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We provide a short and simple proof of an uncertainty principle associated with the quaternion linear canonical transform (QLCT)
by considering the fundamental relationship between the QLCT and the quaternion Fourier transform (QFT). We show how this
relation allows us to derive the inverse transform and Parseval and Plancherel formulas associated with the QLCT. Some other

properties of the QLCT are also studied.

1. Introduction

It is well-known that the traditional linear canonical trans-
form (LCT) plays an important role in many fields of optics
and signal processing. It can be regarded as a generalization
of many mathematical transforms such as the Fourier trans-
form, Laplace transform, the fractional Fourier transform,
and the Fresnel transform. Many fundamental properties of
this extended transform are already known, including shift,
modulation, convolution, and correlation and uncertainty
principle, for example, in [1-6].

Recently, there are so many studies in the literature that
are concerned with the generalization of the LCT within
the context of quaternion algebra, which is the so-called
quaternion linear canonical transform (QLCT) (see, e.g., [7-
10]). They also established some important properties of
the QLCT such as inversion formula and the uncertainty
principle. An application of the QLCT to study of generalized
swept-frequency filters was presented in [11]. In this paper,
we will focus on the two-dimensional case and provide a
new proof of uncertainty principle associated with the QLCT,
the ones proposed in [8], the proof of which is much sim-
pler using the component-wise and directional uncertainty
principles for the QFT [12, 13]. Therefore, before proving
this main result, we first derive the fundamental relationship
between the QLCT and QFT. Using the relation, we obtain

useful properties of the QLCT such as inverse transform and
Parseval formula associated with the QLCT.

The quaternion algebra over R, denoted by H, is an
associative noncommutative four-dimensional algebra:

H=1{q=qy+iq, +jq, +kqs; qp-q1-9»- 95 € R}, (1)

which obeys the following multiplication rules:

ij=—ji=k,
jk = —kj = i,

@
ki = —ik = j, )

i=j =K =ijk=-L

For a quaternion q = q, + iq; + jq, + kq; € H, g, is called
the scalar part of q denoted by Sc(q) and iq, + jg, + kq,
is called the vector (or pure) part of g. The vector part of
q is conventionally denoted by q. Let p,g € H and p, q
be their vector parts, respectively. Equation (2) yields the
quaternionic multiplication gp as

qpP =4qoPo— 9 P+ qoP t Poq +q X Ps (3)

where q-p = (g, 1 + @ P, +q3p3) and qXp = i(q, p3 —q3 p,) +
i@sp1 — a1p3) + k(g1 p, — g 1)
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The quaternion conjugate of g, given by

qa=9,-19, -9 — kg3, 90, 91,9293 € R, (4)

is an anti-involution; that is,
qp=rq (5)

From (4) we obtain the norm or modulus of q € H defined as

lal = \Jaa = @i + 4} + & + . 6)
It is not difficult to see that
lapl = lal|pl, Vp.qeH. (7)
Furthermore, it is easily seen that
|par| = [rap|. Vp.q.r € H. 8)

Using conjugate (4) and the modulus of g, we can define the
inverse of g € H \ {0} as
1_ 4
9 = 2 ©)

lal
which shows that H is a normed division algebra.

It is convenient to introduce an inner product for
quaternion-valued (in the rest of the paper, we will always
consider quaternion function) functions f, g : R> — H as

(f.g) = JRZ FRgMdx dx=dxdx,  (10)
with symmetric real scalar part

(19) =3 1(£9)+ (0N =S¢ | F0Fdx

N | —

In particular, for f = g, we obtain the L*(R*; H)-norm:

=\ n=([ repas)" .

2. Quaternion Linear Canonical Transform

In this section we begin by defining the two-sided QFT (for
simplicity of notation we write the QFT instead of the two-
sided QFT in the next section). We discus some properties,
which will be used to prove the uncertainty principle.

Definition 1. The QFT of f € LY(R% H) is the transform
FAft: R* — H given by the integral

FAff@ = == | e iy

@2n)?

where x = x;e; + x,e,, = w;e; + w,e,, and the quaternion
exponential product e *1*1¢772* is the quaternion Fourier
kernel. Here &, is called the quaternion Fourier transform
operator.
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Definition 2. 1f f € L'(R* H) and Z{f} € L'(R* H), then
the inverse transform of the QFT is given by
f® =77, ®

1 iw; x; jwy X
= JRZe F 1 f} (@) dw,

where # q_l is called the inverse QFT operator.

(14)

An important property of the QFT is stated in the fol-
lowing lemma, which is needed to prove Parseval formula of
the QLCT. For more details of the QFT, see [12-16].

Lemma 3 (QFT Parseval). The quaternion product of f,g €
LY(R?*H) n L*(R?; H) and its QFT are related by

<f’ g)LZ(RZ;[H]) = <‘G}q {f} > S‘Tq {g}>L2([R{2;[H]) . (15)

In particular, with f = g, we get the quaternion version of the
Plancherel formula; that is,

2

PR - (16)

"f“iz(uez;u-u) = “gq {f}

Based on the definition of the QFT mentioned above, we
consider the two-sided QLCT which is defined as follows.

Definition 4 (QLCT). Let A, = (a;,b,¢,d;) and A, =
(ay, by, ¢,,d,) be two matrix parameters satisfying det(A,) =
ad, — b, = 1, s = 1,2. The QLCT of a quaternion signal
f € L'(R* H) is defined by

Ly 4 {f} (@)

JRz Ky, (xp,w;) f (%) Ky, (%5, @) dx, bb, #0

\/Iei(qd'/z)wff (‘11“’1”‘2)KA2 (2, @,), by =0,0#0 (17)

. 2
@é(QdZ/Z)wzf ("1"12“’2)KAl (xpw), b #0,b,=0
A e @I £ (), dyw,) @RI b = b, =0,

where the kernel functions of the QLCT are given by,
respectively,

KA1 (xl’wl)
= L i@ /m)si-@/m)xn e +d b)el /) 18
~ \2nb ’ (18)
1
bl %0)
KA2 (xz)“’z)
_ 1 /2@ /b)) x4 (da )}~ (/2)) (19)

2mb,
b, #0.

From the definition of the QLCT, we can see easily that
when bjb, = 0and by = b, = 0, the QLCT of a signal
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is essentially a quaternion chirp multiplication. Therefore, in
this work we always assume that bb, # 0. As a special case,
when A, = A, = (g;,b,¢,d;) = (0,1,-1,0) fori = 1,2, LCT
definition (17) reduces to the QFT definition. That is,

A A, {f} ()
e—l(n/4) . e—j(n/4) B
= — f(x)e T I —e
JRZ V2 f V2
e F ) (@) e,

where 97q{f} is the QFT of f given by (13).
We need the following important result (compare to [17,
18]), which will be useful in proving Theorem 15.

jor %, go (20)

Theorem 5. The QLCT of a quaternion function f €
L'(R% H) with matrix parameters A, = (a,,b,,¢,,d,) and
A, = (a5, b,,c,d,) can be reduced to the QFT

Folos} (@) =

1

Fol9s} @) = F (baw),
e i/d) _ e i/4)
gy (x) =
Ve VB,

Fx) = i@ /26)x} f®) RTINS

where

f® (22)

F ! JRZ e g (x) ) gy

— . 2 . 2
F (@) = eGP ) () e T,

Proof. Simple computations using Definition 4 show that

Ly o {fH ) =

2mb,

_ J D)= v e ) =(m12) (o
RZ

= Jaax (a215,)55~(2/B,) %, 0, +(d, [by)w>
27rb2

~(1/2)) gy

— 4
_ e (i /20)? J

—ix; (w; /by) ( i(“1/2b1)xf
) - ¢ F® (o)

i)
\27hyj
~i(/4)

_e T /e J
2mb R?

: ej(az/2b2>x§) R /by) /2Bl g

e—ixl("-h /b1)"]? (X)

~i(r/4)
)Xz(wz/bz)dx

27'[192

—)(n/4) (dz /th )w%

Then, multiplying both sides of (24) by e @/ 2b1)0] g5/ 26, )0
results in

—i(d, /2b, )’ j(d, /2b,) w3 e 1
1 lL (w) e_ 2 2 2 —
ALA, {f} \/Fbl
—j(m/4)
. J e—lxl wl/bl)f (X) sz(wz/bz)dxe ) — 1
R? \2mb,  V2m
—i(n/4) —i(r/4)
. J e—lxl (w, /b)) € i f (x) e e—sz(wz/bz)dx
R? bl \/b_z (25)
B 1
V2

—ix; (w, /by) 2(w,/b,) - F
-ng”‘“’ 9f (x)e]xw dx = q{gf}
(w)

b/’

This is the desired result. O

A

Theorem 6. If f € L'(R*;H) and L, , {f} € L'(R*%H),
then the inverse transform of the QLCT can be derived from
that of the QFT.

Proof. Indeed, we have

—

JRz ¢ 7, {gs) (@) & dw

g5 (%) = \/@
B \/@JRZ

1 J FR@IIGE (g Rl go,  (26)
RZ

2n)?

—

e F (bw) 2 dw

1 (@ /by) =iy /26,)
()’ JRZ g e L)
T

() oI a/28)] vy (@rfby) g
It means that

i) s /)

l(a1/2bl)x1f (X) e](“z/sz)xz
Vb,
1

= J‘ eixl(wl/bl)eii(dl/Zbl)wauijz {f} (27)
2n)?

(@) P (R AR



Or, equivalently,

f )
1 _
= JRZ Nor oi(@/2b0)x] i (@1 /b)) ,=ildy /26)0] G/ 4) LA . {f}
V270
1 —i(a2/28,)x3 jx; (@, /by) —j(dy/2b,)w) —i(7/4) (28)
() ——=e " 2l 21020 g7V e dw

\2mb,

= [ R @)L, U @ K, ) o

which is inverse transform of the QLCT. This proves the
theorem. O

In following we give an alternative proof of Parseval
formula for the QLCT (cf. [8]).

Theorem 7 (QLCT Parseval). Two quaternion functions

f.h € LY(R*H) n L*(R*H) are related to their QLCT via
the Parseval formula, given as

(F1) ey = <L011,A2 {f}’LDjxl,Az {h}>L2(R2;H) - (29)

For f = h, one has

2

LZ(RZ;[H]) ’ (30)

| = 1%, §

Proof. From Parseval formula (15), it follows that

(9p91) =(Fq o7} 7o lanh)

=Sc F
J..7

= @Sc ,[Rz F, {gf} (%) F 4191} (%)dw.

Applying the cyclic multiplication symmetry, we get

{gf} (w) 7, {9} (@) de (31)

(07-91) = pse o 4 L, U] @

. ¢ 1(@/26)0} i, 2] L"j}\ A

. {h} (w) e @/20)3 d

1 —i(d, /2b))w l[H]
b b SCJ € : 1/ l) ' Al’Az {f} (a‘) (32)
| 2|

e—j(dz/sz)wﬁe—j(dz/sz)wfL[H]

me_i(dl/zbl)wf dw
! H
= —Scj L
|b1b2| gz Avd

At L, () do.

Abstract and Applied Analysis

On the other hand,

(979n) =S¢ JRZ gy (%) gn () dx

—i(7r/4)
= SCJ Ny f (x)
e j(r/4) —1(71/4) —J(ﬂ/4)
h (x) dx

B
SJ (33)

SC JRZ i(a, /2b, )xlf (X)

. ei(az/sz>x§ i@ /23Ty (x) ¢i(@: /26 gy

1

h(x)d
l b b | J f (X) (X) X.
The proof is complete. O

It is interesting to describe the relationship between the
QLCT and QFT as shown in the following example.

Example 8. Let us now compute the QLCT of the two-

2 2
dimensional Gaussian function f(x) = e~ kaxitkaxd) yith
ky,k, > 0.

From the definition of QLCT (17), we easily obtain
1

V27,

. IRZ 172 (@ /b)x=(2/b)x 0+ /b’ ~(/2)) f®)

Ly 4 {f} @) =

. ej(1/2)((az/bz)X§—(2/bz)xZw+(dz/bz)wz—(ﬂ/Z)) 1 dx
27,

1

+\/27h,

. J' e—kleei(l/z)((al/hl)xf—(z/bl)xlwﬂdl/bl)wz—(n/z)) dx,
R

1
. £\/27b,

) I o2 J(112) (@ /553~ (2/b) 3,04 (d [ )~/ 2) dx,
R

(34)

1
\27b;

. 2 )’ J
R

(/20 @kib—ia)x] iC/by)x, -i(n/2) dx,
1
+\/27b,

S )’ J
R

e—<1/2b2><2kzbz—jaz>x§ o I@lb)x, i(m2) 4 X,.
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Using the QFT of the Gaussian function,

i 2 2 .
‘c}q {f} (w) = JRZ e_lw‘xle_(k1x1+k2xz)e—szxde
(35)
= Le—(wf/‘lkﬁwg/z;kz).
Vkik,
We immediately obtain
Ly, U} @) =
A, U1 =
: ei(l/Z)(dl/bl )wf Zﬂ—ble_wf/zbl (Zklbl —ial)
(Zklbl - ial)
1
\2mh,
(36)

,ej(l/zxdz/bz)wi\j 2mhy -l by ko)

(Zkzbz - jaz)

_ L @laaekidy) /@b -ia)
\a; + 2k b,
1 (@3/2) (e +2Kyjc) /2Ky b))

e

"\, + 2k,b,

H -
LAl,Az {f} (w) - JRZ \/Fbl

1
o JRZ \2mb

Therefore, by making the change of variable x, + b;r/w, = t,
in the above identity, we immediately obtain

H = —
Laa, U@ = jRZ 2mb

L /2(@/)5-@lbta+(d fb)a}-n/2) 3¢ _ % [ j
RZ

+\/2mb,

L 012 /)5~y 05+ [} -/2) g
27,

_ 1 i(l/z)((al/bl)(tl_blﬂ/wl)z_(z/bl)t1w1+(d1/bl)wf_ﬂ/2) to— blﬂ —1
e flt b
R2 +/27h

1

1 ei(l/z)((al/bl)xf_(z/bl)xlwl+(d1/b1)wf—7r/2)f (x) #

ei(1/2)((ul/bl)x?—(Z/bl)(xl+bln/w1)w1+(d1/h1)wf—n/2) f (x) 1

+\/27b,

3. Properties of the QLCT

In this section we present useful properties of the QLCT
in detail. We see that the results are generalizations of the
properties of the LCT [5, 19]. In [9], the authors derived the
asymptotic behavior of the QLCT. In the following, we shall
provide a different proof of the results using the QLCT kernel
properties.

3.1. Asymptotic Behavior of the QLCT. Like the classical
Fourier transform, the Riemann-Lebesgue lemma is also
valid for the QLCT, expressed as follows.

Theorem 9 (Riemann-Lebesgue lemma). Suppose that f €
L'(R% H). Then

lim |LD;H\ A (w)| =0,
oyl =00 | ArAz
(37)
lim L% . {f}(@)|=0.
lw,| — 00 v
Proof. Tt is not difficult to see that
e_i(wlxl/bl) — _e_i(wl/bl)(xl+bln/wl)’
(38)
e i@ /b)) _ (@ /by) (o tbym/wr)
Now applying (38) gives
/2 (@2/5)%3= (/) %0,y b)) ~7/2) g
2mb,
(39)

D@05~/ 50, (e [or)}=/2) g
2nb,

L i0/2)( /)b ) =2/t (e [ )t —r2) f< b )

t, - -t
w;

ei(1/2)((al /by )tf—(z/lh )ty +(d, /by )wf—n’/Z) f (t)

ej(l/2)((‘12/52)ti—(z/bz)tz“’z*(dz/bz)wg—ﬂ/z) dt

W,

\27b,



1 [ J 1
== —c
2 [ Jr2 \27b,

1 ej(l/Z)((az/bz)ti(Z/bz)tzwz+(d25/bz)w§H/Z)dt] )
27b,

This means that

lim |1 4, {f} @) <

lwy | —

1 .
lim J
[47b,b, | el = 00 Jg2

_ /b2l o) ¢ <t _bm, > ARG
1 w, > b2
=o0.
1
H H
[, U e m = U @) = [ e

1 ej(1/2)((ﬂ2/bz)(xz+h2)2—(2/bz)(xz+hz)wz+(dz/bz)w§—ﬂ/2)dx _

2mb,

. JU2(@/0)35=@ by es0y 4y [br)5-m/2) g

<
R2

2mh,

1(1/2 )((a, /b, )(x1+h

L 2@ b)xi=Glb)me i b)ai-ni2) o)
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i(1/2) (@ /b)E~(2 /b))ty +(dy by )= /2) ( () — e/ by ey +(by7/a0,)) L <t b >>

1=~
W

(40)

Similarly we can prove
Jim |EL @) =0 (42)

w,| — o
O

Theorem 10 (continuity). If f € LYR%:H), then

Luj‘l,Az{f}(w) is continuous on R,

Proof. Simple computations show that

—(2/b))(x,+h;)w, +(d, /b)) wl—n/Z)f (X)

2mb, 27tb,

ei(1/2)((a1/bl)xf—(Z/bl)x1w1+(d1/bl)wf—n/2) (ei(l/z)((“1/b1)(2x1h1+hf)—(2/b1)w1h1)f (X) ej(1/2)((92/bz)(2x2h2+h§)—(2/b2)w2h2) _ f (X))

L /(@052 xs0004(d )3 -1/2) 1

2mb,

1.

By the Lebesgue dominated convergence theorem, we may
conclude that

dx =

o, UH@+m) =LY, {fl @] —0  (44)

whenh — 0. This proves that Lﬂl, A, {fHw) is continuous on
2 L .. H ..

R*. Again since (43) is independent of w, LAI’Az{f}(w) is, in

fact, uniformly continuous on R*. O

3.2. Useful Properties of the QLCT. Due to the noncommuta-
tivity of the kernel of the QLCT, we only have a left linearity
property with specific constants

aBelqlg=qy+iq: qoq € R}, (45)

|27rb1 b2|

( U@ )@ -ClbJarh) () JA/D@rfb) Ry h)-Clash) _ ¢ (X))| dx <

(43)
! J- |f )] dx
|7tb, by | Jwe
which is
L[til,Az {af + Bg} (w) = “Lujl,Az {f}H ()
y (46)
+ LA 4, {9} (@),
and a right linearity property with specific constants
o B e{qla=do+jd» doa €R}.  (47)

Theorem 11 (shift property). Given a quaternion function f €
LA(R%:H), let 7 f(x) denote the shifted (translated) function
defined by 1 f(x) = f(x — k), where k € R%. Then one gets
L3, {f} (@) = 7 mabzriahen 1 ()
(@) - aky, @, - ayky) (48)

e*j“zczkg/zﬂ."/zkzwz
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Proof. Taking into account the definition of QLCT (17), we . U2 (@05~ 2/b) 00+ (dy [b) w5 -/2) g
get 2mb,

1 (49)

271,

. 2 2
: J /2@ /b)x=Clbox @ b)ei72) ¢y By making the change of a variable x—k = m, we easily obtain
RZ

L[til,Az {tf} (@) =

2 {nf} @) = JRZ L /2@ /)y k=) oy Yoy +(dy [y ) =m/2) £ (m)

\27h

L (/2@ /) my ks =@y stk oy o) -mf2) g L
2nb, 2mh
(50)

. JRZ ei(l/z)((“l/bl)m%*(z/bl)ml(wl*klal)+(d1/b1)wf*"/z)ei((l/z)(ﬂl/bl)k%)ei(*(l/z)(Zklwl/bl))f (m)

L /2@ /)= by (w,—kya,)+(dy )5 -712) i((1/2)(@/0)K5) Ji(~(1/2) ko) g

. +\/27b,
Therefore, we further get

. 2 2 . 2y .
L[T\l,Az {ka} (w) = 61(1/2)((ﬂ1/b1)ml—(Z/bl)ml(w1—k1u1)+(d1/b1)(w1—k1u1+k1u1) —H/Z)el((l/Z)(al/bl)k1)el(—(1/2)(2k1w1/b1))f (m)

ol
2mb, Jr2
. 1lzﬂbzei(1/2)((az/bz)mi’(z/hz)mz(wz*kzaz)+(dz/bz)(wszzafrkzaz)z77r/2)ej((1/2)(a1/bl)kf)ej(f(l/z)(zkzwz/bz))dm

(51)
_ ei(1/2)(d1/hl)(Z(wl—klal)k1u1+(k1u1)Z)Ei((l/Z)(ul/h1)kf)ei(—(l/l)(Zklwl/bl)) I 1 ei(l/l)((al/bl)mf—(Z/bl)ml(wl—klu1)+(d1/b1)(w1—k1u1)2)f (m)

R2 +/271b,

1 ej(1/2)((32/b2)mg—(z/bz)mz(wz_kzaz)+(d2/hz)(wz_kzaz)2)dmej(l/z)(dz/bz)(2(“’2_kzaz)k2a2+(kzaz)2)ej((l/z)(az/bz)kg)ej(_(l/z)@kzwz/bz))
2mb,

Applying the definition of the QLCT (17), the above
expression can be rewritten in the form

H _ i(1/2)(dy /b)) (2w, ~k @)k ay+(kya)?) i(1/2) (@, [b)KT) Ji(=(1/2)2Kk @, /b)) 1 H
Ly, a, {nft (W) =e VT T e e L A, {fHaw - arky, w, = ayk,)
(52)
. ej(l/z)(dz/bz)(z(wl—kzaz)k2a2+(k2a2)2)ej((1/2)(a2/bz)ki)ej(—(l/z)(Zkzwz/bz))

We notice that Because a;d; — b,c; = 1, then d;a;/b, — 1/b; = ¢; fori = 1,2. 1t
means that we get

/21 /b)) @wy—kyapkya +(kyay )Z)ei((l/Z)(al /h1)kf)ei(*(l/z)(Zklwl/bl))

= dheda /bl—l/bl)e—i(l/z)kfal (dya,/b-1/b)) , ,
’ (53) /21 /b)) @y —kyapkia +(Rkiay)7) J((172) (@ [b)ky) il-(1/2)(2ky @, /b))

ej(1/2>(dz/bz)(z(wz’kzaz)kzuﬁ(kzﬂz)z)ej((l/2)(%/bz)ké)ej(*(l/z)(zkzwz/bz)) (54)

= Jhaa(aas/by1/by) (1 /DKy s [, 1/by) _ ke ilakl/2e



By the above equalities, we finally arrive at

. . 2
LT;I,AZ {tf} (@) = e giaki/2a L[jl,Az {f}
(@, — a1k, wy — ayk,) (55)

. ejkz“’z‘"/ze_j(“zki/z)ﬁz_
This completes the proof of theorem. O

Next, we are concerned with the behavior of the QLCT

Abstract and Applied Analysis

Proof. From Definition 4, it follows that

L[tgerz {Mwuf} ((D)

i(1/2)((ﬂ1/b1)Xf—(Z/bl)Xlwﬁ'(dl/bl)wf—ﬂ/Z)eixluof (x)

1
- JIRZ \27h,

. g% 1 - ei(1/2)((az/bz)><§—(2/bz)xzwz+(dz/bz)w§—ﬂ/2)dx
\2mb,

1
+\/27b,

J' ei(l/Z)((al/bl)xf—(z/bl)xlwl+(dl/b1)wf+2u0x1—rr/2)f(X)
RZ

57
under modulation. 67)
. 1 ei(1/2)((az/bz)Xi—(Z/bz)xzwz+(dz/%)w§+2voxz—ﬂ/2)dx
Theorem 12 (modulation property). LetM,, f be modulation \21tb,
operator defined by M,, f(x) = €™ 1" f(x)e"*" with w, = 1
uye, + vye,. Then Vo,
. . A 2_ _ 2_
Lo, Mo, @) = L e f 00"} @) | e e )
= i/ 2+id, ugw, [ B L /2@ /)52 (wrvoby) +(dy )2 -r/2)
=e L (56) e 2 2TV dx.
o U7} .
—jb,d, V2 [2+jd, vow.
(@) = tghy, w, — voby) e HOITIEI, Subsequent calculations reveal that
1 . 2_ _ _ 2_
Lu:gl,Az {Mwof} (w) _ J 2 el(l/z)((a1/b1)x1 (2/by)x; (W —1gby ) +(dy /b)) (0 —tgby ) +ug by ) 7T/2)f (X)
\27h, Jr
L J/2(@/b) =@/ @rmvb (o) (@r=vob)+voby P -mf2) g L
2mb, 2mh,
(58)

. JRZ ei(1/2)((ul/bl)x?—(z/bl)xl(wlfuobl)+(dl/bl)((wl—uobl)2+2(w17u0b1)u0b1+u(2)b12)—n/2) f(x)

2nb,

. /2@ /)53~y vyl )+ ) (03=bs )+ 2 vl b 958D -/2) g

Hence,

H i, —toby ) ugd, +id, ulb, /2 1 H
L, (Mo, f} (@) = € WL A, (@)

. . 2
_ u()bl’ w, — Vobz) e](wz—"obz)"odzﬂdz"obz/z

iw, uyd, (Zbldlug*bldlug)/z)L”"A”

=e e X L, (@) = toby, @,
(59)

Vobz) ejwz"odz e‘j(<2b2d21’g_bzdz"é)/2)
_ eiwlugdle—i(bldlué/z) M

ALA, (@, = tyby, , = voby)

. ej“’z Vody e*j(bzdz"g /2) )

This is desired result. O

Theorem 13 (time-frequency shift). If quaternion function
fe L*(R?;H), then one gets

H _rH ix u, _ 'xzvo}
Ly a AMy,tif} (@) = L, {e™ ™ f (x-K) €
- (w)
_ e—i(alclkfﬂjldlué)/2+i(clk1+d1u0)w1—ihlclklu0Lﬂil’AZ {f} (60)
(w0 = aky = ugby, 0, — ak; — voby)
. e*j(“zczk?rbzdzVﬁ)/2+j("2k2+d2"o)“’2*jl&52k2Vo

Proof. The proof directly follows from two previous theo-
rems. O

The above properties of the QLCT are summarized in
Table 1.
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TABLE 1: Properties of the QLCT of f, g € L*(R?* H), where &, 3, &', ' € H are constants and w, = u,e, + v,e, € R*.

Property Quaternion func. QLCT

Left linearity af + fg (xL”i]‘ A @) + ﬁLAl 4, 19} (@)

Right linearity fo' +gp’ L[T‘ " {fH (@) o + LA 4, 19} (@) g i

Shift f (X _ k) e—mlc]k [2+ic kywy LIH] oA {f} (wl _ alkl’wz a2k ) —jayc k3 [2+jerkywy
Modulation eixlu()f (x) X2 e—1b1d1u0/2+1d1u0w1 LIH] " {f} (wl — upby, @, — vyb, ) —jbydy Vi [2+jd vow)

e

Time-frequency e¥1to f(x-k) X2

1(u1c1k1+b1d]uo)/2+l(clk1+d1u0)w1 ‘blclkluoL"jl A, {f} (w _ alk

|~ Uoby, w, — ayk, - Vobz)

,e*J(uzczkz +bydy V) 2+j(crka +da v )wy—jbrcrkavo

2 2 1
Gaussian function e~ Vaxihoxy)

@} 121 2k )/ 2y by i) !

va, + 2k bji

(@312 42k)d) (2kyby~ja))

Va, + 2k, b)j

4. Heisenberg Uncertainty Principle for QLCT

The classical uncertainty principle of harmonic analysis states
that a nontrivial function and its Fourier transform cannot be
sharply localized simultaneously. In quantum mechanics, the
uncertainty principle asserts that one cannot at the same time
be certain of the position and of the velocity of an electron
(or any particle) [20]. Let us now give an alternative proof
of the Heisenberg type uncertainty principle for the QLCT,
which is recently studied in [8] (the uncertainty principle
of the QCT was proved using the exponential form of a
2D quaternion function and proposed proof of this paper
uses the relationship between the QFT and QLCT). However,
before proceeding with the statement of this main result, we
need to introduce the component-wise uncertainty principle
for the QFT as follows (see [12] for more details).

Theorem 14 (the QFT component-wise uncertainty princi-
ple). Suppose that f € L'(R*H) n L*(R* H). If Of /0x; and
w, (0f /0x;) € L*(R?; H), then one has

J 2 |f(x)|2dxj @ |, (@) dw
R R

| , (61)
ZZGW Fefdx) . k=12

The generalization of the above uncertainty principle to
the the QLCT domain is given by the following theorem (for
more detailed information, see [8]).

Theorem 15 (the QLFT component-wise uncertainty prin-
ciple). Assume that f € LYR%:H) n LA(R%:H), of [0x;. €
L*(R*%H) and that LYy , {f}, o L'y 4 {f} € (R H), k =
1, 2. Then, the following inequality holds:

I () @) d

JRZ xi |f (x)|2 dx JRZ w?
(62)

zb—z(J If @f dx), k=1,2.

Proof. Substituting the quaternion function f by g defined
by (21) on both sides of (62), we easily obtain

J,,stlos oof ax [ 2|7, fo/} @) da

> —(J |9 G dx) .

Now setting @ = w/b, we further have
—i(r/4) (77/4)

| 5 T

I TARIOE- )

2 2
zl<J ¢ dX> ,
4 R2

(63)

e

dx

-i(n/4) _

\/b—l f(X)

e—i(rt/4)

7,

and thus
J |bb|2'f()| J . gq{ﬂf}(%)
> S e ora)

Hence,

[k
R* |b1b2|2
2

IRTANIO
* iy e

(65)

ei(ul/Zbl)xff (X) ej(az/sz)xg 2 x

dw (66)

2 2
dx) .

Q@ /2] f ) J@/2)5;
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By inserting (23) into (66), we immediately obtain

ei(al/Zb‘)xif(X) ej(az/sz)X% 2 dX

[
R |b1b2|2

2
Wi | —i(d, /2b)w? 1 H
[ Sy )
k

(67)
@]’ 4
1 . ( J @205 £ (0 i@ /20)5 ? dx>2‘
41bby|” w2
Simplifying it gives
2
JRZ 2 | 00| dx JR2 Gt (@) de
. L (69)
2—k<J |f @] dx) .
4 R2
This finishes the proof of theorem. O

It is not difficult to check that directional uncertainty
principle for the QFT takes the following form (cf. [21, 22]).

Theorem 16. Suppose that f ¢ LY(R%H) n LA(R? H). If
0f /0x;. and w,(0f [0x;) € L*(R% H), then one has

[ 1 dx [ 1ol |57, (£} @) de
R R

> (JR |f(x)|2dx>2.

Proceeding as in the proof of Theorem 15, we obtain the
QLCT directional uncertainty principle as follows.

(69)

Theorem 17. Suppose that f € L'(R*;H) n L*(R*H) and
Ly o {fYand|@l’LY , {f} € L*(R*%H). Then the following
inequality is satisfied:

J x| f @) de WP 1% o ()} @) de
R2 R2 70)

> [b]? (jR f (x)lzdx)z.
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