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The paper deals with global existence of weak solutions to a one-dimensional mathematical model describing magnetoelastic
interactions. The model is described by a fractional Landau-Lifshitz-Gilbert equation for the magnetization field coupled to an
evolution equation for the displacement. We prove global existence by using Faedo-Galerkin/penalty method. Some commutator
estimates are used to prove the convergence of nonlinear terms.

1. Introduction

The nonlinear parabolic hyperbolic coupled system describ-
ing magnetoelastic dynamics in Q = (0,T) x Q (T' > 0 and Q
is a bounded open set of R d > 1) is given by (see [1])

y'm, = -mx (Hy +m,). (1)
. 1
pu,, — div (& W+ 7 (m)) ~ 0. @)

Equation (1), well known in the literature, is the Landau-
Lifshitz-Gilbert (LLG) equation. The unknown m, the mag-
netization vector, is a map from Q to S* (the unit sphere
of R’) and m, is its derivative with respect to time. The
symbol x denotes the vector cross product in R*. Moreover
we denote by m;, i = 1,2,3, the components of m. The
constant y represents the damping parameter. H 4 represents
the effective field which is given by

H. = aAm + € (m,u), 3)

where a is a positive constant and the components of the
vector €(m, u) are given by

& = Aijum e (). (4)

Here eij(u) =(1/2)(0;u it aju,-) stand for the components
of the linearized strain tensor €, A,y = A,8;5 + 1,6;;0 +
A3(8ik6ﬂ + 6i18jk) Wlth 6ijkl =1 lfl = ] = k = land 8ijkl =0
otherwise.

Equation (2) describes the evolution of the displacement
u, p is a positive constant, and the tensors §'(u), £(m) are
given by

Skt = i€ () 5
(5)

L= Aijklmimj'

0 = (0yj) is the elasticity tensor satistying the following
symmetry property:

Ojiki = Oiij = Ojiki- (6)

Many studies have been done on the fractional Landau-
Lifshitz equation; we quote here, for example, [2], where
the existence of weak solutions under periodical boundary
condition has been proven for equation of a reduced model
for thin-film micromagnetics. In [3], the main purpose is to
consider the well-posedness of the fractional Landau-Lifshitz
equation without Gilbert damping. The global existence of
weak solutions is proved by vanishing viscosity method.
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Note that the existence and asymptotic behaviors of global
weak solutions to the one-dimensional periodical fractional
Landau-Lifshitz equation modeling the soft micromagnetic
materials are studied in [4]. For the magnetoelasticity cou-
pling, in [1], the authors study the three-dimensional case and
establish the existence of weak solutions taking into account
three terms of the total free energy. Existence and uniqueness
of solutions have been proven in [5] for a simplified model
and in [6] a one-dimensional penalty problem is discussed
and the gradient flow of the associated type Ginzburg-Landau
functional is studied. More precisely the authors prove the
existence and uniqueness of a classical solution which tends
asymptotically for subsequences to a stationary point of the
energy functional. Our aim here is to study the coupled
system of magnetoelastic interactions with fractional LLG
equation.

The rest of the paper is divided as follows. In the next
section we present the model equation we will be interested
in. Section 3 recalls some useful lemmas. Finally in Section 4
we prove a global existence result of weak solutions to the
considered model.

2. The Model and Main Result

We assume that ) is a subset of R and the displacement is only
in one direction. Specifically, we consider a simple variable
space x and assume that Q = (0, 27r). We take the following
system:

Yﬁlmt =-mXx (Heyg +m,)

. ?)
mm—dw(50n+5$0m>=&
with associated initial and boundary conditions
u(-,0)=u,
u; (-0) =uy,
m (-, 0) = my, (8)
|my| =1
in Q,
u=0,
m (x,t) = m(x + 2m,t) 9)
on X :=0Qx(0,T).
The effective field is given by
H, = aA**m + € (m,u), (10)

where A = (—A)'/? denotes the square root of the Laplacian
which can be defined via Fourier transformation [7]. In this
paper we are interested in the case « € (1/2,1). For the
vector u, we assume that u = (0,0, w) and we keep the three
components of the vector m = (m,, m,, ms).
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It is a common practice (see [5]) to replace the first
equation of system (7) by the quasilinear parabolic equation
(Ginzburg-Landau type equation):

el2
-1
m! +y 'm xm® = -H; - &me. (1)
€

Here ¢ is a positive parameter and m® : Q — R’ e-
penalization in (11) replaces the magnitude constraint |[m| =
1.

Throughout, we make use of the following notation. For
Q, an open bounded domain of R?, we denote by LP(Q) =
(LP(Q))? and HY(Q) = (H*(Q)) the classical Hilbert spaces
equipped with the usual norm denoted by || - [l »(q) and || -
et () (in general, the product functional spaces (X)? are all
simplified to X). For all s > 0, W*? denotes the usual Sobolev
space consisting of all f such that

11

VWP:"94(1+LffﬂC¥fﬂJmp<mx 12)

where 7 denotes the Fourier transform and %~ its inverse.
Let W™’ denote the corresponding homogeneous Sobolev
space. When p = 2, WP corresponds to the usual Sobolev
space H°.
Now we give a definition of the solution in the weak sense
of problem (7)-(8)-(9).
Definition 1. Letm, € H*(Q), Im,| = 1 a.e., w, € H(}(Q), and
w, € L*(Q). One says that the pair (m, w) is a weak solution
of problem (7)-(8)-(9) if
(@foral T > 0, m € L%®0,T;HYQ)), m, ¢
L*(0, T;L*(Q)), Im| = 1 a.e,, w € L*(0, T; Hy (2)), and
w, € L*(0, T; L*(Q));
(ii) for all ¢ € L*(0, T; H*(Q)) and v € HS (Q) one has

y_lj mt‘(pdxdt+j (mxm,)-@dxdt
Q Q
=aJ A"m - A" (m x @) dxdt
Q
+J (€ (m,w) X m) - @dxdt (13)
Q

-p J w, v dx dt + J w, Yy, dx dt
Q Q
+A J mymyy, dx dt = 0;
Q

(iii) m(0, x) = my(x) and w(0,x) = wy(x) in the trace
sense;

(iv) for all T > 0 we have
a J |A“m (T)|2 dx + J |mt|2 dx dt
2 Jao Q

+ P j |, (T)|2 dx + 1 J |, (T)l2 dx
2 Ja 4 Jo
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ng |A“m0|2dx+ej |, |* dx
2 Ja 2 Ja

. J lw, () dx +C (A1),
Q
(14)

where C(Q, ) is a positive constant which depends
only on Q and A.

The main result of this paper is the following.

Theorem 2. Leta € (1/2,1), my, € H*(Q) such that |m,| = 1
ae., wy, € HS(Q), and w, € L3(Q). Then there exists at
least a weak solution for problem (7)-(8)-(9) in the sense of
Definition 1.

The proof of Theorem 2 will be given in Section 4.

3. Some Technical Lemmas

In this section we present some lemmas which will be used
in the rest of the paper. We start by recalling the following
lemma due to Simon (see [8]).

Lemma 3. Assume A, B, and C are three Banach spaces and
satisfy A ¢ B ¢ C with compact embedding A — B. Let ® be
bounded in L°(0,T; A) and ©, = {f,; f € ©} be bounded in
LP(0,T;C), p > 1. Then ® is relatively compact in C([0, T]; B).

There is another lemma whose proof can be found in [[9],
page 12].

Lemma 4. Let ® be a bounded open set oflRi xRy, h, and h
in L1(@®),1 < q < co such that |h,|a@) < C, h, — ha.e.in
®; then h,, — h weakly in L1(®).

The following lemma will ensure a compact embedding
for the space W*P.

Lemma5. Let® be a bounded open set of RY, which is uniform
Lipschitz. Let s € [0,1[, p > 1,d > 1. If sp < d then the

injection of WP (@) in L*(®) is compact, for any k < dp/(d -
sp).

The proof can be found in [[10], Theorem 4.54., p 216].
We give now a lemma that will play a very important role in

the convergence of approximate solutions (see [11-13] for a
proof).

Lemma 6 (commutator estimates). Suppose that s > 0 and
p € (1,+00). If f, g € § (the Schwartz class) then

|A° (f9) - fAgll o
< C (191 Ighyp-ron + 1 fllers Nalore )

[ Gl < CUS N Nglier + 1o Nglin)  16)

with p,, p; € (1,+00) such that 1/p = 1/p, + 1/p, = 1/p; +
1/py.

(15)

Here is another lemma which can be viewed as a result of
the Hardy-Littlewood-Sobolev theorem of fractional integra-
tion; see [7] for a detailed proof.

Lemma?7. Supposethat p > q > land1/p+s = 1/q. Assume

that f € L%; then A™°f € L? and there is a constant C > 0
such that

1 lier = 1A f s < CUF s (17)

We finish this section with the following result (the proof
can be found in [2]).

Lemma 8. If f and g belong to H;Zr(ﬂ) = {f ¢
L*(Q)/A*™ f € L*(Q)}, then
J AZ“f-gdxzj A" f - Agdx. (18)
Q Q

4. Proof of Theorem 2
Our goal is to show global existence of weak solutions for the

fractional problem (7)-(8)-(9).

4.1. The Penalty Problem. Let e > 0 be a fixed parameter. We
construct approximated solutions m° converging, as ¢ — 0,
to a solution m of the problem. System (7) is reduced to the
following problem:

y71m§ x m® + m; + ah**m® + ¢ (m°, %)
+ 1l mf=0 (19)
pwy = wy, = A(mims3), =0

in Q = Q x (0,T), where the vector €(m,w) is given by
£(m,w) = (Amyw,, 0, Amyw,), A, = A, = 0, A; = A, and
01313 = L.
System (19) is supplemented with initial and boundary

conditions

@ (0) = w,,

w; (- 0) = wy,

mg (‘7 0) = m()a

|my| =1

(20)
a.e. in Q,

m° (x,t) = m® (x + 27, t)

on X.



We apply Faedo-Galerkin method: let {f;};cyy be an
orthonormal basis of L*()) consisting of all the eigenfunc-

tions for the operator A** (the existence of such a basis can
be proved as in [14], Ch. II),

AN fi=af, i=1,2,...,
fi(0) = f; @m),

(21)
and let {g;},cy, be an orthonormal basis of L*(Q2) consisting of
all the eigenfunctions for the operator —A:

-Ag; = Bigi»
gi=0 on 0Q.

i=12...,
(22)

We then consider the following problem in Q = Q x (0, T):

N N N 20 eN N &N
Y m£ xm®" +m;" +aA"m" +£’(m‘S ,we)

&N 2
|m | ~ lms,N =0 (23)
€
ow;N SN /\( &N gN)xZO
with initial and boundary conditions,
W™ (,0) = " (,0),
0N (,0) = @) (-, 0),
m°Y(-,0) = m" (,,0),
in Q,
N =0,
Nxt) = m*N (x + 2,1) (24)
on 2 =0Qx(0,T),
J o™ (x,0) gi (x)dx = J w, (x) g; (x) dx,
Q Q
J wf\r (x,0) g; (x)dx = J w; (x) g; (x) dx,
Q Q
J m” (x,0) fi(x)dx = J m, (x) f; (x)dx.
Q Q
We are looking for approximate solutions (m®", w>") to
(23) under the form
v X
m™Y =Y, (t) f (x),
i=1
(25)

N
W™ = b (1) g (x).

i=1

If we multiply each scalar equation of the first equation
of (23) by f; and the second by g; and integrate in Q we get
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to a system of ordinary differential equations in the unknown
(a;(1),b(t)),i =1,2,..., N. We observe that we can write the
first equation in the form

|m£’N'2—l
_aAZama,N _e(ms,N wa,N) _ ma,N
’ £ (26)
=A (ms’N) mf’N
with

e

A= -y 'mSN 1 yimtN ol (27)
ymyN —yTmeY 1

It is clear that the matrix A is invertible which implies
the system of first-order ordinary differential equations is
Lipschitz locally; then there exists a local solution to the
problem that we can extend on [0, T'] using a priori estimates.
For this, we multiply the first equation of (23) by m" and
the second by w®"; integrating in Q, we obtain (by using
Lemma 8)

J- |m£N' dx+2 I |A £N| dx

2dt
A (i Nms), Vet
e Jo (T -

LA T 35 T

_AJ (m ing’N)x

1)2 dx =0 (28)

N |2
w; 'd

N
wNdx =0

We find after summing

[ [ Pae S [ amme ax

s Jo (T 1) dxs S [ o o
+%%j N[ dx (29)
(™), @ = (™) )
=0.
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On the other hand
d N &N N
= J my my Wl dx
= J (mi Nm‘;N)t wi’Ndx + J miN eN £Ndx
Q Q

&N &N eN
= my my dx
Q ¢ O

&N N &N
- m; m W, dx
1 My ) @
Q

&N _ e, N &N &N _ &N &N
= mmy ) @ myTmy ) w)dx.
Q £

Now integrating in time,

J |mSN| dx+—J A SN(T)' dx

+ i L (|m=™ )| - 1)2dx

B[ JaN@f xS [ i @] ax

x

+AJ (m‘;ngN EN) (T)dx
Q

+iJ’Q (|mN(O)|2—1)2dx
J 'wt (0)| dx+—J |w (0)| dx

+A J;) (m{\]mév N) (0) dx.

Omitting superscripts, we obtain for all b > 0,

1 b
IL m1m3wxdxl < JQ <% (mym,)” + 5w§> dx

1
=% Q(|m| —1+1) dx
+EJ widx
2 Jo
1 5 2 2
SEL(lm| —1) dx + —
+Ej widx
2 Ja

+ = | ||22 )
2 X L*(Q)

(30)

(31)

(32)

Hence, taking into account (31),
j|msN| dx+ 5 [ [atm (0 dx

(£-3) [ (e enf 1) as

P 2Am
£ T -
o Jlertla- 5

wfc’N (T)|2 dx

(33)
J .A“mN (0)'2 dx
Q

<i + %) L (|mN (O)'2 - 1)2 dx
] of s 2

1+Abj ' N(O)' dx

4
2

+

and hence for € small enough (e < 1/16A%) and b = 1/2) one

g Jﬂ iA“ms’N (T)|2 dx + J |m:’N

+—J (|m£N(T)| —1) dx

+Bj
2 Jo

<5 | Jacm¥ o ax

wf’N (T)|2 dx + n JQ a)f(’N (T)'2 dx

(34)

+8—J (|m (0)' —1) dx + 872

J |wt (0)' dx+—J 'w (0)' dx.

The right-hand side is uniformly bounded. Indeed, for

a € (1/2,1), HY(Q) — L*(Q); furthermore (for constants
C,, C,, and C independent of N)

L ('mN (0)|2 - 1)2 dx
= J |mN (0)|4 dx -2 J |mN (0)'2 dx +2m
Q

< “m 0) " +2n < Cy “mé\] :

H*(Q)

L4(Q) + C2’

j .wi\] (0)'2 dx = J 'wfj 0) - wg + w2|2 dx
Q Q



< ZJ 'wfj 0) - wg|2 dx + 2J |w?c|2 dx
Q Q

<2 “wN 0) - ‘Uo";} +2 ||wo||§43(0) <G

()

(35)
thanks to the strong convergence wN(,0) — w,in Hé (Q).
For the other term (w!(0)), the estimate can be carried
out in an analogous way using the strong convergence

wf\] (,0) = w; in L*(Q). Moreover, noting that (for a constant
C independent of ¢ and N)

s,N2 _ a,NZ_
L|m |dx—J.Q('m ' 1+1)dx

< % JQ ('m‘E’N|2 - 1)2 dx +C,

therefore, for fixed € > 0, we have

(36)

(m*Y),, is bounded in L* (0, T; H* (),
(mg™),, is bounded in L* (0, T; L (©)),
(JmN = 1) _ is bounded in L (0,T;1° (@), (37)
(w™),, is bounded in L* (0, T; Hy (),
(wf™),, is bounded in L* (0,75 L* (Q2)) .

Note that (37) is due to the Poincaré lemma. Now, from
classical compactness results there exist two subsequences
which we still denote by (m*Y) and (0®Y) such that for fixed
e>0andforanyl < p < oo

&N £
m — m

weakly in L? (0, T; H (Q)),

&N &
m~ — m
strongly in C ([0, T] ,Hﬁ (Q)) ,ae for0<f<a

&N N £
t mt

m
weakly in L* (0, T;L7 (),

&N 2

'm -1—=¢
weakly in L? (0, T; L* (),
ws,N NP
weakly in L* (0, T; Hy (),
we,N -

weakly in L° (0, T; L (Q)) ,
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strongly in L* (Q).
(38)

Convergence (38) is due to Lemma 3 and thanks to

Lemma 4 it can be shown that { = |m®|? — 1. Moreover from
the Sobolev embedding (Lemma 5) H*(Q) — LY(Q), the
further compactness result follows:

&N eN £
m.  —mm

;o' ® strongly in L* (Q). (39)

m j

The above estimates allow us to pass to the limit as N goes
to infinity and to get the desired result. Indeed consider the
variational formulation of (23):

Y_IJ m>Y xms’N-¢dxdt+J m>N - pdx dt
Q Q
+a J Am®N - A%p dx dt
Q

+ J ¢ (ms’N,ws’N) ¢ dxdt
Q

'mE’N'Z -1
N

b j Ny, dx dt + j Ny, dx dt
Q Q

(40)
m*" . ¢pdxdt =0

+A J mNmSNy dx dt = 0,
Q

forany ¢ € L*(0, T; H*(Q)) and VS HS(Q). Taking N — oo
in (40), we find

y_lj mfxms-¢dxdt+J m; - ¢pdxdt
Q Q
+aJ A“me-A“(/)dxdt+J €(m*,0f) - ¢pdxdt
Q Q
|m -1
+J ——m° - ¢dxdt =0, (41)
Q
—pJ wfwtdxdt+J w.y, dx dt
Q Q
+AJ mimiy,dxdt =0,
Q

for any ¢ € L*(0, T; H*(Q)) and y € H}(Q). We proved the
following result.

Proposition 9. Given m; € H*(Q) such that |my| = 1 a.e.,
w, € HS(Q), and w, € L*(Q), then there exists a solution m®
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to problem (19) in the sense of distributions. Moreover we have
the following energy estimate:

a J |A“m* (T)|2 dx + J |m§ (T)|2 dx dt
2 Ja Q
1 £ 2 2
to L(|m (D" - 1) dx
P £ 2 1 £ 2
+ = | o (D] dx+ - | |l (T)| dx (42)
2 Ja 4 Jo
<2 I |A%my|* dix + 8A* + P J | |* dx
2 Ja 2 Jo
1 2
+ 1 L la)x (0)| dx.

4.2. Convergence of Approximate Solutions. Our aim here is
to pass to the limit as € — 0. For this, we will use estimate
(42), from which we have the following:

(m°), is bounded in L% (0, T; H* (),
(mg), is bounded in L* (0, T;L* (Q)),
(Jm°|* - 1), is bounded in L (0, T;L° (Q)),  (43)
(«f), is bounded in L? (0, T; H, (Q)),
(w;), is bounded in L2 (0, T; 1* (Q)).

Then there exist two subsequences which we still denote
by (m®) and (w®) such that forany 1 < p < co

m° — m
weakly in L? (0, T; H* (Q)),
m° — m
strongly in C ([O,T] JHP (Q)) ,ae for0<f<a
m; — m,
weakly in L’ (O, T;1? (Q)) R
|m£|2 -1—0

(44)
strongly in L? (O,T; L’ (Q)) , a.e.

w = w
weakly in L’ (0, T;H, (Q)) )
w; — w,
weakly in L* (0, T; L* (Q)),
W —w

strongly in I* Q).

It can be shown from convergence (44) that [m| = 1 a.e.

Now in order to pass to the limit e — 0 in (41), let ¢ €
C®([0, T]xQ), and let ¢ = m® x ¢. We first recall the identity
(axb)-(cxd)=(a-¢c)(b-d)—(a-d)(b-c¢)foralla,b,c,and
din R

As ¢ is in L*(0, T; H*(Q)), the following holds:

v i om) (- g) e
v | i) [ vt
+ JQ (m; xm°) - pdxdt
‘a L A%mE - A% (m® x @) dx dt (45)
N JQ (e (m, °) x m®) - @dxdt = 0

- pJ wjydxdt + J wLy, dxdt
Q Q

+A J mimiy,dxdt = 0.
Q

Note that for this choice we have A*(m® x ¢) € LX(Q),
indeed applying the multiplicative estimates (16) in Lemma 6
tom®and ¢ (fors = a, p =2, p; = 00, p, = 2, p; = 2, and
P4 = 00); we find for different constants C independent of e:

A% (m® x ‘P)"LZ(Q)

<C (||m8||L°°(Q) lp @ T "mSHH"(Q) ”‘P||L°°(Q)) (46)

< GC;

since 2« > 1 (1here is the dimension) then H*(Q) — L*(Q)
and consequently (m®), is bounded in L*(Q).

Taking ¢ — 0 and following the idea introduced in [4] we
have

J (m; - m°) (m®- @) dxdt
Q
:J (m; - m°) (m® - @) dxdt
Q
—J (m,; -m) (m - @) dxdt
Q
:J (m; - m®) (m* - m) - gpdxdt
Q
+I (m* - (m - m,)) (m - @) dxdt
Q
+J (m, - (m*-m)) (m-¢@)dxdt — 0
Q

j Im> m® - @ dxdt
Q



= J (|ms|2 - 1)mf-(pdxdt+J m; - @dxdt
Q Q

— J m, - @dxdt.
Q
(47)

Now for the fourth term of the first equation, we intro-
duce the commutator (see [4]):

T, (m)=A"(mx¢@)-¢xA*m (48)

Let G, = JQ A*m® - A*(m® x @)dxdt and § = jQ A%m -
A%(m x @)dx dt. We will show that 3, — 3.

First, note that Fq,(m) € L*(Q). Indeed, applying (15) for

p1=1/(1-w), p, =2/(2a—1), p; and p, in (2, +00), we find
(for different constants C)

Hr‘P (m)”LZ(Q) =C (“v‘l’"m Q) "m"W'X*LFz Q)

+ ||¢||W“’P3(Q) "m"me))

(49)
<C (“V‘P"LPl Q) "m"Lz(Q) + ||‘I’||\;v"""3 Q) ”m"LZ(Q))
<C ||m||L2(Q) >
thanks to Lemma 7. Once again
"F‘P (ms - m) 12(Q)
< C (190l g Im* = mern
+ "‘P“w"‘”(m lm® ~ m||LP4(Q))
(50)
"r‘l’ (ms - m) 12(Q)

<C (“V‘P||L°°(o,T;LP1 ©) lm® - m"LZ(Q)

+ "‘I’||L°°(0,T;v'v"""3 Q) "mE - m"LZ(o,T;Hﬁ(Q)))’

where the right-hand side of the last inequality tends to 0.
Finally, we have

- J A%m - T, (m) dxdtl
Q

|
)

< J |A“ms T, (m® ~ m)' dxdt
Q

JQ A%m® - T, (m® —m) dxdt

A% (m® -~ m) - T, (m)dx dtl

Q

+

J A% (m® —m) - T, (m)dx dtl
Q

Abstract and Applied Analysis

<C “r¢ (m® - m)"LZ(Q)

+ J A% (m® —m)-T, (m)dxdtl — 0.
: 51)
Therefore
Y—II mt.(pdxdﬂj (mxm,) pdxdt
Q Q
_ aJQA“m.A“ (m x @) dxdt
+ JQ (€ (m,w) x m) - pdx dt, (52)

-p J w, v dx dt + J W,y dx dt
Q Q
+A J mymsy, dxdt = 0.
Q

This being true for every ¢ € C®([0,T] x Q) and
by a standard density argument, it is true for any ¢ in
L0, T; H*(Q)). Note that, from (42), one can easily get (14).
Hence (m, w) is a solution of problem (7)-(8)-(9) in the sense
of Definition 1. The proof of Theorem 2 is complete.
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