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We construct a continuous function f : [0,1] — R such that f possesses N'-property, but f does not have approximate derivative
on a set of full Lebesgue measure. This shows that Banach’s Theorem concerning differentiability of continuous functions with
Lusin’s property (N) does not hold for N™'-property. Some relevant properties are presented.

1. Introduction

First we will specify some basic notations. By |E| we denote
the Lebesgue measure of E ¢ R. For any f: I — R, where I
isan interval, by f [ E we denote the restriction of ftoE C I
and the symbol fa'P(x) stands for approximate derivative of f
at x.

Definition I (see [1]). Let D ¢ R be measurable. We say that
f: D — R has Lusin’s property (N), if the image f(E) of
everyset E C D of Lebesgue measure 0 has Lebesgue measure
0.

This condition was studied exhaustively; some of results
can be found in [1]. For the present paper the most important
is the following.

Theorem 2 (Third Banach Theorem, [1] Theorem 7.3). If f :
[0,1] — R is continuous and has Lusin’s property (N), then f
is differentiable on a set of positive Lebesgue measure.

In the present paper we will study a similar property.

Definition 3 (see [2, 3]). We say that f : D — R, defined
on a measurable set D ¢ R, has N™'-property, if the inverse
image f'(E) of every set E C R of Lebesgue measure 0 has
Lebesgue measure 0.

Some of results concerning N™'-property are presented
in [2, 3]. In [2] a systematic study of Nﬁl—property for
smooth and almost everywhere differentiable functions can
be found. Some applications of N~'-property in functional

equation and geometric function theory can be found in
[4-6].

2. Main Results

Our goal is to construct a continuous function f : [0,1] —
[0, 1] with N~!-property which is not approximately differen-
tiable on a set of full measure. We start with the basic theorem.

Theorem 4. Let B, = {2k —1)/2" : k € {1,2,...,2" ', n e
N}, B, = {(2k—1)/2"+1/(3-2") : k € {1,2,...,2" '}, n e N},
and A = (0,1) \ (B, U B,). There exists a homeomorphism
f:+ A — Asuch that

@) f=f"

(a2) f has Lusin’s property (N) and N~ -property,

(a3) f has no approximate derivative (finite or not) at any
x € A

Proof. Let x = 0.iyi, -+ -1, - - denote a binary decomposition
of x € (0,1). It is easily seen that (2k — 1)/2" + 1/(3 -
2"y = 0.iy---i, ;101010 --. Therefore, x € (0,1) and
x = 0.yi,---i, - belongs to A if and only if it has a binary

decomposition x = 0.i;i, - - - i, - - - such that

{neN:i,, =0} =N,={neN:iy,=1}or
@)

{1’!6Niizn_l=O}=NO={HGN:i2n—1=1}
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(in other words x has infinitely many Os and infinitely many
Isat even places or infinitely many Os and infinitely many 1s at

odd places). Let A]; = (k/2", (k+1)/2") fork € {0,1,...,2" -

1} and n € N. Obviously, A ¢ Uiif)l AX for every n € N.
Moreover,

k
Ana¥

noo )
= <|x € A:x =0y, i, where Y 2"7i, :k}.

j=1

Define f: A —» Aby

£ (x) = 0.dyibigil -+ iy b, o 3)

where x = 0.i1, - ~-in-~andi; = 1-i;. In other words, f(x) =
0.mym,-~~m, -, where m; = i; forodd jand m; = 1 -1,
for even j. By (1), f(x) € Afor x € Aand f is well-defined.
Moreover, directly from the definition of f, it follows that f is
a bijection and the composition f o f is the identity function,
whence f~! = f. Moreover, by (2), for eachn € Nand k €
0,1,...,2" -1}, k=37, 2", i; € {0,1}, we have

F(Anak)=anak, (4)

where k' = Y, 2"Im;.

We claim that f is continuous. Fix x, € Aand e > 0.
Choose n, € N such that 1/2™ < ¢. There exists k, < 2™ — 1
for which x, € A’ffﬂ. By (4), f(An A’;ﬂ)) = AnN AIZ’U. Since
AN A’;"O is a neighborhood of x; and |y, — y,| < 1/2™ < ¢ for
all y;, y, € A’;‘; , we conclude that f is continuous at x,,. Thus,
f is continuous, because x,, was arbitrary. By the equality f =
7', f is a homeomorphism.

Now we will show condition (a2). Let H C A be any set

of Lebesgue measure zero. Fix any € > 0. There exists an open
in AsetU C A such that H c U and |U| < &. Let

B={rnAke{01,...,2"-1}, neN}. (5

Clearly, 9B is a base of the natural topology in A. Since either
any two sets from 9 are disjoint or one of them is contained
in the other, it is easy to see that any open subset of A can be
represented as a union of some subfamily of pairwise disjoint

sets from %. Thus, U = Ujez(AI;ﬂ N A), where J is at most
k; k; .. . .
countable and A,;' N Ay} = 0 for jy, j, € ], j; # j,. Then,

by (4), Ues f(A]i{'j nA)= Uje[(A}:é N A) is an open in A set
containing f(H) and

2

i€l

K k.
A,{jnA|:Z;A,{jﬂA|:|U|<s. ©)
J

j€

Since ¢ > 0 was arbitrary, |f(H)| = 0 and f has Lusins

property (N). Since f = ', f has also N~'-property.
Finally, we will show that f has no approximate derivative

atany x € A. Fixx € Aand an evenn € N. Then x € A’:l
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for some k < 2" — 1. Let iy,1,,...,i, € {0,1} be such that
k = ¥, 2"i;. Moreover, let k' be understood as before. It

is clear that
n+2

AnAl = (Ana¥,)u(anaty))

u(AnA4k+2) N (AﬂA4k+3),

n+2 n+2
F(anat,)-anakss
7
f(AnA4k+1):AﬂA4k’ @
n+2 n+2>
FANNEY) = Anal?,
FlAnaS) - an sty
(remember that # is even).
Note that
fO)-f& _, ®)
y-x
ifx e A* andy € AnA* orx € A% 2and y € AnA%S,
Moreover,
fO)-f@ 2" 1 ©)

y—-x 3.2" 3

: 4k 4k+2 4k+1 4k+3
ifxeAl,,andy e ANA S orx e AJ, andy € ANATS.

Thus, ifn € Nisevenand x € AN A’;, we can find B,C ¢
A’; N A such that

1Bl = fcl = 7 [%). (10)
M <0 VyeB, (11)
xX=y
f-fl) 1

Since this is true for every even n and IAILI = 1/2", we
conclude that f has no approximate derivative (finite or not)
at x. The proof is completed. O

From Banach’s Theorem 2, we easily get the following.

Corollary 5. Any function f, defined on an interval, which
possesses Lusin’s condition (N) such that the set of discontinuity
points of f is finite, is derivable at every point of some set of
positive Lebesgue measure.

Meanwhile, by Theorem 4, we have the following.

Theorem 6. There exists a bijection g : [0,1] — [0, 1] such
that

(bl) g has Lusin’s property (N) and N~ -property,

(b2) the set of discontinuity points of g is countable,

(b3) g has no approximate derivative at any point.



Abstract and Applied Analysis

Proof. Let B, B,, A, and f be the same as in Theorem 4.
It is easily seen that every member of B, is of the form
0., ---1,001010--- or 0.i; ---1,1101010--- for some n € N,
except 1/6, 1/3, 2/3, 5/6. Define ¢ : {0,1} U B, U B, —
{0,1} U B, U B, by

@ (x)
| 112
X forxé{o,l,—__§}
6336
071/ j,001010-- for x = 0.0, ---,001010--, (13)
071 js - J,110101--- for x = 0.4, ---4,110101 -+,
_O-jljz"'jn—11 for x = 0.4, ---14,1,

where j,,, | =i,,_; and j,,, = 1 —i,,,. It is easy to see that ¢
is a bijection. Let g : [0, 1] — [0, 1] be defined by
f(x) forxeA,
g(x) = (14)
¢ (x) for x € {0,1} UB, UB,.

Fix x € (0,1) \ (B UB,), x = 0.yiy---i,---,and € > 0. Let m

be a positive integer such that 1/2" < ¢. The set
1125
c-fon k12 9]
6336
2k - n—1
u{ :ke{l,z,...,z },ngm}
211

u {01, -++1,001010---

(15)

:nSm}

u{od,-1,1101010 - : n < m}

is finite and C ¢ {0,1} U B; U B,. Hence, we can find
8 € (0,1/2™*) for which (x — 8,x + 8) N C = 0. Take any
y € (x —8,x+ 8) n (B, UB,). Since Ix - yI < 1/2m3
and y € B; U BZ, we conclude y = 0.i}i, - --001010- - -
or y = 0.iy-- -110101--- or y = 01112 i, L.
Hence, g(x) = f(x) = 01y jm - and g(y) = @(y) =
077 01 g3) = 9(3) = 0ji o~ jpn - 1. Therefore,
lg(x) — g(¥)| < 1/2™ < e Since f is continuous, g is
continuous at x. Thus, we have proved that the set of all
discontinuity points of g is contained in {0,1} U B, U B,.
Therefore, g satisfies (bl), (b2), and (b3). ]

Theorem 7. For each ¢ € (0, 1) there exist a closed nowhere
dense set F C (0,1) and a homeomorphism h : F — F such
that
(cl) |F| > 1 -5
(2 h=h",
(c3) h has Lusin’s property (N) and N~ -property,
(c4) h has no approximate derivative (finite or not) at any
x € F (more precisely, zfﬁ : [0,1] — [0,1] is any
extension of h then h has no approximate derivative
(finite or not) at any x € F).

Proof. Let B,, B,, A, and f be the same as in Theorem 4. Let
{x,}72, = B; UB,. Fix ¢ > 0 and choose a sequence (11,),,
of even natural numbers satisfying

42% <e (16)

1 1
4Z%<§2mn Vn > 0. (17)

For each n > 1 there exists k,, € {1,...,2" — 1} such that

x, € ((k, —1)/2™, (k, + 1)/2"™). Let
B= (A%, ufofual " u{l})

ocofifoss)

o (a5
k k,-1 k, +1
k,—1 n k, _ n n
Amn U{E}UAWM_<W’ >, >) (19)

B is an open subset of [0, 1]. Moreover, B; U B, U {0,1} ¢ B
and, by (16),

Since

2 o2 ¢

Bl< —+ - 20

B < s+ 25 <3 (20)

By (4), in the proof of Theorem 4, for each n > 1 there
exist u,, v, € {1,...,2"™} such that

F(A% T na)=a% na,
! ! (21)
f (A% nA)=A% nA.
Moreover,
f(A%, nA)=AY nA,
i , (22)
f(AL,'nA) =AY nA
for some iy, 7, € {0,1,...,2™}. Hence,
C=f(BNA)=f <((A‘ino nA)u (a2’ na))
o .
o0 (@5 na)u (e, 1)) = (8,0 4)
n=1
(23)

C
3.—“

D
E_‘;
CS

(a5, 4) v (a5, 0 4))

j:ln))nA.

|B| < /2. Moreover, since

I
—_

n

=< o UAL U( " UA

Again, applying (16), we have |C| =
[0,1] \ A c Int B, the set

BuC=([0,1]\A)UB

o0
u (A’;’no uAL Ul (A% uA
n=1

is open in [0, 1].

) (24)
:nn))



Finally, put H = [0,1] \ (BUC).Itisclear that H ¢ A, H
is a closed subset of [0, 1], and |H| > 1 —2(g/2) = 1 — &. Since
f is a bijection and f = ', we have

f(BUC)NA)=f(BNAUf(CNA)
25
=CU(BNA)=(BUC)NA. =

It follows that f(H) = Hand h = f [ H is a homeomor-
phism.

Fix x, € H and n € N. There exists k € {0,1,...,2" — 1}
such that x, € A’jnn. Certainly, A ¢ BU C. Therefore, by

m,

17), (BuC)n A’;nn| <1 /8)|A’;nn |. By (10), (1), and (12),

{xeAl;n:f(x)_—f(xO)<O} >11'A1;n s

" X=X 4 8 "
(26)

erAl;;f(x)‘—f("okl}g.l'Akm

" X = X, 3 4 8 "

Therefore, any extension h : [0,1] — [0,1] of h has no
approximate derivative at x,,. O

Lemma 8. Let a,b,c,d € R, a < b, and ¢ < d. For every
€ € (0, 1) there exist a closed nowhere dense set H C (a, b) and
a continuous injection g : H — [c, d] such that

(d1) [HI > (1/2)(b - a),
(d2) gi1 : g(H) — H is continuous,
(d3) g has Lusin’s property (N) and N~ -property,

(d4) ifg : [a,b] — [c,d] is any extension of g, then G has
no approximate derivative (finite or not) at any x € H,

(d5) |g(min H) — ¢| < &, |d — g(max H)| < ¢, and |g(b,) -
g(a,)| < e foralln € N, where {(a,,b,) : n € N} is the
set of all connected components of (a,b) \ H.

Proof. Fix ¢ > 0 and choose n € N such that 1/(n + 1) <
e/2(d—c).Leta = yy < x; < y; <%, <+ < x, < ¥, <
X,,1 = bbe a partition of [a,b] such that y, — x; = (1/(n +
1))(b—a)forie {1,...,n}and Xj= Y1 = (1/(n+1)*)(b-a)
for j € {1,...,m,n+ 1}. Let y : [a,b] — [c,d] be a linear
homeomorphism, y(x) = ((d - ¢)/(b — a))(x — a) + c. By
Theorem 7, there exist a closed nowhere dense set F c (0, 1)
and ahomeomorphismh : F — F satisfying conditions (c2)-

(c4) such that |F| > (n+ 1)/2n. For each k € {1, ...,n} define
linear homeomorphisms v, : [x;, y,] — [0,1],
Vi (x) = T (x =) » (27)
and ¢y : [0,1] — [w(xp), w(y)],
b () = (v (i) = w (i) x + v (i) - (28)

Moreover, let F, = ;' (F) for k < n. Obviously, each Fy is a
closed nowhere dense subset of (x;, ;). Besides, |F,| = |F| -
(Y —x) = |Fl-(b—a)/(n+1). Foreach k € {1,...,n} define
hy : Fe = [w(x), (3 )]1 by by = ¢y o ho . Tt is easy to see
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that each #, is a continuous injection, ki has Lusin’s property
(N) and N™"-property, and, moreover, any extension of 4, to
[x1> ¥i] is not approximately differentiable at any point x €
F,. Finally, let H = | J;_, F and define g : H — [c,d] by
g(x) = h(x) forx € Fi,k e {1,...,n}.

It is clear that H and g satisfy conditions (d1)-(d4). Let
(«, B) be any connected component of (a,b) \ H. If («, ) ¢

[x4> ¥4 for some k € {1,...,n} then
b-a d-c
9(B) =g @] <y () -y ()= —-3—
(29)
d-c
= <e
n+1
If (o, B) O [¥_1> X1 ] for some k € {2,...,n} then
d-c
19(B) =g (@] <w(y)-v(x) :2n+1 <e. (30
Similarly,
. d-c d-c
g (minF) —c| <y () -c=——+ T
(31)
_ n+22(d—c)< 2(d-o) <
(n+1) n+1

Analogously, |d — g(max F)| < e. This completes the proof.
O

Now, we can prove the main theorem of the present paper.

Theorem 9. There exists a continuous function f : [0,1] —
-1 ro

[0,1] such that f has N~ -property, but f,, exists almost

nowhere.

Proof. We will construct inductively a sequence (F,),cn of
closed subsets of [0, 1] and a sequence ( f,,),,c of continuous
functions f,, : [0, 1] — [0, 1] such that

() F,CcF,,;and |F,| >1-1/2" foralln>1,
(2) f, I Fx = fi | F foralln >k,

G) 1£,(x) = fou(x)] < 1/2" forn € {1,2,...} and x €
[0, 1],

(4) every f, restricted to F, has N~'-property,

(5) every extension of f, [ F, has no approximate

derivative at any x € F,,.

First, we give a useful definition. If E ¢ (0, 1) is closed and
¢ : E — (0, 1), then by the linear extension of f we mean v :
[0,1] — [0,1] such that ¢ [ E = ¢, ¢(0) = 0, y(1) = 1, and
y is linear on every closed interval contiguous to E U {0, 1}. It
is clear that y is continuous if and only if ¢ is continuous.

By Theorem 7, there exist a closed set F ¢ (0, 1), |F| >
1/2, and a bijection g, : F — F satisfying conditions (c1)-
(c4). Let F;, = Fand f; : [0,1] — [0,1] be the linear
extension of g,. Then f, is continuous, f; has N™'-property,
and every extension of f; [ F, = g; has no approximate
derivative at any x € F.
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Let ((a,i,b,i))kzl be the family of all connected compo-
nents of [0, 1] \ (F, U {0, 1}). Moreover, for every k € N, let
J ,1 be an open interval with endpoints f; (a,i) and f; (b,i). By
Lemma 8, for each k € N there exist closed F,i C (a,i, b,i) and
g,i : F,i — ],l satistying conditions (d1)-(d5) with e = 1/2. Let
F,=F U2, F} andlet g, : F, — F, UJ, J; be defined
by g,(x) = f,(x) for x € F, and g,(x) = g,(x) for x € F,
k € {1,2,...}. We claim that g, is continuous. The continuity
of g, at each point of |2, F,i is obvious. Fix x, € F, and
e > 0. If x, is not isolated from the right in F,, then there
exist § > 0 such that |g,(x) — g,(xy)| = [g;(x) — g;(xp)| < &
for x € F; N (xy, xy + 6] and F, N (xg, x5 + ) = (F, N (x4, x5 +
8)) U Usex Fi for some K ¢ N. Since

|92 (%) — 9, (xo)l

1 . (32)
< max {'gz (ak) -9, (x0)| > |gz (bk) ~ 9% (xo)”

for x € J;, wehave |g,(x)—g,(x,)| < &for x € F,N(xg, x,+9).
Hence, g, is continuous from the right at x,,. Similarly, we can
show that g, is continuous from the left at x,,. Since x,, was
arbitrary, g, is continuous.

Let f, be the linear extension of g,. It is clear that F; ¢
E,|F| >1-1/4, f, | F, = fi | F,, f, restricted to F,
has N™'-property, and every extension of f, [ F, = g, has
no approximate derivative at any x € F,. Moreover, | f,(x) —
f1(x)| < 1/2 for x € [0, 1].

Assume that closed sets F,,...,F, ¢ (0,1),F, ¢ --- C F,,
and continuous functions f, : [0,1] — [0,1],7 € {1,...,n},
are chosen. Moreover, assume that for every r € {2,...,n} we
have |E,| > 1 - 1/2", f, restricted to F, has N™'-property,
every extension of f, [ F, has no approximate derivative at
any x € F,, | f,(x) - f,_1(x)| < 1/2"! for each x € [0, 1], and
f, I F,= f, | F foreverys e {l,...,r—1}.

Let ((a,b;))ks, be the family of all connected compo-
nents of [0,1] \ (F, U {0, 1}). Moreover, for every k € N let
J be an open interval with endpoints f,(a;) and f,(b). By
Lemma 8, for each k € N there exist closed F}'  (a,b;) and
gr : F{ — J; satisfying conditions (d1)-(d5) with e = 1/2".
LetF,,, = F,UJ, F{ andletg,,, : F,,, - F U, Ji be
defined by g,,,,(x) = f,(x) for x € F, and g,,,(x) = g;(x)
for x € F,Z’, k € {1,2,...}. Similarly, as in the case of g,, we
can check that g,,,, is continuous.

Let f,., be the linear extension of g,,,. It is clear that
Fn C Fn+1’ |Fn+1| >1- 1/2n+1’ fn+1 r Fn = fn r Fn’ fn+1
restricted to F,,, has N™'-property, and every extension of
fas1 | F,,.q has no approximate derivative at any x € F,, .
Moreover, | f,,,(x) = f,(x)| < 1/2" for x € [0, 1]. Thus, we
have proved inductively that there exist a sequence (F,), ¢\ of
closed subsets of [0, 1] and a sequence ( f,),,c of continuous
functions f, : [0, 1] — [0, 1] satistying conditions (1)-(5).

Since | f,.1(x) = fu(x)] < 1/2" for x € [0,1] and n €
N, the sequence (f,),cn is uniformly convergent to some
continuous function f : [0,1] — [0,1]. Moreover, f [
FE, = f, | F,for all n € N. Therefore, by (5), f has no
approximate derivative at any point from [ J;, F,. Since, by
(1), U2, Fl=1, fa'P exists almost nowhere.

It remains to prove that f has N™'-property. Take any E ¢
[0, 1] of the Lebesgue measure zero. Then, by (2),

(o9

@ cJEnf®)u ([o, 1]\ UFn>
n=1

)

n=1

(33)
= J(E.nf,  (B)U <[o, 1]\
n=1

Applying (1) and (4), we conclude that | f “YE)| = 0. Thus, f
has N~'-property. O

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

References

(1] S.Saks, Theory of the Integral, Stechert, New York, NY, USA, 2nd
edition, 1937.

[2] S. P. Ponomarev, “Submersions and pre-images of sets of
measure zero, Sibirskii Matematicheskii Zhurnal, vol. 28, no. 1,
pp. 199-210, 1987,

[3] S. P. Ponomarev, “The N™'-property of maps and Luzin’s
condition (N),” Mathematical Notes, vol. 58, no. 3, pp. 960-965,
1995.

[4] M. Charalambides, “On restricting Cauchy-Pexider functional
equations to submanifolds,” Aequationes Mathematicae, vol. 86,
no. 3, pp. 231-253, 2013.

[5] O. Martio, V. Ryazanov, U. Srebro, and E. Yakubov, “Mappings
with finite length distortion,” Journal dAnalyse Mathématique,
vol. 93, pp. 215-236, 2004.

[6] R. R. Salimov and E. A. Sevostyanov, “Theory of ring Q-
mappings and geometric function theory, Matematicheski
Sbornik, vol. 201, no. 6, pp. 131-158, 2010.



