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Interval type 2 fuzzy numbers are a special kind of type 2 fuzzy numbers. These numbers can be described by triangular and
trapezoidal shapes. In this paper, first, perfectly normal interval type 2 trapezoidal fuzzy numbers with their left-hand and right-
hand spreads and their core have been introduced, which are normal and convex; then a new type of fuzzy arithmetic operations
for perfectly normal interval type 2 trapezoidal fuzzy numbers has been proposed based on the extension principle of normal type
1 trapezoidal fuzzy numbers. Moreover, in this proposal, linear programming problems with resources and technology coefficients
are perfectly normal interval type 2 fuzzy numbers. To solve this kind of fuzzy linear programming problems, a method based
on the degree of satisfaction (or possibility degree) of the constraints has been introduced. In this method the fulfillment of the
constraints can be measured with the help of ranking method of fuzzy numbers. Optimal solution is obtained at different degree
of satisfaction by using Barnes algorithm with the help of MATLAB. Finally, the optimal solution procedure is illustrated with

numerical example.

1. Introduction

Linear programming and its applications are used in many
fields of operations research. It is concerned with the opti-
mization of a linear function while satisfying a set of linear
equality and/or inequality constraints or restriction. In real
world situation, a linear programming model involves a lot of
parameters whose values are assigned by experts. However,
both experts and decision makers often do not precisely
know the value of those parameters. Therefore, it is useful to
consider the knowledge of experts about the parameters as
fuzzy data. To make this possible Zadeh [1] introduced fuzzy
set theory. The theory proposes a mathematical technique
for dealing with imprecise concepts and problems that have
many possible solutions. The concept of fuzzy mathematical
programming on general level was first proposed by Tanaka
et al. [2] in the framework of the fuzzy decision-making in
fuzzy environment given by Bellman and Zadeh [3].

The concept of fuzzy liner programming was first for-
mulated by Zimmermann [4]. After this motivation and

inspiration several authors such as Deng et al. discussed the
fact that the fuzzy bilevel linear programming with multiple
followers model solved this complex problem by using the
fuzzy structured element method [5]. A new interior point
method has been presented to solve fuzzy number linear
programming problems using linear ranking function by
Zhong et al. [6]. A fully fuzzy linear programming problem
with fuzzy equality constraints has been discussed and solved
using a compromise programming approach by Cheng et al.
[7]. An intuitionistic fuzzy chance constraints model (CCM)
based on possibility and necessity measures has been devel-
oped and proposed a new method for solving an intuitionistic
fuzzy CCM using chance operators by Chakraborty et al.
[8]. All the above authors and many others have considered
various types of fuzzy linear programming problems and
proposed several approaches for solving these problems.
Among them, Le and Gogne introduced a class of linear pro-
gramming problems based on the possibility and necessity
relation [9]. Figueroa-Garcia and Herndndez proposed an
extension of the fuzzy linear programming method which
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was proposed by Zimmermann to an interval type 2 fuzzy lin-
ear programming problem with linear membership function
[10]. In another work Garcia presented a general model for
linear programming where its technological coefficients are
assumed as interval type 2 fuzzy sets and it is solved through
an «-cuts approach [11]. Furthermore Garcia [12] presented
a general model to handle uncertainty to right-hand side
parameters of a linear programming model by interval type 2
fuzzy sets and trapezoidal membership functions to optimize
by using classical algorithms. Chen and Lee [13] proposed the
definition of possibility degree of trapezoidal interval type 2
fuzzy numbers and some arithmetic operations. Hu et al. [14]
proposed a new approach based on possibility degree to solve
multicriteria decision-making problems in which the criteria
value takes the form of interval type 2 fuzzy number.

Based on these literatures’ survey, with our best knowl-
edge, however, none of them introduced fuzzy linear pro-
gramming model with both the right-hand side (resources)
and the technological coeflicients being perfectly normal
interval type 2 fuzzy numbers based on possibility. In this
paper, first, we have presented a method to do Perfectly
normal Interval Type 2 Fuzzy Number (PnIT2EN) arith-
metic operation using well-known arithmetical operations
on type 1 fuzzy numbers. Further the relation of possibility
for PnIT2FN as well as its property are discussed. And
a fuzzy linear programming model with both the right-
hand side (resources) and the technological coeflicients being
PnIT2FNs has been proposed. By using Zadeh’s extension
principle, a pair of upper and lower linear problems are devel-
oped to calculate the optimal solution of upper and lower
bounds of linear problems measure at different possibility
level .

The rest of this paper is organized as follows. Firstly
Section 2 deals with some preliminary definitions which are
given. In Section 3, the definitions of interval type 2 fuzzy
sets and trapezoidal interval type 2 fuzzy number have been
recalled. In Section 4, the new representation for PnIT2TrEN,
its properties, and some arithmetic operations of PnIT2TrFN
based on type 1 fuzzy number are presented. The possibility
degree of PnIT2TrFN is discussed in Section 5. The fuzzy
linear programming problem with the right-hand side and
the technological coefficients model is presented in Section 6;
Section 7 has numerical illustrations of proposed fuzzy linear
programming model with PnIT2TrEN; finally Section 8 has
the conclusion of the work.

2. Preliminaries

Definition I (see [15]). Let X be a nonempty set. A fuzzy set A
in X is characterized by its membership function p : X —
[0, 1] and px(x) is interpreted as the degree of membership

of element x in fuzzy set A for each x € X. It is clear that A is
completely determined by the set of tuples

A={(x,uz3 (%) | x € X}. (1)

Definition 2 (see [15]). Let A be a fuzzy subset of X: the
support of A, denoted by Supp(A), is the crisp subset of
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X whose elements all have nonzero membership grades in
A

Supp (Z) ={x e X | pz (x) > 0}. (2)

Definition 3 (see [15]). A fuzzy subset A of a classical set X
is called normal if there exists x € X such that uz(x) = L.

Otherwise A is subnormal.

Definition 4. An «-level set (or a-cut) of a fuzzy set A of X is
a nonfuzzy set denoted by A, and defined by

_ {xeX|puz(x)2a}, if a>0, .
a = ~ 3
cl(SuppA), if x =0,

where cl(SuppA) denotes the closure of the support of A.

Definition 5 (see [15]). A fuzzy set A of X is called convex if
A, is a convex subset of X for all & € [0, 1].

Definition 6 (see [15,16]). A fuzzy number A is a fuzzy set of
the real lines with a normal (fuzzy), convex, and continuous
membership function of bounded support. Alternatively, the
fuzzy subset A of R is called a fuzzy number if the following
conditions are satisfied:

(i) A is normal; that is, there exists x € R such that
puz(x) = 1;
(ii) the membership function p(x) is quasiconcave; that
is, pz(Ax; + (1 = A)x,) = min{pz(x,), pz(x,)} for all
a € [0,1];
(iii) the membership function y(x) is upper semicontin-
uous; that is, {x € R : yz(x) > o} is a closed subset of
R for all « € [0, 1];

(iv) the 0-level set A,_, is compact (closed and bounded
in R).

We denote by F(R) the set of all fuzzy numbers. If A is a fuzzy
number, then from Zadeh [1] «a-level set Z“ is a convex set
from condition (ii). Combining this fact with condition (iii),
the a-level set A, is a compact and convex set for all a € [0, 1]
(since A,_, is bounded, it says that A, € A,_, isalso bounded
for all a € (0, 1]). Therefore, we can write A, = [ai, ag].

Definition 7 (see [9]). The trapezoidal fuzzy number is fully
determined by quadruples (aL, a’,«, B) of crisp numbers
such that a* < a¥, « > 0, and B > 0, whose membership
function can be denoted by

. L
x—-a +a«
( ) at —a<x<ab,
o
1, aLSxSa,
=1, @
(x-a"-B) U U
- , a <x<a +p,
B
0, otherwise.
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When a* = aY, the trapezoidal fuzzy number becomes a
triangular fuzzy number. If « = f5, the trapezoidal fuzzy
number becomes a symmetrical trapezoidal fuzzy number.
[al,a] is the core of A, and & > 0, B > 0 are the left-hand
and right-hand spreads.

It can easily be shown that

A, = [a(ab— (" —a)) + (" —a),
—oc((aU+ﬁ) —aU) +(aU+[3)],
and the support of A is (a" — &, a” + ).

2.1. Arithmetic Operations. In this subsection addition, sub-
traction, and scalar multiplication operation of trapezoidal
fuzzy numbers are reviewed [9, 15].

Let A = (aL,aU,a,ﬁ) and B = (b-,1Y,0, y) be two
trapezoidal fuzzy numbers; then

A= (aL, a’,a, ,B),
B=(b"1".0),
A+B= (aL+bL,aU+bU,(x+y,ﬂ+9),

(6)
A-B=(a"-v",a" -b"a+0.8+y),

- (Aa", 12", A, AB),
| (ra¥Aak B M), A <o

AZOa
A

3. Interval Type 2 Fuzzy Sets

Interval type 2 fuzzy sets (IT2FSs) play a central role in fuzzy
sets as models for words and in engineering applications of
type 2 fuzzy sets. These fuzzy sets are characterized by their
footprints of uncertainty, which in turn are characterized by
their boundaries upper and lower membership functions.

Definition 8 (see [17]). Type 2 fuzzy set A in the universe
of discourse X can be represented by type 2 membership
function g (x, u) as follows:

A={((x,u), 4z (x,u)) | ¥Vx € X, Vu e J, €[0,1],0 o)
7

< pz (x,u) < 1},

where J, € [0, 1] is the primary membership function at x,
and

(8)

J pz (%, u)
uej, u

indicates the second membership at x. For discrete situations,
_[ is replaced by ).

Definition 9 (see [17, 18]). Let A be type 2 fuzzy set in the
universe of discourse X represented by type 2 membership
function pz(x, u). If all pz(x,u) = 1, then A is called IT2FS.

IT2FES can be regarded as a special case of type 2 fuzzy set,
which is defined as

_ Juer, V/
A= LGX Le]x (x,lu) - Lex # ®)

where x is the primary variable, J, < [0, 1] is the primary
membership of x, u is the secondary variable, and LE ; 1/uis

the secondary membership function at x.

It is obvious that IT2FS A defined on X is completely
determined by the primary membership which is called the
footprint of uncertainty, and the footprint of uncertainty can
be expressed as follows:

FOU(A) = (I = J{ew lue . clo1]}. ()

xeX xeX

Definition 10 (see [14, 19]). Let A be IT2FES; uncertainty
in the primary membership of type 2 fuzzy set consists
of a bounded region called the footprint of uncertainty,
which is the union of all primary membership. Footprint of
uncertainty is characterized by upper membership function
and lower membership function. Both of the membership
functions are type 1 fuzzy sets. Upper membership function
is denoted by pix and lower membership function is denoted
by Moo respectively.

Definition 11 (see [14]). An interval type 2 fuzzy number is
called trapezoidal interval type 2 fuzzy number where the
upper membership function and lower membership function
are both trapezoidal fuzzy numbers; that is,

7= (A% AY) = ((ab ab ab, s H, (AY), H, (AY)),

n
U U U U U U
(“1 »ay 05,0, 5 H (A )’HZ (A )))’
where H;(A") and H;(A"), (j = 1,2) denote membership
values of the corresponding elements ajﬂl and aj.]H (j=12),
respectively.

Definition 12 (see [13]). The upper membership function and
lower membership function of IT2FSs are type 1 membership
function, respectively.

Definition 13 (see [20]). IT2FS, A, is said to be perfectly
normal if both its upper and lower membership functions are
normal. It is denoted by PnIT2FS; that is,

sup p (x) = sup by = 1. (12)

4. Perfectly Normal IT2TrFN

In this section, the concept of PnIT2TrFN is discussed and
it is the extension work of Chiao [21] that proposed the
concept of trapezoidal interval type 2 fuzzy set, in which
the upper membership function and the lower membership
function are represented by trapezoidal fuzzy number, which
is adopted for PnIT2TrFN. PnIT2FN is a fuzzy subset of the



real line, which is both “normal” and “convex.” The opera-
tions PnIT2FSs are very complex according to the decom-
position theorem [22], and the IT2FSs are usually taken in
some simplified formations in applications. In subsection,
the arithmetic operation on PnIT2TrFNs is formulated by
proposing the extension principle.

Definition 14. Let A = [AF, AY] be PnIT2FS on X. Let A=

(a},a¥,a;,B;) and A = (a],aY, a;, Byy) be the lower and
upper trapezoidal fuzzy number, respectively, with respect to
A deﬁned on the universe of discourse X where al < al,
al < ay,a;,a; > 0,and By, By = 0. [a),ar] is the core of
ZL, and «;, ; > 0 are the left hand and right-hand spreads
and [aY,aY] is the core of A’ , and &y, By = 0 are the left-
hand and right-hand spreads. The membership functions of

~L —U
xin A and A are expressed as follows:

(x—a2L+¢xL) L L
—, a4, -a;<x<a,,
xr
1, aZL <x< a3L,
X)) = S
py (X)
X = a3 ﬁL L L
_[3— a; <x<as+f,
L
0, otherwise,
(13)
(x a; +« )
b U
, aéJ ay <x<d;,
ay
_ 1, Y<x agj
Ha (x) = 1 U
(x—a3 _ﬁU) U U
————, a; <x<a; + Py
Bu
0, otherwise.

Ez(x) and piz(x) are lower and upper bounds, respectively,

of A (see Figure 1). Then, A is a PnIT2TrFN on X and is
represented by the following: A= [AL AU] = [(az,a3,ocL,
Bo), (a5, aY, ay, By)]. Obviously, if @) = af and af = af
the PnIT2TrFN reduces to the perfectly normal interval type
2 triangular fuzzy number (PnIT2TEN). If A¥ = AY, then
PnIT2TrEN A becomes type 1 trapezoidal fuzzy number [13,
23].

Definition 15 (primary «-cut of PnlT2FS). The primary «-cut
of PnIT2FS is “A = {(x,u) | J, > « u € [0,1]} which is
bounded by two regions:

aﬁZ (x) = {(x,ﬁX (x)) lEZ (x) = a, YV € [0, 1]} , )

“h () = {(% iz (%)) | iz (x) > &, Vax € [0,1]}.

Definition 16 (crisp bounds of PnIT2FN). The crisp boundary
of the primary a-cut of PnIT2EN A = (AL, AY) is closed

““Z which will be obtained as follows: A" and AY
are the lower and upper interval valued bounds of A. Also

interval
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L U _u u x
as as; a; +op a3 +ay

—L
FIGURE 1: The lower trapezoidal membership function A and the

upper trapezoidal membership function A" of PnIT2FS A.

the boundary of A" and AY can be defined as the boundary
of the a-cuts of each interval type 1 fuzzy set:

AL = _igf “Ez (x),sgp “gg (x)] = [“zL g aﬂ ’

Y = [inf iz (). sup “7iz (x)] = [a/,a]],
“A = [inf g owhoswp g ] @
= [[a.ar]. [a,4]]]
_ ([ %] [ o
which is equivalent to, say;
“Cb[’lz c [[(xaL,aaL] [zx R oc—R” (16)
Evidently, for PnIT2TrEN from Figure 2
gt < %" <*a" < g%, 17)

Definition 17. A fuzzy number A = (AL, AY) = ((azL,a3L, o,
Bo), (a5, a5, ay, By)) s said to be nonnegative PnIT2TrEN
if py(x) = oy =0,Vx>0.

Definition 18. A fuzzy number A = (AL, AY) = ((ag“, a3L, o,
Bo), (@5, a5, oy, By)) is said to be nonpositive PRIT2TrEN if
‘uz(x) =puz=0,Vx <0.

Definition 19. A fuzzy number A= (AL AY) = ((af, aé‘, o,
BL)s (ag ,ag,ocU, Bu)) is said to be zero PnIT2TrFN if aé‘ =

bl =0,ay =by =0,0, =y, = =0, = oy = yy = 0, and
fo =6y = 0.

Definition 20. PnIT2TrFNs A= ((a2 , a3 or, B (ag, agj, 0y
Bu)) and B = ((bL, bE,y;,0,), (0,67, yy, U)) are said to be

identically equal to A = B if and only if a} = bl, al = b,
ap =y B =0, ay = yy> and By = Oy
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FIGURE 2: Crisp bounds of PnIT2TrFN.

4.1. Arithmetic Operations on PnIT2TrEN
Definition 21. IfA = ((azL,ag“,ocL, BL)s (ag, ag, oy By)) and

= ((bF, b5, y1,0,), (6,67, y,0y)) are PnIT2TrENs, then
C = A + Bis also PnIT2TrFN and defined by

C= ((“2L+sz’“3L+b3L’“L+YL>/3L+9L)>

U LU
(a2 +b,,

(18)
agj+b3U,ocU+yU,ﬁU+0U)).

5o ((Aak, rak, Aey, ABL). (AaY, AaY, Aoy, ABy) ) s
(A0, A5, 1M1 B, 1Al ) (A, Aag, 101 By M e ))

5. The Possibility Degree of PnIT2TrFN

Comparison of fuzzy numbers is considered one of the most
important topics in fuzzy logic theory. The early and most
important work in the field of comparing fuzzy numbers
has been presented by Dubois and Prade [24]. On the other
hand, the dominance possibility indices, which have been
introduced by Negi et al., were utilized in the field of fuzzy
mathematical programming [25, 26]. The approach used in
these fields was based on formulating a possibility function,
whether in the case of trapezoidal fuzzy numbers or the case
of triangular fuzzy numbers. In this paper, we are going to

Pos (AL < BL) = max(l

Deﬁmtzon 22. IfA = ,a3,ocL, BL)s a2 , 03 Y ay, By)) and
= (b, b, y.,0,), (bU, b, yy,0y)) are PnIT2TrENs, then
C A — Bis also PnIT2TrFN and defined by

c- (lat

[a) - by,

-b/,a L bz sap + 6y, B + VU]
(19)

b oy + 05, By + )’LD

Definition 23. Let A € R. IfA = ((a2 , a3 o, Br)s (ag, agj, Oy
By)) is PnIT2TrEN, then C = AA is also PnIT2TrFN and is
given by

if A>0,
if A <0.

(20)

utilize the degree of possibility that the proposition stating
that “A is less than or equal to B” is true which is proposed
by Chen and Lee [13] for calculating the ranking values of
perfectly normal trapezoidal interval type 2 fuzzy number.
Here, the height of the upper membership function and lower
membership function is considered as 1, so the modified
proposition can be as follows.

Definition 24. Let A= ((aZL, aSL, ap, B (agj, a3U, oy, By)) and

= (b, b5, y1,0,), (0,6, 95, 6)) be two PnIT2TrENs.
Then the possibility degrees of lower and upper membership
function are defined as follows:

< max (“gL -9t 0) + max ((aZL -
— max

)

P N R e e

bZL),O)+max((aL— ) )+max(
apt

o) )

B"| + (“b" -



Pos (AU < BU) =max| 1
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max (”‘EL - "‘EL, 0) + max ((ag - bZU) , 0) + max ((ag - bsU) , 0) + max (”‘ER - "‘ER, 0) + ("‘ﬁR - “EL)

— max

Proposition 25. Let A = ((al,al, o, By), (@Y, a5y, o, Byy))
and B = ((bF, b}, y;,6,), 05,65, y,60y)) be two PnIT2ENs,
Pos(A" < BY) > «, if and only if inf[A"], < sup[B"]; that is,

R

Pos(A"<B") > a iff “a" <b". (22)

Alternatively,
L
Pos (AL < BL) = Upos(ALBL) = (AL < POSB ) (23)

An interpretation of the a— relation associated with possibility
when comparing fuzzy numbers A* and B" is as follows. For a
given level of satisfaction « € [0,1], a fuzzy number A" is not
better than B* with respect to fuzzy relation <", if the smallest
value of A* with the degree of satisfaction (or possibility degree)
being greater than or equal to a— is less than or equal to the
largest value of B" with the degree of satisfaction greater than
or equal to «. Similar to the above

Pos (AU < BU) >a iff ‘g < ot (24)

Proposition 26 (see [15, 23, 24]). Let A = ((azL,ag“,(xL, BL);
(a;J) agj, aU) ﬁU)) and B = ((bL’ b:fa YLa QL)) (bU) bg) yU) 9[])) be
two PnIT2TrFNs; then

Pos (A" < B")

Lo L
1, by > ay, 03
bl —ak+0, +
% 0<al-bl <0, +a,
LT
0, azL —b3L >0+ o
see Figure 3:
Pos (AY < BY)
1, b > af,
(26)
b —al + 6, +
=12 gz+ v T % 0<al -b) <0y +ay,
o
. Uty v '
, a, —by >0y + ays

see Figure 4.

< —<b| +[af - o] + [al - Y] +

)0 >

A R G R Gt )

(1)

Theorem 27. Let A = ((al,at, oy, By), (a5, a5, o, By)) and
B = ((by, b, y.,0p), (1,67, vy, 6)) be two PnIT2TrFNs, p €
(0,1], Pos(A" < B") > p, if and only if bt —a- > (p - 1)(0, +
o).

Proof. If p = 1, then from POS(ZL < 1~3L) > 1 one can get
that b’ > al, and vice versa. If 0 < p < 1, then b < af and
bE+6, > at - oy, Pos(A” < B") > p, if and only if (b% — ot +
0, +ay)/(Op +ay) = p;thatis, bf —ab > (p—1)(0, +oy). O

Theorem 28. Let A = ((aQL, a3L,¢xL, B (a;],agj, o, By)) and
B = ((bF, 6L, ., 0,), 07,67, 5, 6)) be two PrIT2TrFNs, p €
(0,1], Pos(A” < B") = p, ifand only if ¥ —a¥ > (p—1)(6,, +
o).

Proof. If p = 1, then from POS(ZU < EU) > 1 one can get

that b > aY, and vice versa. If 0 < p < 1, then oY < aY

and bY + 6, > af — o, Pos(XU < BU) > p, if and only
if 0 —af + 0y + o) /(O + ay) = p; thatis, b — a) >

(p— 1Oy + o). O

6. Fuzzy Linear Programming

In this section, we propose a fuzzy linear programming
model with the technological coefficients and right-hand side
(resources) being PnIT2FN:

Max/Min Z =cx
xeX (27)

St Ax=<b, x>0,
where A = (@) b = (b, by, ..,B,) "5 ¢ = (6156556,
x = (x),%p...,x,)", and a;, b, are PnIT2EN and x,¢; €

R@GE=12,....,mj=1,2,...,n). Lis type 2 fuzzy order.

Definition 29. Consider a set of right-hand side (resources)
parameters of a fuzzy linear programming problem defined

as PnIT2FS b defined on the closed interval
b€ [0 6] [0 75 ]| € R (28)
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Membership function
=)
w

—
021 Pos [A

by ay

FIGURE 3: Pos[ZL < EL] < 1because A" > B'.

Membership function
o
wu

02+ K— POS[XU < BU]

U U
b; a

FIGURE 4: Pos[ZU < EU] < 1because A > B,

and i € N,. The membership function which represents the
fuzzy space Supp(b;) is

b = LeR M ieN,, J, <[0,1]. (29)

1

Here, b is bounded by both lower and upper primary mem-
bership function; namely,

= {(bi)u) |, 2 oc}, (30)

i

with parameters “lgf and “Qf, and
a _
= {(b,-,u) | v, > (x} (31)

L _
with parameters “b; and “b, .
Definition 30. Consider a technological coeflicient of fuzzy

linear programming problem defined as PnIT2FS @;; defined
on the closed interval

5[, ()} o, o)

The membership function which represents the fuzzy space
Supp(@;;) is

a.. = —,
ij Ja.veR a. (33)
ieN,, jeN,, ]ﬁij c[o0,1].

Here, a;; is bounded by both lower and upper primary
membership functions; namely

“u. ={(apu) w, = af (34)

ij

. L R
with parameters “a;; and “a;; and

“ﬁaij = {(aij,u) 7= cx} (35)
. L _R
with parameters “@;; and *a;;.

Proposition 31. Let a;;
n

Then the fuzzy set };_,

is again a fuzzy number.

eF(IR)x >0,ieN,jeN,.
a;jx; deﬁned by the extension principle

Let P = <" be a fuzzy relation [27] fuzzy extension of the
usual binary relation < on R. The fuzzy linear programming
problem associated with a standard linear programming
problem is denoted as

n
Max/Min Z = chxj

=1
no N\ (36)
Zaijx]- Py, i=1,2,....,m
=1
x;20, j=12
In (36) the value Z;’ a;x; € F(R) is compared with a fuzzy

number b; € F(R) by sum fuzzy relation. The maximization

of the ob]ectlve function is denoted by Max Z = Y j=1Ci%Xje

Definition 32. Let Ha, R — [0,1]and g : R — [0,1],
ieN,,jeN,,bemembership function of fuzzy numbers

v (32) a;and b,, respectively. Let P be a fuzzy extension of a binary
agk a L] [ R agR . . relation < on R. A fuzzy set X, whose membership function
= eR, ieN, jeN,,. . ’
[[ ] [ ” PE N JE B px is defined as x € R" by
min {yp (ﬁnxl e +ﬁlnxn,51),...,yp( A X1 +---+5mnxn,5m)}, if x;>0, j=12,...,n,

bx =
O)

(37)
otherwise,



is called the fuzzy set of feasible regions of the fuzzy linear
programming problem (36). For « € (0,1], a vector x €
[X], is called the a-feasible solution of the fuzzy linear
programming problem.

Notice that the feasible region X of the fuzzy linear
programming problem is a fuzzy set. On the other hand, -
feasible solution is a vector belonging to the a-cut of the fea-
sible region X. If all the coefficients @;; ij and b, are crisp fuzzy
number, that is, they are equivalent to the corresponding crisp
fuzzy number, then the fuzzy feasible region is equivalent to
the set of all feasible solutions of the corresponding classical
linear programming.

6.1. Type 2 Fuzzy Linear Programming Problem. Let us con-
sider the following fuzzy linear programming problem with
right-hand side (resources) and technology coefficients are
PNIT2TrFNs:

n
Max/Min  Z = ) ¢;x;
j=1

" ~ 38
Zaijxjgbi, i=1,2,....,m (38)
=1

x; 20, j=12,...,n,

;2
where @ ai; ((azj) (a,]) ) = (((Glij)é, (aij)Ig, (“ij)L’ (ﬁij)L)>

(@) @) (@) Byl B = (G B)Y) = (B,
(bz)3’ (Vi) (6))1), ((bi)g]: (bi)U, (y)u» (8;)y)) are PnIT2TrFNs,
¢; are crisp coefficients of the objective, and x; are the decision
variable.

From Definitions 15, 21, 22, and 23 and (38),

n
Max/Min Z = chxj

=1
ZU ]_ i=12,....m
x;20, j=12,...,n,
(39)
n
Max/Min Z:Zc]-x]
=1
n
~U U
S.t aijxjsbi, i=1,2,....,m
=1
x;20, j=12,...,n

Based on the relation of possibility we can rewrite (39) as
follows:

n
Max/Min Z = chxj
=

Pos’l;L

~L ~L ~L
St a;x; +a,x, +---+a;x, < i

i=1,2,...,m

XJZO, j:1’2)-~-)n)
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n
Max/Min Z = chxj
t

POSEU

~U ~U ~U
St a;x; +a,x, +---+a;,x, < A

i=12,...,m,

(40)
With respect to constraints of linear programming possibility,
the optimal solution is completely determined by degrees of
possibility. So, we can obtain the optimal solution of linear

programming possibility at p-cut levels by solving the two
crisp linear programming problems using Barnes algorithm:

n
Max/Min Z = Zc-x»

+ax<b)

mon —

~L ~L
St Pos (al.lx1 + Xy +-

(41)
n
Max/Min Z = Zox»
~U ~U ~U 7V
St Pos(a@;x, +a,x, +---+d;,x, <b,

> p,

x; >0,

i j=L2,...,n

From Theorems 27 and 28 we have

(LPP,) = Max/Min Z = icx-

St b/ -Ax>(p-1)(ax+6),

(42)

(LPP,) = Max/Min Z = icx-
j=1

St EU—ZLxZ(p—l)(&x+§),

>0, j=1,2,...,m

where A" = {(a;)"} A" = (@)1, b7 = (B)4. B = (B)Y),
a = {()h @ = {@oh B = (B B = (Buhy =

{phy = {(yut 6 {(9 )ih 6 = {6y} and x = xj,
j=L2,...,ni=12,...
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The feasible regions of (LPPP) and (LPPP) are denoted by

Xiz{xeR"|QU—ALx2(p—1)(gx+Q)},
—p U 1L — (43)
X,={xeR b -A'x>(p-1)(ax+0)}.

Assume the optimal solutions of (LPP,) and (LPP,) are Zi

and Z;, respectively.

Theorem 33. For linear programming (LPP,) and program-

ming (LPP,), 0 < p; < p, < 1, and then X; c gg,X; c

—P P p =P _ =P
> >
XPl and ZPl - ZPZ, ZP1 - ZPz'

Proof. If x € X;, we have bY — Alx > (p, — 1)(ax + ), from
B>0,y>0,and x > 0; then bY — Alx > (p, - D(ax+0) >
(p1—D(ax+0), so;c € X;;;that is, Ki c X; andgf‘;l > Ziz.
Inasimilarway X, € X, andZ, >Z . O
Theorem 34. For linear programming (LPP,,) and program-
ming (LPP,), 0 < p; < p, < 1, and then Xf;z < ?il and
p _ =P

ZPI = ZPz'

Proof. If x € X;, we have lgU —ALx > (p, — 1)(ax +0), from
B >0,y >0 and x > 0; then b¥ — Alx > (p, — 1)(ax +

0) > (p, - D(ax + 0), so x € X;; that is, X; c X; and
ZPl = sz' H

=P

From Theorems 33 and 34, we obtain that Zi »Z, consti-
tute the lower and upper bound of fuzzy objective value at
level p. Then the objective value of Zi at level p is the mean

of (2, Z,).

7. Numerical Illustration

An application of the proposed method is introduced with
an example, where all its technological coefficients and right-
hand side (resources) are defined as PnIT2FNs. The optimal
solution will be obtained in terms of crisp for the following
problem.

The company plans to manufacture two types of products.
The selling prices for these products are as follows: P,
costs Rs. 1,750 per unit and P, costs Rs. 2,000 per unit.
Daily production volume of each type of these products is
constrained by available man hours and available machine
hours. The production specifications for the given problem
situation are presented in as shown in Table 1:

Max Z = x; +6X,

St dpxy +apx, Lb

9
TABLE 1
Resource requirement/unit
Resource P, P, Availability

Around4 Around8 Around 32
Machine hours (in minutes) Around 6 Around4 Around 36

Man hours (in minutes)

Gy X1 + AypXy < Ez
x; > 0, j=12,
(44)

where @,;, = [(230,250,20,10), (230,250, 30,20)], @,, =
[(460, 500, 40, 20), (460, 500, 60,40)], d@,, = [(345,375,30,
15),(345,375,45,30)], a,, = [(230,250,20,10), (230,250,
30,20)], l;l = [(1840, 2000, 160, 80), (1840, 2000, 240, 160)],
Ez = [(2070,2250, 180, 90), (2070, 2250,270, 180)], ¢, =
1750, and ¢, = 2000. From (42) we have the following crisp
optimal problem based on the level p:

Max  Zj = 1750, +2000x,

St (210 +20p) x; + (420 + 40p) x,

< 2080 — 80p )
45

(315 +30p) x; + (210 + 20p) x,
<2340 - 90p
X1,%, 20

—P

Max  Z, = 1750x, +2000x,

S.t (200 +30p) x; + (400 + 60p) x,

<2160 — 160p (16)

(300 + 45p) x; + (200 + 30p) x,
< 2430 - 180p
X1, %, 2 0.

For different cut level p, we can get different optimal solution

and denote by Zi, Zi the optimal solution (see Figure 5 and
Table 2) [28] of the crisp programming (45) and program-
ming (46), respectively.

8. Conclusion

In this paper a method to do perfectly normal interval type
2 fuzzy arithmetic operation using extension principle is pre-
sented and defined the possibility degrees of upper and lower
membership function to compare perfectly normal interval
type 2 fuzzy numbers. These functions are defined based on
the strength of upper and lower membership function of
perfectly normal interval type 2 fuzzy numbers. Meanwhile,
some properties and theorems were proved. Then, the lower
and upper fuzzy satisfaction based on possibility degrees of
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TABLE 2: Optimal solution at different possibility levels.

p-cut 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Zﬁ 14354.9528 14165.8878  13980.324  13798.1651  13619.3181  13443.6937 13271.2053 13101.7699  12935.3069 12771.7393
=P
Zp 15512.3153  15172.3301 14842.1051 14521.2264 14209.3022 13905.9633 13610.8597 13323.6607 13044.0529 12771.7393
ZI; 14933.6341 14669.1090 14411.2146  14159.6958 13914.3102  13674.8285 13441.0325 13212.7153  12989.6799 12771.7393
1 element method,” Mathematical Problems in Engineering, vol.
0.9 2014, Article ID 418594, 6 pages, 2014.
8? [6] Y.-H. Zhong, Y.-L. Jia, D. Chen, and Y. Yang, “Interior point
5 06 method for solving fuzzy number linear programming prob-
Z 05 lems using linear ranking function,” Journal of Applied Math-
8‘31 ematics, vol. 2013, Article ID 795098, 9 pages, 2013.
02 [7] H. Cheng, W. Huang, and J. Cai, “Solving a fully fuzzy linear
0.1 programming problem through compromise programming,”
0 . . .
12,500 13,000 13.500 14,000 14,500 15.000 Journal of Applied Mathematics, vol. 2013, Article ID 726296, 10
- pages, 2013.

FIGURE 5: Optimal solution at different possibility levels.

membership function, respectively, are defined. These fuzzy
satisfactions create two nonstrict order relations on the set
of overlapping intervals. Also, linear programming problem
was introduced with resources and technology coefficients
of perfectly normal interval type 2 fuzzy numbers. Then,
the possibility degrees of membership function were applied
in order to interpret inequality constraints with interval
coeficients. According to the definition of possibility degrees
of membership function and their properties, the inequality
constraints with interval coefficients were reduced in their
satisfactory crisp equivalent forms. Finally, the decision
maker can get the crisp optimal solution of the problem for
every grade o € [0, 1] which was obtained by using Barnes
algorithm and then mean value is selected according to the
decision maker optimistic attitude.

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

References

[1] L. A. Zadeh, “Fuzzy sets,” Information and Computation, vol. 8,
pp. 338-353, 1965.

[2] H. Tanaka, T. Okuda, and K. Asai, “On fuzzy-mathematical
programming,” Journal of Cybernetics, vol. 3, no. 4, pp. 37-46,
1973.

[3] R. E. Bellman and L. A. Zadeh, “Decision-making in a fuzzy
environment,” Management Science, vol. 17, pp. Bl141-B164,
1970/71.

[4] H.-J. Zimmermann, “Fuzzy programming and linear program-
ming with several objective functions,” Fuzzy Sets and Systems,
vol. 1, no. 1, pp. 45-55, 1978.

[5] S. Deng, L. Zhou, and X. Wang, “Solving the fuzzy bilevel
linear programming with multiple followers through structured

[8] D. Chakraborty, D. K. Jana, and T. K. Royl, “A new approach to
solve intuitionistic fuzzy optimization problem using possibil-
ity, necessity, and credibility measures,” International Journal of
Engineering Mathematics, vol. 2014, Article ID 593185, 12 pages,
2014.

[9] H. Le and Z. Gogne, “Fuzzy linear programming with possibil-
ity and necessity relation,” in Fuzzy Information and Engineering
2010, vol. 78 of Advances in Intelligent and Soft Computing, pp.
305-311, Springer, Berlin, Germany, 2010.

[10] J. C. Figueroa-Garcia and G. Herndndez, “A method for solving
linear programming models with interval type-2 fuzzy con-
straints,” Pesquisa Operacional, vol. 34, no. 1, pp. 73-89, 2014.

[11] J. C. E Garcia, “A general model for linear programming with
interval type-2 fuzzy technological coeflicients;” in Proceedings
of the IEEE Annual Meeting of the North American Fuzzy
Information Processing Society (NAFIPS ’12), pp. 1-4, Berkeley,
Calif, USA, August 2012.

[12] J. C. E Garcia, “Linear programming with interval type-2
fuzzy right hand side parameters,” in Proceedings of the Annual
Meeting of the North American Fuzzy Information Processing
Society (NAFIPS ’08), pp. 1-6, IEEE, New York, NY, USA, May
2008.

[13] S.-M. Chen and L.-W. Lee, “Fuzzy multiple attributes group
decision-making based on the ranking values and the arith-
metic operations of interval type-2 fuzzy sets,” Expert Systems
with Applications, vol. 37, no. 1, pp. 824-833, 2010.

(14] J. Hu, Y. Zhang, X. Chen, and Y. Liu, “Multi-criteria decision
making method based on possibility degree of interval type-
2 fuzzy number;” Knowledge-Based Systems, vol. 43, pp. 21-29,
2013.

[15] R. Fuller, Fuzzy Reasoning and Fuzzy Optimization, Turku
Centre for Computer Science, 1998.

[16] H.-C. Wu, “Duality theory in fuzzy linear programming prob-
lems with fuzzy coeflicients,” Fuzzy Optimization and Decision
Making, vol. 2, no. 1, pp. 61-73, 2003.

(17] J. Qin and X. Liu, “Frank aggregation operators for triangular
interval type-2 fuzzy set and its application in multiple attribute
group decision making,” Journal of Applied Mathematics, vol.
2014, Article ID 923213, 24 pages, 2014.

[18] Z. M. Zhang and S. H. Zhang, “A novel approach to multi
attribute group decision making based on trapezoidal interval
type-2 fuzzy soft sets,” Applied Mathematical Modelling, vol. 37,
no. 7, pp. 4948-4971, 2013.



Journal of Applied Mathematics

(19]

(20]

(24]

(25]

(26]

(27]

(28]

Y. Gong, “Fuzzy multi-attribute group decision making method
based on interval type-2 fuzzy sets and applications to global
supplier selection,” International Journal of Fuzzy Systems, vol.
15, no. 4, pp. 392-400, 2013.

D. S. Dinagar and A. Anbalagan, “A new type-2 fuzzy number
arithmetic using extension principle,” in Proceedings of the Ist
International Conference on Advances in Engineering, Science

and Management (ICAESM ’12), pp. 113-118, March 2012.

K.-P. Chiao, “Multiple criteria group decision making with
triangular interval type-2 fuzzy sets,” in Proceedings of the IEEE
International Conference on Fuzzy Systems (FUZZ ’11), pp. 2575
2582, IEEE, Taipei, Taiwan, June 2011.

J. M. Mendel, R. I. John, and F. Liu, “Interval type-2 fuzzy logic
systems made simple,” IEEE Transactions on Fuzzy Systems, vol.
14, no. 6, pp. 808-821, 2006.

X. Liu, “Measuring the satisfaction of constraints in fuzzy linear
programming,” Fuzzy Sets and Systems, vol. 122, no. 2, pp. 263-
275, 2001.

D. Dubois and H. Prade, “Ranking fuzzy numbers in the setting
of possibility theory,” Information Sciences, vol. 30, no. 3, pp.
183-224, 1983.

D. S. Negi and E. S. Lee, “Possibility programming by the
comparison of fuzzy numbers,” Computers & Mathematics with
Applications, vol. 25, no. 9, pp. 43-50, 1993.

M. G. Iskander, “Comparison of fuzzy numbers using possibility
programming: comments and new concepts,” Computers &
Mathematics with Applications, vol. 43, no. 6-7, pp. 833-840,
2002.

J. Ramik, “Duality in fuzzy linear programming with possibility
and necessity relations,” Fuzzy Sets and Systems, vol. 157, no. 10,
pp. 1283-1302, 2006.

G. R. Lindfield and J. E. T. Penny, Numerical methods Using
Matlab, Academic Press, 3rd edition, 2013.

1



