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A hybrid analytical method for solving linear and nonlinear fractional partial differential equations is presented. The proposed
analytical approach is an elegant combination of the Natural Transform Method (NTM) and a well-known method, Homotopy
Perturbation Method (HPM). In this analytical method, the fractional derivative is computed in Caputo sense and the nonlinear
term is calculated using He’s polynomial. The proposed analytical method reduces the computational size and avoids round-off
errors. Exact solution of linear and nonlinear fractional partial differential equations is successfully obtained using the analytical

method.

1. Introduction

The concept of fractional calculus which deals with deriva-
tives and integrals of arbitrary orders [1] plays a significant
role in many areas of physical science and engineering.
Recently, there is a rapid development in the concept of
fractional calculus and its applications [2-5]. The linear and
nonlinear fractional differential equations are used to model
significant problems in fluid mechanics, acoustic, electro-
magnetism, signal processing, analytical chemistry, biology,
and many other areas of physical science and engineering [6].
In recent years, many analytical and numerical methods have
been used to solve linear and nonlinear fractional differential
equations such as Adomian Decomposition Method [7-
10], Homotopy Analysis Method [11], Laplace Decomposi-
tion Method [12], Homotopy Perturbation Method [13, 14],
and Yang Laplace transform [15]. Moreover, local fractional
variational iteration method [16, 17], Cylindrical-Coordinate
method [18], modified Laplace Decomposition Method [12,
19], and fractional complex transform method [20] are also
applied to linear and nonlinear fractional partial differential
equations. The asymptotic behavior of solutions of a weighted
Cauchy-type nonlinear fractional partial differential equa-
tions is studied in [21-23].

It is evident that most of the existing methods have
so many deficiencies such as unnecessary linearization,

discretization of variables, transformation, or taking some
restrictive assumptions.

In this paper, an analytical method called a Hybrid Nat-
ural Transform Homotopy Perturbation Method for solving
linear and nonlinear fractional partial differential equations
is introduced. The proposed analytical method is applied
directly without any linearization, transformation, discretiza-
tion of variables, and so on. The analytical method gives
a series solution which converges rapidly to an exact or
approximate solution with elegant computational terms. The
nonlinear terms are elegantly computed using He’s polynomi-
als [24-26]. Exact solution of linear and nonlinear fractional
partial differential equation is successfully obtained using the
new analytical method. Thus, the Hybrid Natural Transform
Homotopy Perturbation Method is a powerful mathematical
method for solving linear and nonlinear fractional partial
differential equations and is a refinement of the existing
methods.

2. Natural Transform

In this section, the basic definition and properties of the
Natural Transform are presented.

In the year 2008, Z. H. Khan and W. A. Khan [27]
introduced an integral transform called N-transform and it
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TaBLE 1: List of some special natural transforms.
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was recently renamed as the Natural Transform by Belgacem
and Silambarasan [28, 29]. In fact, based on personal com-
munications and Internet records, CASM in LUMS and I0SS
Forman Christian College in Lahore lectures in 2004 and
2005 and 3rd ICM4F COMSATs University conference side
lectures in Islamabad in 2006 indicate that Belgacem shared
and discussed various aspects of this transform, with the
various attending audiences. The Natural Transform is an
integral transform which is similar to Laplace transform
[30] and Sumudu integral transform [31, 32]. It converges to
Laplace transform when © = 1 and Sumudu transform when
s = 1. Belgacem and Silambarasan [29, 33] have proposed
a detailed theory and applications of the Natural Transform.
Recently, Natural Transform and Adomian Decomposition
Method are successfully combined and obtained an exact
solution of linear and nonlinear partial differential equations
[34-39]. More details about the Natural Transform and its
applications can be seen in Wikipedia note about the Natural
Transform [40].

Some useful Natural Transforms in this paper are pre-
sented in Table 1.

Definition 1. The Natural Transform of the function v(t) > 0
and v(t) = 0 for t < 0 is defined over the set of functions:

A={v(®):3M, 1,1, > 0, |v(O)] < M, if ¢

, @)
€ (-1)) x[0,00), j=1,2,...},
by the following integral:
N 0L =V (s = | ey @ ds
u o 2)

s>0, u>0.

And the inverse Natural Transform of the function v(¢) is
defined by

N [V(su)]=v(t) = L JYHOO &MV (s,u)ds,  (3)
271 Jy-ico

where s and u are the Natural Transform variables [28, 29]
and y is a real constant and the integral in (3) is taken along
s = y in the complex plane s = x +iy.
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Some properties of the Natural Transform Method are
given below.

Property 1. Natural Transform of derivative: if v"' () is the nth
derivative of the function v(t) € A with respect to “t,” then
its Natural Transform is given by

tn §" n-1 n—(k+1) f
N* [v (t)]:JV(s,u)—Z . (0). (4)
k=0

When #n = 1, 2, and 3, we have the following results:

N[V ()] = EV(S, u) - iv(o),

2
N[V 0] = %V(s,u) - %v(()) - iv' 0),
(5)

2
? N

N[V )] = %V(s, u) = —5v(0) - %v' (0)

1
- =" (0).
u

Property 2. 1tV (s, u) is the Natural Transform and F(s) is the
Laplace transform of the function f(¢) € A, then N"[f(¢)] =

V(s,u) = (1/u) _[OOO e st ft)dt = (1/u)F(s/u).

Property 3. 1fV (s, u) is the Natural Transform and G(u) is the
Sumudu transfogron of the function v(t) € A, then N*[v(t)] =
Vis,u) = (1/s) Jo e v(ut/s)dt = (1/5)G(u/s).

Property4. IfN*[v(t)] = V(s,u), then N"[v(Bt)] = (1/B)V (s/
B u).

Property 5. The Natural Transform is a linear operator; that
is, if « and 3 are nonzero constants, then

N*[af (t) £ Bg ()] = aN" [f (D] £ BN" [g ()]
= aF" (s,u) + BG" (s,u).

(6)

Moreover, F* (s, u) and G* (s, u) are the Natural Transforms of
functions f(t) and g(t), respectively.

3. Basic Definitions of Fractional Calculus

In this section, the basic definitions of fractional calculus are
presented.

Definition 2. Function f(t),t > 0, is said to be in the space
C™, me NU{o},if f™ € C,.

Definition 3. A real function f(t),t > 0, is said to be in the
space C, « € R if there exists a real number p (>«) such that
f@) = tf f,(t), where f,(t) € C[0,00). Clearly C, C Cy if
B<a.



International Journal of Differential Equations

Definition 4. The left sided Riemann-Liouville fractional
integral operator of order ¢ > 0, of a function f(t) € C,,
and « > —1 is defined as [19, 41]

I“f (t)
th(t—r)”_lf(r)dr, u>0t>0, (7)
= 1T Jo
f(t)> M=0a

where I'(:) is the well-known Gamma function.

Definition 5. The left sided Caputo fractional derivative f,
f eCl",meNU{0}, is defined as [1, 5]

DLf ()
mu [ 9 @)
i I “[87], m-1l<p<m meN, (g
" f (1) B
otm =

Note that [1, 5]
() If f(£) = (1/T(w)) fot(f(t)/(t —5)'"™)dt,u>0,t> 0,
(ii) D! f(x,t) = L' H[@" f(t)/ot"],m -1 < yu < m.

Definition 6. The Natural Transform of the Caputo fractional
derivative is defined as

Snoc n-1 Sna—(k+1) "
N (D ()] = T2V () = Y v @ 04), - (9)

par’ umx—k
(n-1)/n<a<l).

Definition 7. The series expansion defines a one-parameter
Mittag-Lefler function as [1]

=) k
z
E =) —, 0, C.
« (2) ,;)F(ock+1) a>0, z€ 10)

4. Analysis of the Method

In this section, the basic idea of the Hybrid Natural Transform
Homotopy Perturbation Method is clearly illustrated by the
standard nonlinear fractional partial differential equation of
the form

Di*v(x,t) + M (v(x,1)) + F (v (x,1)) = g (x, 1), (11)
subject to the initial condition
v(x,0) = f(x), (12)

where F(v(x,t)) represents the nonlinear terms, D =
0" [ot™ is the Caputo fractional derivative of function v(¢),
M(v(x,t)) is the linear differential operator, and g(x,t) is a
source term.

Applying the Natural Transform to (11) subject to the
given initial condition we get

V(x,s,u) = %f(x) + I:n—aNJr [g(x,1)]

(13)
- s:: N* [M (v(x,t)) + F (v (x,1))] .
Taking the inverse Natural Transform of (13), we get
v(x,t)
=G (x,t1) (14)

~-N! Z‘;:N* (M (v(x,8)) + F(v(x, )],

where G(x, t) is a term arising from the source term and the
prescribed initial condition.
Now we apply the Homotopy Perturbation Method:

v(x,t) =Y p", (x1). (15)
n=0
The nonlinear term F(v(x, t)) is decomposed as
F(v(x,0) = ) p"H,(v), (16)

n=0

where H,(v) is He’s polynomial which is computed using the
following formula:

_ 10" -
V) = nl op” [F<;)P Vf>] . W)

p=0

H, (v;,v,,...

n=0,1,2,....

Substituting (16) and (15) into (14), we get

no

. n _ _ -1 | U
I;)p v, (x,1) = G (x,t) p(N [Smx
(18)
NF Zp”M (v(x, 1) + Zp"Hn (v)”).
n=0 n=0

Using the coeflicient of like powers of p in (18), we obtained
the following approximations:

P’ vy (x,1) = G (x,1),

p1 2y (%, 1)

umx

= N SN MG 0) + Hy 0] |,



4
p2 1V, (x, 1)
= —N_l [S [M(V(X,t))+H1 (V)]] 5
p3 1y (x, 1)
=—N*[ Mﬂﬂxﬂh%@@ﬂy
s
(19)
and so on.
Hence, the series solution of (11)-(12) is given by
N
v(x 1) = lim %v,, (x,1). (20)
5. Applications

In this section, the application of the Hybrid Natural
Transform Homotopy Perturbation Method to linear and
nonlinear fractional partial differential equations is clearly
demonstrated to show its simplicity and high accuracy.

Example 8. Consider the following fractional diffusion equa-
tion of the form

Dfv+ vy +v,, +v,, =0,
(21)
-00 < X, y,Z < 00, t >0,

subject to the initial condition

x+y+z

v(x,,2,0) =", ae(0,1). (22)

Applying the Natural Transform to (21) subject to the given
initial condition, we get

X+y+z o

N
+5_“N[

V(x,y,2,s,u) = Ve +Vyy + V] (23)

Taking the inverse Natural Transform of (23), we get

v(x, y,z,t) ="
« (24)
+N! [I;l—aN+ [vxx + vy, + sz]] .
Now we apply Homotopy Perturbation Method:
v(x, y,2,t) = Zp"vn (x, y,2,1). (25)
n=0
Then (24) will become
(e} uﬂ(
n=0 s
(26)

00 00 00

+ n n n
ZP Vixx T Zp Vnyy + ZP Vnzz] :| ) .
n=0 n=0 n=0
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Using the coeflicients of like powers of p in (26), we obtained
the following approximations:

x+y+z
b

Pl v (x, y,2,t) = e

Pivi(xnyat)

o
1 |u +
=-N |:s_“N [VOXX + VOyy + VOZZ]]

Xty

"T(a+1)

P (xnant)

u®
-1 +
= -N |:5_“N [lex + Vlyy + Vlzz]]

(27)
ex+y+zt20¢
TTQa+ 1)
P’ ivs(xy2t)
o
qlu
=-N [s_"‘N+ [vax +Vyy, + VZZZ]]
ex+y+zt3a
T TGat 1)
and so on.
Then, the series solution of (21)-(22) is given by
N
v(x, y,2,t) = I&iiréor;)vn (%, y,2,t) = vy (x, y,2,1)
+v (6 3z t) + vy (x5, 0,2, 8) + v (%, y, 2, ) + -
T O S
Fa+1) TQa+1) (28)
t3oc
L :ex+y+z 1
IGa+1)
[ee] t(X
+ z ( ) ) _ ex+y+onc (_tzx) )
= T (ma+ 1)
When « = 1, the following result is obtained:
N
> Vo 7t = l s Vs ,t
V(e yat) = lim ) v (. 51)
=v, (% y,2,t) + v, (x, 3,2, 1)
+v, (% 3 2t) +v5 (%, y,2t) +--- (29)
2 3
:gW%G_i+L_L+W)
2t 3!
— ex+y+z—t’

which is the exact solution of (21)-(22), when « = 1.
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Example 9. Consider the following coupled system of non-
linear fractional partial differential equations of the form

(o3 —_
Div-v, - 2w, +vw, =0,

(30)
Diw — w,, — 2ww, + v,w, =0,
subject to the initial conditions
v (x,0) = sin (x),
(31)

w (x,0) = sin (x).

Applying the Natural Transform to (30) subject to given
initial conditions, we get

1 o
V (x,s,u) = B sin (x) + Z—aNJr [Ver + 2V, —vow, ],

W (x,s,u) = % sin (x) (32)

u®
+ S—“N [wyy +2ww, —vow,].
Taking the inverse Natural Transform of (32), we have

v (x,t) = sin (x)

o [u®
+N! _s_"‘N+ [Vip +2vv, —vow, ]|,
(33)
w(x,t) = sin (x)
o [u”
+N! S_aN+ [ww,, +2ww, - vxwx]] :
Now we apply the Homotopy Perturbation Method:
vt =Y p', (x1),
n=0
(34)
w(x,t) = Zp"wn (x,1).
n=0
Then (33) will become
. -1 u®
v(x,t)=sin(x)+p( N~ | —
s
N [Ste 25 - S |),
n=0 n=0 n=0
(35)

o

w(x,t) = sin (x) +p(N_1 [1:7

N [ip"wm + 2§p”Hl, - ip"H,i'] ] ) ,
n=0 n=0 n=0

! " > : .
where H,, H,, and H,' are He’s polynomials which represent
the nonlinear terms vv,,, ww,, and v, w,, respectively.

Some few components of He’s polynomials of the nonlin-

ear terms vv,,, ww,, and v, w, are given as follows:

and so on.

Hy = vyVos
H, = vovix + V1Vox

Hy = vgVau + ViViy + VaVox

!
Hj = wywy,,
!
H, = wyw,, + w,wy,,

!
H, = wyw,, + wyw;, + Wy Woy,

"
Hy = v, Woyo
H -
1 - Vox Wi x + VixWox>

H' =
2 = VaxWox + VixWix + VoxWax>

(36)

Using the coeflicients of the like powers of p in (35), we
obtained the following approximations:

p0 1y (x, 1) = sin(x),

o
v () =N [ls‘—ar\ﬁ [Voux + 2Hy — H(Q’]]

P> v, (x,t) =N [':—aN* [Vyx + 2H, - H{ ]

sin (x) t*

F(a+1)’

_ sin (x) T
CTQa+1)

o
P vy () =N [';‘—ar\r [Vaex + 2H, — Hy ]

and so on.

sin (x) %
IrGa+1)

Similarly,

pO tw, (x,t) = sin (x),

o
piw, (x,t) =N [Z’—aN* [woy + 2Hy — Hy ]

_ sin(x)t"

F(w+1)’

(37)



6
o
PP iw, (x,t) =N [’:—ar\r [wy,, +2H, - HY ]
_sin(x) T
T'Qa+1)
3 afu® s ! "
P rws(x,t) =N [s_“N [w2xx+2H2—H2 ]
__sin(x) 3
FGBa+1)
and so on.

Thus, the series solution of (30)-(31) is given by

N
v(x,t) = I\lri_r)réOZvn (x,1) = vy (x,8) + vy (x, 1)
n=0

+ v, (x,t) + -+ =sin (x)

(- toc . t2¢x ~ t3oc .
F(a+1) TQRa+1) TBa+1l)
o] (_ oc)m

= sin(x)(l + Zm) = sin(x)Ea (—ta)s

m=1
N
w(x0) = lim Y w, (61) = wy (o) + w; (%,1)
n=0

+w, (x,t) + -+ = sin (x)

(1 tot . t20¢ ~ t3oc .
F'a+1) TQRa+1) T@Ba+1)
o (="

= sin(x)<1 + Zm) = sin(x)Ea (—t“).

m=1
Hence, the exact solutions of (30)-(31) are given by
v(x,t) = sin (x) E, (-t%),
w (x,t) = sin (x) E, (—t%).

When « = 1, the following result is obtained:
N
v(x,t) = I\lrliréor;)vn (x, 1)
=, (6t +v () + vy (x8) + -

t* -
=sin(x)<1—t+5+m)=e "sin (x),

N
w(x,t) = I\lriiréOan (x,t)
n=0
=w, (x, 1) +w, (x,t) +w, (x, 1) +---

t* -
=sin(x)<1—t+5+m)=e "sin (x),

which is the exact solution of (30)-(31), when a = 1.

(38)

(39)

(40)

(41)
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6. Conclusion

In this paper, Natural Transform Method (NTM) and Homo-
topy Perturbation Method (HPM) are successfully combined
to form a robust analytical method called a Hybrid Natural
Transform Homotopy Perturbation Method for solving linear
and nonlinear fractional partial differential equations. The
analytical method gives a series solution which converges
rapidly to an exact or approximate solution with elegant
computational terms. In this analytical method, the fractional
derivative is computed in Caputo sense, while the nonlinear
term is calculated using Hes polynomials. The analytical
procedure is applied successfully and obtained an exact
solution of linear and nonlinear fractional partial differential
equations. The simplicity and high accuracy of the analytical
method are clearly illustrated. Thus, the Hybrid Natural
Transform Homotopy Perturbation Method is a powerful
analytical method for solving linear and nonlinear fractional
partial differential equations.
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