of the QAF-
LCT.

2. Preliminaries

In the preliminaries we remind the reader of some facts
of quaternions, the quaternion Fourier transform, and the
quaternion linear canonical transform.
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2.1. Basic Facts about Quaternions. The quaternion algebra
over R, denoted by H, is an associative noncommutative four-
dimensional algebra:

H=1{q=q +iq, +jq, + kqs; qp-q1-92-93 € R}, (1)

which obeys the following multiplication rules:

ij=—ji=k,
jk = —kj = i,

@
ki = —ik = j, )

i =i =K =ijk=-L

For a quaternion q = q, + iq; + jq, + kq; € H, q, is called
the scalar part of g denoted by Sc(gq) and iq, + jgq, + kg,
is called the vector (or pure) part of q. The vector part of
q is conventionally denoted by q. Let p,qg € H and p,q
be their vector parts, respectively. Equation (2) yields the
quaternionic multiplication gp as

qp =90Po — 9 P+ qoP t+ Poq+q X P> (3)
Yvhereq‘p = (q1p1 +92P2 +q5p3) and qXp = (g, 3~ g3 p5) +
i@pr —a1ps) + k(g p, — g2 1)

The quaternion conjugate of g, given by
q=40 -9 —j9, ~ kg3, 4o 91-92-93 € R, (4)
is an anti-involution; that is,

qp = pq. (5)

From (4), we obtain the norm or modulus of g € H defined
as

lal = \ag = @ + & + 2 + . (6)
It is not difficult to see that
lapl = lal[pl, Vp.q €. (7)
Furthermore, it is easily seen that
|par| = [rap|, Vp.g.q €. (8)

Using conjugate (4) and the modulus of g, we can define the
inverse of g € H \ {0} as

g =1, 9)
|a]

which shows that H is a normed division algebra.
Now we observe that

_ 1, _
Sc(pa) = 5 (3 +ap) = dopo + 4 P- (10)
This leads to the cyclic multiplication; that is,

Sc(pqgr) = Sc(rqp) = Sc(qpr), VYp.q,r € H. (11)
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We define an inner product for quaternion-valued func-
tions f, g : R* — H as follows:

(f,9) = JRz f(x) gxdx, dx=dxdx, (12)

with symmetric real scalar part

(1.9)=51(£9)+ (@ N =S¢ | FO0F@dx 13)

In particular, for f = g, we obtain the L*(R?*; H)-norm

A=\ = ([ lreobax) " an

This gives the L* (R?; H)-norm
1/p
"f"p = (J |f(x)|de> , 1<p<oo. (15)
RZ

2.2. Quaternion Linear Canonical Transform and Its Basic
Properties. In this section, we briefly discuss the definition
of the two-sided QFT and the two-sided quaternion linear
canonical transform (QLCT) (for simplicity of notation, we
write the QFT and QLCT instead of the two-sided QFT and
the two-sided QLCT, resp., in the next section). We further
collect some basic properties of the QLCT, which will be very
useful later on.

Definition 1. The QFT of f € LY(R*%H) is the transform
Ff}: R* — H given by the integral

F, (f} @) = J ey, (16)
R

where X = x,€, + x,€,, w = w, €, + w,e, and the quaternion

exponential product e “"*1e7“2*2 is the quaternion Fourier

kernel. Here 7 is called the quaternion Fourier transform

operator.

Definition 2. If f € L'(R* H) and FAf} € L'(R? H), then
the inverse transform of the QFT is given by

fx =7 [7,{}]®
. (17)

" n) JRze HF S @) e dw,

where & ;1 is called the inverse QFT operator.

A useful property of the QFT is stated in the following
lemma, which is needed to derive Moyal formula of the
quaternion Wigner-Ville distribution associated with the
linear canonical transform (QWVD-LCT).

Lemma 3 (QFT Parseval). Let f,g € LY(R?%H) n L*(R%; H).
The relation between f, g and their QFT is given by

(f.9) =(F, 1 F,{a}) - (18)
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In particular, with f = g, we get the QFT version of the
Plancherel formula; that is,

2 2
1A =7 (] - (19)
Definition 4 (QLCT definition). Suppose that A; = (a;,b,,
¢,d;) and A, = (a,,b,,¢,d,) are real matrix parameters

satisfying det(A,) = det(A,) = 1. The QLCT of a quaternion
signal f € L'(R* H) is defined by

Lo, (@)
(20)
- ij Ka, (xp, @) f (x) Ky, (%5, w,) dx,
where the kernel functions of the QLCT above are given by
Ky, (%1, ;)

L /2@ /b)xi-@/b )00+ fo)wf-m/2)
= \/27Tb1
\/d—1 Aad /2)wf’

Ky, (%5, @,)

for by #0

for b, =0,
(21)

L i@l -n2)
= \/271'(72
NERECIET

for b, # 0
for b, = 0.

From the definition of the QLCT, we can see easily that,
when bb, = 0 and b, = b, = 0, the QLCT of a signal is
essentially a quaternion chirp multiplication. Therefore, in
this work, we always assume that b b, # 0.

Lemma 5. The QLCT of a signal f can be seen as the QFT of
the signal f in the following form:
e—i(n )

4
+\/27b,

. elidi/2B)er Z, { AP £ () ej(az/zwx%} (22)

. <ﬂ ﬂ) Y iy 2,10
bl b2 \/27Tb2
It is worth noting that if A, = A, = (a,b,¢,d;) =
(0,1,-1,0) fori = 1,2, (22) will reduce to the QFT definition;
that is,

Ly a {fH @) =

o i/4) o x o, eI/
— Tl Xy L) d
JRZ V2m ¢ f(x)e V2m * (23)
e—i(rr/4) e*j(rr/4)
= F (w) .
V2 a {f} V2

Theorem 6 (QLCT Parseval). Two quaternion functions
fih e LY(R%;,H) n L2 (R?;H) are related to their QLCT via
the Parseval formula, given as

(fih) = (Laya, U1 L4, ) (24)

When f = h, we get

LA = 20 A (25)

Proof. For a detailed proof of the above theorem, we refer the
reader to [8]. O

3. Quaternion Wigner-Ville Distribution and
Quaternion Ambiguity Function in Linear
Canonical Transform Domains

Let us introduce the 2D quaternion Wigner-Ville distribution
(QWVD) and quaternion ambiguity function QAF [10].
According to the QWVD and QAF definitions and the QLCT
definition, we obtain a definition of the quaternion Wigner-
Ville distribution associated with the linear canonical trans-
form (QWVD-LCT) and the quaternion ambiguity function
associated with the linear canonical transform (QAF-LCT)
(see [9]). We establish the fundamental relationship between
the QWVD-LCT and QFT. Applying this relation and the
properties of the QFT, we in detail derive the inverse
transform formula and Moyal’s formula for the QWVD-
LCT and the QAF-LCT, where the proof of the properties
is quite different from one proposed in [9]. We also study
the relationship among the QWVD-LCT, the quaternion
windowed Fourier transform, and the continuous quaternion
Fourier transform.

3.1. Main Properties of QWVD-LCT and Relation among QAF-
LCT, QWFT, and CQWT

Definition 7. The cross quaternion Wigner-Ville distribution
of two-dimensional functions (or signals) f,g € L*(R%:H) is
given by

Wf,g (X, w)

e ale- e

provided that the integral exists.

(26)

It should be remembered that the kernel of the cross
QWVD in (26) does not commute with quaternion functions
f and g so that several properties of the classical Wigner-Ville
distribution (WVD) are not valid in the cross QWVD [10].

Definition 8. The cross quaternion ambiguity function of
two-dimensional functions (or signals) f,g € L*(R%H) is

given by

A (x, )

e a3

provided that the integral exists.

(27)



Definition 9. Suppose that A, = (a,,b,,¢,,d;) and A, = (a,,
b,,c,,d,) are real matrix parameters satisfying det(A;) =
det(A,) = 1. The cross QWVD-LCT and cross QAF-LCT of
a quaternion signal f, g € L' (R* H) are defined by

T
W?’;Az (x,w) = J i Ky, (Tl,a)l)f(x+ —)
R

2 e

-y(x— %')KA2 (1, w,) dr
M?’;’Az (X’w):JRZKAI (Tl,a)l)f<‘l'+§> 00
29

_ X
g <T - 5) Ky, (1, w,) dr.
Here the kernel functions of the above transforms are given
by
Ky, (. @)

L 2@/ -Gromant@mwi-ad) | for b 40

= \ 27Tb1
\/I clad: /2)w?

Ky, (7, @,)

for b, =0,
(30)

L 0/20(@/b)d-Grhmens@d/mei-n) | for b 4
= 4 2nb,

\/zej(%/z)“’i, for b, = 0.

It can be directly seen that if we write h £ (x,7) = f(x+
T/2)g(x — 7/2), we immediately obtain

7/2;”*2 (x, @)

@ /b= /b (s ) —r/2) ¢ <x

1
- JRZ \2mh,

1 e(j/Z)((az/bz)fff(Z/bz)Tzwz+(dz/bz)w§*7r/2)d,r

R G

e(i/z)«al/bl)rf—(z/bl>r1w1+<d1/bl>wf—n/z) hf,g (x,

1
- JRZ /21,

7) 1 e(j/2)((az/bz)T§—(Z/bz)‘rzwz+(dz/bz)w§—ﬂ/2)d_r
b,
a {hggt @)

This tells us that the cross QWVD-LCT is in fact the QLCT
of the function h 1g(%T) with respect to 7. This fact is very
important in proving Moyal’s formula for the cross QWVD-
LCT. Similarly, we also get

2
H
=L,

“ ?,;Az xw) =Ly 4 Ryl (@), (32)

where R, is given by

Rf,g(x,r):f(1+)2—(>§<r—§>. (33)
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The following result presents an inequality related to the
cross QWVD-LCT.

Lemma 10. Suppose that f € LF(R*;H), g € LY(R* H) with
1/p +1/q = 1. Then we have

7% (xw)| < P~ (34)

1
f.9 ﬂm ”f"p “g"q .
Proof. We straightforwardly obtain from (28) that
7% (x|

(2@ /=@l e )i -m/2) ¢ (X

1
J[RZ +\/27b,

oD
2)9I\*72) "

1

S(I{RZ \2mb,  (35)

P 1/p
' e(i/z)((ul/bl)ﬁz_(z/b‘)T‘“"+(d‘/b' )wf—n/Z)f <x + g)[ dT)

(L35

g(x_g)\/m

. e(j/Z)((uz/bz)Tf—(Z/bz)r2w2+(d2/bz)w§—ﬂ/2)d_r

q 1/q
. /(@)= 20,7+ (s By} =7 /2) dr) _

Letting x + 7/2 = y and x — 7/2 = z, we immediately obtain

75 )|

A (A

T\[4 1/q
([ (=3 @) 36)
= —zwl@ (JR I P dv>1/p

(] o)

Hence, the result follows. O

Observe first that, for p = g = 2, (34) will reduce to

Wiy )| < e (37)

1
. 7 el
which shows that ‘7/?’;’[‘2 (x, ) is bounded on LZ(RZ; H).

Lemma 11. The cross QWVD-LCT of a signal f with matrix
parameters A, = (a,b,c,d;) and A, = (a,,b,¢,d,)
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can be reduced as the QFT of the signal f in the following
form:

—i(r/4)
e
WA (x, @) =

Z Vb,

_e(idl/zbl)wfgq {ei(“l/ﬂ’l)ﬁzf (x + %)E(x - g) (38)

~j/4)
, ej(az/zbz)rf} (& W, ) e dr /2l

b1 ’ b2 A/ 27‘[b2

Proof. By calculation directly, we get

WA (x, w) =

1
fa Vb,

, J /@ )5 =21 0+ ) -r2) <X
R2

(39)
. @ /2h)at J

) ( el ¢ <X N I)
R? 2

.G (x - ;) ei<az/2bz>r§) @) 4o

I/4) ~i(/4)

Jda/2b)a} _ €
2mh,

el g { dia/2b ¢ (X + g) g (X - g)

2mb,

/)
.eimz/zaz)r%} (‘ﬂ “’2) e Gda/2b)a

by \2mb, '

b’ b,
where the last line follows directly from (28). O

For abbreviation, we use the notation

e—i(rz /4)

. 2 T T
e i (x N _) — (x 3 _)
\2mh f 2)9 2
—j(/4)

Pl €
2mb,

hpg(x,7) =
(40)

Therefore, we can write (38) in the form

7 s 0} (3 52)

_ i /2b)] W?;Az (x, w) e~ 091203

(41)

In the below theorem by combining the properties of the
QFT and the fundamental relation between the QFT and
the QWVD-LCT, we provide a new proof of reconstruction
formula for the QWVD-LCT.

Theorem 12 (reconstruction formula for QWVD-LCT). The
inverse transform of the cross the QWVD-LCT of the signal f €
L*(R% H) is given by

f (%) i Ky (%, ;) gy Arie <§,w>

L I
y(o) R f’g 2 (42)

Ko (%, 0;) dw
provided that g(0) # 0.

Proof. From the inverse transform of the QFT (17), it follows
that

T 1 i(w,1,/b;) T
hpg(x7) = (2n)? JRZ e Ty {hﬂg (x, T)}
(43)
. ﬂ & ej(wzfz/bz)dg
< b’ b, ) b’
In view of (40) and (41), we easily get
—i(m/4)
€ g (X L ) g (x _r ) J@:/26)7]
\/2mh, 2 2
—j(m/4)
L g, (i )
2nb, 2r)? Jre 1171
.(ﬂ &) Jnft) @ _ 1 (44)
b b b (2n)
. J O 0) i 20w s (o
R2 9
o da/28)3 i@y /b) g @
b
Subsequently,
T\ _ T
i(x+3)a(x-3)
i(/4)
€ —i(a,/2b)7] (w7 /b)) ~(id, [2b)w oAy, A
— [— 1120007y T/ VE@gr i (x
J.IRZ N rg (o)
Y sl o/ 7 g
\2mrb, (45)
1 —(i/2)((ay /b)) T} =(2/by)1y w0, +(dy /b)) w; ~71/2) 07pr AL, A
= 1 1 1 1 1% 1 1 1 W 1 2 s
JRZ x/anle re

L -0/t e/t mer+dy b -n/2) 4,

B 2nb,

= JRZ Ky (1, 0,) ‘W?;’AZ (x, @) K1 (75, ;) dw.



Letting 7/2 = x, the above expression will lead to

f(2x)§(0)=JR2KA11 (25000) T4 (x,0) ”
46

K (2%, 0,) dw,

and the final result can be obtained by letting 2x = s; that is,

- L AnA, (8
fs)= 700 JRZ Ky (s ;) Wf,g <2,w> W)

Kot (5, w,) doo,

which completes the proof. O

We now observe that from (45), we straightforwardly
obtain the time marginal property of the QWVD-LCT; that
is,

(e

L G/2)((a b)) 7= 2/ ry,+(dy [ ~/2) o7 AL A
= e 1 1 1 1 1%*1 1 1 1 W 1412 (X)
JIRZ 27b, Fg (48)

e(j/Z)((ﬂz/Fb)Tzz—(Z/P&)Tzwz+(d2/b2)w§—ﬂ/2)dw'

27,

w)

If we set T = 0, the above identity will reduce to

/) i(d,/2b))w* oA gL A
—1\d, /20 )wy 142
e w o (x, w)

— _ €
F@F@ = N
(49)

/)

P [CYEAT S

27b,
and if we set 7 = 0 and f = g, (48) becomes
ei(rr/4)

\2mh,

j(n/4)
O el g
2mb,

e—i(dl/zbnw%%?l,Az (% o)

|
RZ
(50)

Integrating (49) and (50) with respect to the x-variable gives
ij f(x)g(x)dx

ei(ﬂ/4) i(d,/2b))w? oAl A
= J-Rz J-Rz _ e’l( 1/2b))wy Wf,; 2 (X, w)

\2mh

ej(ﬂ/4) P )
. e J(dz/ﬂh)wzdw dx
2mb,
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J | f (x)|2 dx
RZ

i(rr/4)
e s 2 A A
JRZ JRZ e Wfl’ F (%)

\2mh,

j(rt/4)
£ i@/l g gy
2mb,

(51)
Applying Moyal’s formula for the QFT and the relation

between the QFT and the QWVD-LCT, we establish general
Moyal’s formula of the QWVD-LCT (compared to [9]).

Theorem 13 (Moyal’s formula for the QWVD-LCT). Let
fi> f 91> 9> € L*(R*H) be quaternion-valued signals. Then
the following equation holds:

»I1

SCJ- J WA (x, w) %/?I’Az (x, w)dw dr
r? Jr2 9 292 (52)

= {1 (@3). f2)-

Proof. Applying Parseval’s formula of the QFT (18) to w-
integral into the left-hand side of (52) yields

[ Gy ar

—_— —_— 1
= JRZ <9’7q {hfp_‘h} > 97‘1 {hfz>g2}> dr = M

F (e
’ JRZ Sc JRZ J‘Z {hfl’!h} ( b)

-F/Tq {m} <%>dwd‘r.

Using the cyclic multiplication symmetry (11) yields

(53)

-[IRZ <hf1»gl’hf2>gz> dr = |b1b2|

. Sc i1 /26)0] oA LA, (x, @)
Rr? Jr2 foa >

. ¢ 1@a20)0} -i(d, 2w} W?;,g/:z (%, @) e300 dy dp

. (54)
- Sc J J e mG ALy (o
|b1b2| r2 Jr2 fd ( )

IR s 2 ol A (o 12006 i i

1 ALA, A4,
= |b1b2|SC JRZ JRZ Wfl,gl (x, w) %/fz,gz (x, w)dwdr.

The right-hand side of the above identity can be rewritten in
the form
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j <%’@>dr:scj J %(X,T)%(x,r)dxdr
Rz RZ Rz
—i(r/4) —j(r/4)
(L e e Sl e
r2 JR? +27b; 2 2 27'[b2
e s f(x+2< AT Y
X el /=0)n 2<x+—>%<x——) @/20)7 Jx dr
\/Zﬂbl 2 2 1/271-[72
= e oo £ (537 (5= 5) 2 (3 3) 7 (5 5 Jawar
b ! 9 2 9, 5 :

Making the change of variablesy = x + 7/2and z = x — 7/2
and applying Fubini’s theorem we obtain

[ Gy ar

_1 JE— —
- |b1b2| Sc JRZ JRZ fi(¥)91 () g, (2) £, (y)dydz
(56)

|bb| s | A0 9 @a@aif )y

|b b | <f1 (E’\%) f2>

By comparing the last line of (54) with the last line of (56)
finishes the proof of the theorem. O

Based on the above theorem, we obtain the following
consequences:

(i) Ifgl = 9> then
SCJ J wh Az (x, )‘W/A A2 (x, w)dw dt
R2 2 (57)
= “91“2 <f1’f2> .
(ii) If f, = f,, then
SCJ J v Az (x )7/ (x w)dw dt
r? Jr2 (58)
= <f1 (E’%)’Jq)
(iii) If f, = f, and g, = g,, then
[ [ o wof dode =15 Flal. 69
rR? Jr

3.2. Relationship between QAF-LCT and QWFT. In this
subsection, we introduce the quaternionic windowed Fourier
transform (QWFT) and obtain the relationship between the
QAF-LCT and QWFT. Following [11, 12], we define the
QWET as follows.

Definition 14 (QWFT). Let ¢ € L*(R?; H) be a fixed nonzero
quaternion window function. The QWEFT of f € L*(R%; H)
with respect to ¢ is defined to be the quaternion function on
phase space R* x R? given by

S (xw) = JRZ e f(x)g(x—T)e ™ Rdr.  (60)

Before presenting the main result of this subsection, let us
introduce the following carrier definition and its properties
(see [13, 14]).

Definition 15 (carrier). Given two quaternions p and g, we
define the right C, and left C; carrier operators as

C,(p)q=4qp,
qC; (p) = pq

Lemma16. Carriers (61) above satisfy the following properties
with p € H:

(61)

C (p) =G (P)

C (p)=C,(p).

We now describe the relationship between the QAF-LCT
and the QWFT in the following theorem.

(62)

Theorem 17. The QAF-LCT of a quaternion signal f €
L*(R* H) can be expressed by the QWFT in the form

dAl:Az <§ 9) ~ 4e—i(n/4)
fa \2°2)"

\27hy

. A /85041125 x, (30, /26)2) s, <X’ w, +b2aIXI’
! (63)
w, + 2a2x2) " 4e7 11
bz \/27‘[192

. I ((d2/80)+(1/26)0x,=(30,/28,)x3)

Proof. According to the definition of QWVD-LCT (28), we
obtain the following by making the change of variable:



ﬂAl’A2<§ 9>_ 4
e \2"2) b,

) J @ /28)7]~(1/ 28, )0, +(d /86y ) -/ 2) ¥ ( T N §> — ( T
R? 2 2

2

“i(n/4)
_ AT st J

- \/2mh, R?
~i(/4)

(/)
o AT G mner _ de

2mb, 27mb,

- E) 1
27 \2mb,

i@ /D@1 /b)) (2 /by) (1=, /2)” f(O)Gr-x 2a/)(1=%/2)" (0%, /2@, /) g0

A1 /86w +(1/26y )y, ~(3ay [28)x7) J
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(@126 —(1/2b,)Ty0,+(dy 8b)w3—7/2) 7.

(64)

) e_i((w1+2u1x1)/b1)‘rl ei(2a1 /51)(X1—T1)2f (X) y (X - T)

S
« 2B (@2 ) b, g 2T (8 ) (1 2y r (e 26032

2mb,

With the help of (61) and (62), we rewrite the above identity
as

ALA, (X w) _ 4€_i(n/4)

fg \2"2 27,

2’2
. ei((dl/Sbl)wf+(1/2bl)w1xl—(3a1 /2b))x7) J

e_i((w1+2a1x1)/b1 )Tlf (x)
R2

x e 1)1 g (x — 1) Cr (e 1@m/b) (i) (65)

4710714
27b,

X e—j((w2+2a2x2)/bz)1'2 dr

. ((da180)07+(1/28,)0,%, =3y 26)%3)

According to the definition of QWFT (60), we choose the
quaternion window function

g(x) = 1/t g 0y op ( e—i(Zal/bl)xT) (66)

and obtain

ALA, (X w) _ 464(”/4)

fa \22)" o,

2’2
) ei((dl/Sbl)wf+(l/2bl)wlxl—(3a1/2bl)xf)cs,f <x, wy +b2a1x1 ,
1

(67)
W, + 2a,%, ) “ 473014
bz \/27Tb2
. N 2/88)05 +(1/28y )0y, - (30, 28,)%3)
The proof is complete. O

gf}flg’*‘z (x, @)

e—i(n/ 4)

- J H@/2)7 ()i (s 200} -mf2) ¢ ( . g) g ( . f)
R2

\2mb,

3.3. Relationship between QAF-LCT and CQWT. Before
proving the relationship between the QAF-LCT and the
continuous quaternion wavelet transform (CQWT), we first
introduce the definition of the CQWT (see [15-17]).

Definition 18 (CQWT). The CQWT of a quaternion function
f € L*(R% H) with respect to the quaternion mother wavelet
y is defined by

T, f (a,b) = IRZ f (x) é‘([/ (X;b>dx. (68)

a

Here the family of the quaternion wavelets y, ;, is defined by

x-b

Vap (X) = iw( ) aeR". (69)

This definition will lead to the following result.

Theorem 19. The QAF-LCT of f € L2(R*%H) can be reduced
to the CQWT

—i(/4)

ﬂﬁ;“z (x, @) =

27b

—j(m/4)
. A /26)t w0y, /20y +a 53 /80, T, f (1,%) e (70)

2nb,
. 2120w~y /20y, 3 /86,

Proof. Applying the definition of the QAF-LCT (29) and
following [18], we easily get

)

\27b,

. ei((az/lbz)Tzz—(l/bz)fzwz+(dz/2bz)w§—ﬂ/2)d1
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—i(r/4) —j(m/4)
_e e J’ ei((al/ZbI)Tf—(l/bl)11w1+(d1/2b1)wf—n/2)f (1 N §)§<1 LX x) eI\ (@ /2) T ~(1 /)0y (e [25)}-m/2) 1
\27tb, Jr2 2 2 +\/27b,
et i(d, /2b)w; i(1/by)(ty—x,/2)w; i(a, /2b)(1]—x,/2)*@ = (.1
_ Jelllellllelullf(T)g(T_x)
\2mb, Jr2
—j(m/4)
% 12805 (11813220003 j(8,/28,) (1=, /2wy g !
\27tb,
e—i(rr/4) i((d, /2b) )w? —w, x, /2b, +a, x% /8b,) i(a, /2b)) (1] —x, ) =i(1] —x,)((Rw,—a, x, ) /2b,) N —(_!
— e 1 1/%1 1+1 1 11 IJ el 1 1 1 1 1 1 11 lf(T)g(T_x)
\2mh R?
—j(m/4)
¢ @22 ) ) () 2by) g 1 € (a2 )y 2y 88,)
+\/27b,
(71)
Again applying (61) and (62), we obtain
—i(r/4)
A8 (g ) = o A2 2 ) J' £(7)
Fa 2mb, R?
X e—j(az/zbz)(‘r;—x2)2+j(‘r£—x2)((2w2—azxz)/zhz)g (T’ _ X) Cr (e—i(ul/Zbl)(T{—x1)2+i(‘r{—x1)((Zwl—alxl)/Zbl))
—j(mt/4)
iy o a2 ) iy 2+ 80,)
2mb, (72)
—i(r/4) —j(rr/4)
_e ei((d1 2b)w—w, x, /2b, +a, %7 /8b;) J f (r') v (r' _ x) dr'e ej((dz/zbz)wi—wzlezbzmzxi/sbz)
\2mh R? 2nb,
—i(m/4) —j(m/4)
e ei((dl/Zbl)wf—wlxl/2b1+a1xf/8bl)T F1L%) e\ ej((d2/zbz)wg—wzxz/zbzmzxg/sbz)
- — 1’/ bl >
27th, V2,
where the family of the quaternion wavelets vy, , is given by
Yib (X) — e*j(az/zbz)(r2fxz)z+j(rfx2)((Zwrazxz)/z@)g (T _ X) Cr (efi(al/Zbl)(Tlfxl)2+i(rlfx1)((Zwlfalxl)/zbl))_ (73)

This is the desired result. O]

4. Relationship between QAF-LCT and QFT

By a similar argument as in the proof of the Lemma 11, one
may establish the following lemma, which describes the basic
relationship between the QAF-LCT and the QFT.

Lemma 20. The cross QAF-LCT of a signal f with ma-
trix parameters A, = (a,, by, ¢, d,) and A, = (a,,b,,6,,d,)

can be reduced as the QFT of the signal f in the following
form:

—i(r/4)
'Q{ApAz

e
>, W) =
N

_e(idl/zbl)wfgq {ei(“l/”’l)flzf (‘r + )2—()57 (T - )2_() 74)

4
.ei<a2/2b2)r§} (“’1 w2> e /el

b_lj b_2 +\/27b,
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Applying (74) and inversion formula for the QFT (17), we
easily obtain the following theorem.

Theorem 21 (reconstruction formula for QAF-LCT). The
inverse transform of the cross the QAF-LCT of the signal f €
L*(R% H) is given by

1 A A X
= — -1 , A =,
f(x) 3 .[[RZ Ky, (%), @) f.g <2 “’) 75)

provided that g(0) # 0.

In the same kind of reasoning as Theorem 13, one can
easily derive Moyal’s formula of the QAF-LCT as follows.

Theorem 22 (Moyal’s formula for QAF-LCT). Let fi, f,,
91,9, € L*(R*H) be quaternion-valued signals. Then the
following equation holds:

Sc j J A (x, w) S (x, w)dw dT
Rr? JRr2 f1a1 2092 (76)

= {1 (@3). f2)-

5. Conclusion

In this paper, we have presented the quaternion Wigner-
Ville distribution associated with linear canonical trans-
form (QWVD-LCT) and the quaternion ambiguity function
associated with linear canonical transform (QAF-LCT). We
provide alternative proof of well-known properties of the
QWVD-LCT and QAF-LCT such as inversion formula and
Moyal formula. The proof of the properties can be obtained
using the properties of the QFT and relationship among the
QWVD-LCT, QAF-LCT, and the QFT. We also studied that
the QAF-LCT can be reduced to the QWFT and the CQWT.
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