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We introduce and study two subclasses of multivalent functions denoted by M𝑚,𝛼,𝛽,𝜎
𝑝,𝑛

(𝜆
1
; 𝜆
2
) and N𝑚,𝛼,𝛽,𝜎

𝑝,𝑛
(𝜇, 𝛿; 𝛾). Further, by

using the method of differential subordination, certain inclusion relations between the two subclasses aforementioned are given.
Moreover, several consequences of the main results are also discussed.

1. Introduction

LetA
(𝑝,𝑛)

denote the class of the functions 𝑓 of the form

𝑓 (𝑧) = 𝑧
𝑝

+

∞

∑
𝑘=𝑝+𝑛

𝑎
𝑘
𝑧
𝑘

, (𝑛, 𝑝 ∈ N = {1, 2, 3, . . .}) , (1)

which are analytic in the open unit discU = {𝑧 ∈ C : |𝑧| < 1},
and let denoteA := A

(1,1).
A function 𝑓 ∈ A

(𝑝,𝑛)
is said to be multivalent starlike

functions of order 𝛼 in U, if it satisfies the following inequal-
ity:

R{
𝑧𝑓
󸀠

(𝑧)

𝑓 (𝑧)
} > 𝛼, 𝑧 ∈ U, (0 ≤ 𝛼 < 𝑝, 𝑝 ∈ N) , (2)

and we denote this class by 𝑆∗
𝑝,𝑛
(𝛼).

A function 𝑓 ∈ A
(𝑝,𝑛)

is said to be multivalent convex
functions of order 𝛼 in U, if it satisfies the following inequal-
ity:

R{1+
𝑧𝑓󸀠󸀠 (𝑧)

𝑓󸀠 (𝑧)
} > 𝛼, 𝑧 ∈ U, (0 ≤ 𝛼 < 𝑝, 𝑝 ∈ N) , (3)

and we denote this class by 𝐶
𝑝,𝑛
(𝛼).

For a function 𝑓 ∈ A
(𝑝,𝑛)

, Goyal et al. [1] introduced the
following generalized Salagean differential operator:

𝐷
0
𝜎
𝑓 (𝑧) = 𝑓 (𝑧) , (4)

𝐷
1
𝜎
𝑓 (𝑧) = 𝐷

𝜎
𝑓 (𝑧) = (1−𝜎) 𝑓 (𝑧) + 𝜎

𝑝
𝑧𝑓
󸀠

(𝑧) ,

(𝜎 ≥ 0) ,
(5)

𝐷
𝑚

𝜎
𝑓 (𝑧) = 𝐷

𝜎
(𝐷
𝑚−1
𝜎
𝑓 (𝑧)) , (𝑚 ∈ N) . (6)

If 𝑓 is given by (1), then from (5) and (6) we have

𝐷
𝑚

𝜎
𝑓 (𝑧) = 𝑧

𝑝

+

∞

∑
𝑘=𝑝+𝑛

[1+(𝑘
𝑝
− 1)𝜎]

𝑚

𝑎
𝑘
𝑧
𝑘

. (7)

Remark 1. For 𝜎 = 𝑝 = 1, the differential operator 𝐷𝑚
𝜎
𝑓(𝑧)

reduces to Salagean differential operator𝐷𝑚𝑓(𝑧) [2].

Definition 2. Let M𝑚,𝛼,𝛽,𝜎
𝑝,𝑛

(𝜆1; 𝜆2) be the class of functions
𝑓 ∈ A

(𝑝,𝑛)
that satisfy the condition
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R
{

{

{

(1−𝜆1)
𝑧 (𝐷𝛼,𝛽,𝑚
𝜎

𝑓 (𝑧))
󸀠

𝐷
𝛼,𝛽,𝑚

𝜎
𝑓 (𝑧)

+ 𝜆1(1+
𝑧 (𝐷𝛼,𝛽,𝑚
𝜎

𝑓 (𝑧))
󸀠󸀠

(𝐷
𝛼,𝛽,𝑚

𝜎
𝑓 (𝑧))

󸀠
)
}

}

}

> 𝜆2, 𝑧 ∈ U,

(8)

where (0 ≤ 𝜎, 0 ≤ 𝛼 < 𝛽 ≤ 1, 𝜆1 ∈ R, 0 ≤ 𝜆2 < 𝑝, 𝑚, 𝑝 ∈
N), and let N𝑚,𝛼,𝛽,𝜎

𝑝,𝑛
(𝜇, 𝛿; 𝛾) be the class of functions 𝑓 ∈

A
(𝑝,𝑛)

that satisfy the conditions

(𝐷𝛼,𝛽,𝑚
𝜎

𝑓 (𝑧)) (𝐷
𝛼,𝛽,𝑚

𝜎
𝑓 (𝑧))

󸀠

𝑧2𝑝−1
̸= 0, 𝑧 ∈ U,

R
{{

{{

{

(
𝐷
𝛼,𝛽,𝑚

𝜎
𝑓 (𝑧)

𝑧𝑝
)

𝜇

(
(𝐷𝛼,𝛽,𝑚
𝜎

𝑓 (𝑧))
󸀠

𝑧𝑝−1
)

𝛿

}}

}}

}

> 𝛾, 𝑧 ∈ U,

(0 ≤ 𝜎, 𝛿, 𝜇 ∈ R, 0 ≤ 𝛼 < 𝛽 ≤ 1, 0 ≤ 𝛾 < 𝑝𝛿 (𝛼 + 𝛽𝑝)𝛿+𝜇 , 𝑚, 𝑝 ∈ N) ,

(9)

where

𝐷
𝛼,𝛽,𝑚

𝜎
𝑓 (𝑧) = 𝛼𝐷

𝑚

𝜎
𝑓 (𝑧) + 𝛽𝑧 (𝐷

𝑚

𝜎
𝑓 (𝑧))

󸀠

. (10)

Remark 3. By specifying different values, we have some well-
known subclasses of the classes 𝐴

(𝑝,𝑛)
and 𝐴

(𝑛)
= 𝐴
(1,𝑛)

appearing from the families of the classes M𝑚,𝛼,𝛽,𝜎
𝑝,𝑛

(𝜆1; 𝜆2)

andN
𝑚,𝛼,𝛽,𝜎

𝑝,𝑛
(𝜇, 𝛿; 𝛾).

(i) M0,1,0,𝜎
𝑝,𝑛

(0; 𝜆1) = N0,1,0,𝜎
𝑝,𝑛

(−1, 1, 𝜆1) = 𝑆
∗

𝑝,𝑛
, (0 ≤ 𝜆1 <

𝑝) is the class ofmultivalent starlike functions of order
𝜆1.

(ii) M0,1,0,𝜎
1,𝑛 (0; 𝜆1) = N0,1,0,𝜎

1,𝑛 (−1, 1, 𝜆1) = 𝑆
∗

1,𝑛 = 𝑆
∗

𝑛
, (0 ≤

𝜆1 < 1) is the class of starlike functions of order 𝜆1.
(iii) M1,0,1,1

𝑝,𝑛
(0; 𝜆1) = C

𝑝,𝑛
(𝜆1), (0 ≤ 𝜆1 < 𝑝) is the class

of multivalent convex functions of order 𝜆1.
(iv) M1,0,1,1

1,𝑛 (0; 𝜆1) = C1,𝑛(𝜆1) = C
𝑛
(𝜆1), (0 ≤ 𝜆1 < 1) is

the class of convex functions of order 𝛾.
(v) N1,1,0,1

1,𝑛 (1, 𝛿; 𝜆1) =B
𝑛
(𝛿; 𝜆1), (𝛿 ≥ −1, 0 ≤ 𝜆1 < 1) is

the subclass of Bazilević functions.

LetH[𝑎, 𝑛] be denoted by the class

H [𝑎, 𝑛]

= {ℎ ∈H (U) : ℎ (𝑧) = 𝑎 + 𝑎
𝑛
𝑧
𝑛

+ ⋅ ⋅ ⋅ , 𝑧 ∈U} .
(11)

In this investigation, we focus on certain inequalities con-
sisting of the following differential operator J𝑚,𝛼,𝛽,𝜎

𝑝,𝑛
(𝜇, 𝛿) :

A
(𝑝,𝑛)

→ H[(𝜇 + 𝛿), 𝑛 + 𝑝]:

J
𝑚,𝛼,𝛽,𝜎

𝑝,𝑛
(𝜇, 𝛿) 𝑓 (𝑧) = 𝜇

𝑧 (𝐷𝛼,𝛽,𝑚
𝜎

𝑓 (𝑧))
󸀠

𝐷
𝛼,𝛽,𝑚

𝜎
𝑓 (𝑧)

+ 𝛿(1+
𝑧 (𝐷𝛼,𝛽,𝑚
𝜎

𝑓 (𝑧))
󸀠󸀠

(𝐷
𝛼,𝛽,𝑚

𝜎
𝑓 (𝑧))

󸀠
)

(12)

that generalizes the expression used in the definition of class
M
𝑚,𝛼,𝛽,𝜎

𝑝,𝑛
(𝜆1; 𝜆2) and we receive several properties of the

expression

(
𝐷𝛼,𝛽,𝑚
𝜎

𝑓 (𝑧)

𝑧𝑝
)

𝜇

(
(𝐷𝛼,𝛽,𝑚
𝜎

𝑓 (𝑧))
󸀠

𝑧𝑝−1
)

𝛿

, (𝑧 ∈ U) , (13)

including relations between classes M
𝑚,𝛼,𝛽,𝜎

𝑝,𝑛
(𝜆1; 𝜆2) and

N
𝑚,𝛼,𝛽,𝜎

𝑝,𝑛
(𝜇, 𝛿; 𝛾).

In order to prove our main results, we will need the
following lemmas due to Miller and Mocanu [3].

Lemma 4. Let Ω ⊂ C and suppose that the function 𝜓 : C2 ×

U → C satisfies 𝜓(𝑀𝑒𝑖𝜃, 𝐾𝑒𝑖𝜃; 𝑧) ∉ Ω for all 𝐾 ≥ 𝑀𝑛, 𝜃 ∈
R, and 𝑧 ∈ U. If ℎ(𝑧) = 𝑎 + ℎ

𝑛
𝑧𝑛 + ⋅ ⋅ ⋅ is analytic in U and

𝜓(ℎ(𝑧), 𝑧ℎ󸀠(𝑧); 𝑧) ∈ Ω for all 𝑧 ∈ U, then |ℎ(𝑧)| < 𝑀, 𝑧 ∈ U.

Lemma 5. Let Ω ⊂ C and suppose that the function 𝜓 : C2 ×
U → C satisfies 𝜓(𝑖𝑥, 𝑦; 𝑧) ∉ Ω for all 𝑥 ∈ R, 𝑦 ≤ −𝑛(1 +
𝑥
2)/2, and 𝑧 ∈ U. If ℎ(𝑧) = 𝑎 + ℎ

𝑛
𝑧𝑛 + ⋅ ⋅ ⋅ is analytic in U and

𝜓(ℎ(𝑧), 𝑧ℎ󸀠(𝑧); 𝑧) ∈ Ω for all 𝑧 ∈ U, thenR{ℎ(𝑧)} > 0, 𝑧 ∈ U.

2. Main Results

Following the same techniques and procedure given by
Goswami et al. [4], we have the following results.

Theorem6. Let𝑓(𝑧) ∈ A
(𝑝,𝑛)

with (𝐷𝛼,𝛽,𝑚
𝜎
𝑓(𝑧))(𝐷𝛼,𝛽,𝑚

𝜎
𝑓(𝑧))
󸀠

/

𝑧2𝑝−1 ̸= 0 for all 𝑧 ∈ U, where 𝐷𝛼,𝛽,𝑚
𝜎

is given by (10), and also
let 𝜇, 𝛿 ∈ R. If

R {J
𝑚,𝛼,𝛽,𝜎

𝑝,𝑛
(𝜇, 𝛿) 𝑓 (𝑧)}

< 𝑝 (𝛿 + 𝜇) +
𝑛𝑀

𝑀 + 𝑝𝛿 (𝛼 + 𝛽𝑝)
𝛿+𝜇

, (𝑧 ∈ U) ,
(14)
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where 𝑝𝛿(𝛼 + 𝛽𝑝)𝛿+𝜇 ≤ 𝑀, then

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

(
𝐷𝛼,𝛽,𝑚
𝜎

𝑓 (𝑧)

𝑧𝑝
)

𝜇

(
(𝐷𝛼,𝛽,𝑚
𝜎

𝑓 (𝑧))
󸀠

𝑧𝑝−1
)

𝛿

−𝑝
𝛿

(𝛼 + 𝛽𝑝)
𝛿+𝜇

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

< 𝑀, (𝑧 ∈ U) ,

(15)

where the powers are the principal ones.

Proof. Let the function ℎ(𝑧) be defined by

ℎ (𝑧) = (
𝐷𝛼,𝛽,𝑚
𝜎

𝑓 (𝑧)

𝑧𝑝
)

𝜇

(
(𝐷𝛼,𝛽,𝑚
𝜎

𝑓 (𝑧))
󸀠

𝑧𝑝−1
)

𝛿

−𝑝
𝛿

(𝛼 +𝛽𝑝)
𝛿+𝜇

.

(16)

From the assumptions 𝑓 ∈ A
(𝑝,𝑛)

with
(𝐷𝛼,𝛽,𝑚
𝜎

𝑓(𝑧))(𝐷𝛼,𝛽,𝑚
𝜎

𝑓(𝑧))
󸀠

/𝑧2𝑝−1 ̸= 0 for all 𝑧 ∈ U, we
have that ℎ ∈H[0, 𝑛]. By a simple manipulation, we have

J
𝑚,𝛼,𝛽,𝜎

𝑝,𝑛
(𝜇, 𝛿) 𝑓 (𝑧) = 𝑝 (𝛿 + 𝜇)

+
𝑧ℎ󸀠 (𝑧)

ℎ (𝑧) + 𝑝𝛿 (𝛼 + 𝛽𝑝)
𝛿+𝜇

.
(17)

Now letting

𝜓 (𝑟, 𝑠, 𝑧) = 𝑝 (𝛿 + 𝜇) +
𝑠

𝑟 + 𝑝𝛿 (𝛼 + 𝛽𝑝)
𝛿+𝜇

,

Ω = {𝑤∈C : R (𝑤) < 𝑝 (𝛿 + 𝜇)

+
𝑛𝑀

𝑀 + 𝑝𝛿 (𝛼 + 𝛽𝑝)
𝛿+𝜇

} ,

(18)

we have from (17) and (14) that

𝜓 (ℎ (𝑧) , 𝑧ℎ
󸀠

(𝑧) ; 𝑧) = J
𝑚,𝛼,𝛽,𝜎

𝑝,𝑛
(𝜇, 𝛿) 𝑓 (𝑧) ∈ Ω

∀𝑧 ∈ U.

(19)

Further, for any 𝜃 ∈ R, 𝐾 ≥ 𝑛𝑀, and 𝑧 ∈ U, since 𝑀 ≥

𝑝𝛿(𝛼 + 𝛽𝑝)
𝛿+𝜇, we also have

R {𝜓 (𝑀𝑒
𝑖𝜃

, 𝐾𝑒
𝑖𝜃

; 𝑧)}

= 𝑝 (𝛿 + 𝜇) +𝐾R(
1

𝑀+ 𝑒−𝑖𝜃𝑝𝛿 (𝛼 + 𝛽𝑝)
𝛿+𝜇

)

≥ 𝑝 (𝛿 + 𝜇) +
𝑛𝑀

𝑀 + 𝑝𝛿 (𝛼 + 𝛽𝑝)
𝛿+𝜇

, (𝑧 ∈ U) ,

(20)

which shows that 𝜓(𝑀𝑒𝑖𝜃, 𝐾𝑒𝑖𝜃; 𝑧) ∉ Ω for all 𝜃 ∈ R, 𝐾 ≥
𝑛𝑀, and 𝑧 ∈ U. Therefore, according to Lemma 4, we obtain
|ℎ(𝑧)| < 𝑀 (𝑧 ∈ U). Hence, (15) is proven.

Theorem7. Let𝑓(𝑧) ∈ A
(𝑝,𝑛)

with (𝐷𝛼,𝛽,𝑚
𝜎
𝑓(𝑧))(𝐷𝛼,𝛽,𝑚

𝜎
𝑓(𝑧))
󸀠

/

𝑧2𝑝−1 ̸= 0 for all 𝑧 ∈ U, where 𝐷𝛼,𝛽,𝑚
𝜎

is given by (10), and also
let 𝜇, 𝛿 ∈ R. If

R {J
𝑚,𝛼,𝛽,𝜎

𝑝,𝑛
(𝜇, 𝛿) 𝑓 (𝑧)} > 𝑘 (𝜇, 𝛿, 𝛼, 𝛽; 𝛾) ,

(𝑧 ∈ U) ,

(21)

where 𝛾 ∈ [0, 𝑝𝛿(𝛼 + 𝛽𝑝)𝛿+𝜇) and

𝑘 (𝜇, 𝛿, 𝛼, 𝛽; 𝛾) =

{{{{{{{{

{{{{{{{{

{

𝑝 (𝛿 + 𝜇) −
𝑛𝛾

2 [𝑝𝛿 (𝛼 + 𝛽𝑝)𝛿+𝜇 − 𝛾]
, if 𝛾 ∈ [0,

𝑝𝛿 (𝛼 + 𝛽𝑝)
𝛿+𝜇

2
]

𝑝 (𝛿 + 𝜇) −
𝑛 [𝑝𝛿 (𝛼 + 𝛽𝑝)

𝛿+𝜇

− 𝛾]

2𝛾
, if 𝛾 ∈ [

𝑝
𝛿 (𝛼 + 𝛽𝑝)

𝛿+𝜇

2
, 𝑝𝛿 (𝛼 + 𝛽𝑝)

𝛿+𝜇

) ,

(22)

then 𝑓 ∈N𝑚,𝜎,𝛼,𝛽
𝑝,𝑛

(𝜇, 𝛿; 𝛾).

Proof. Suppose that

ℎ (𝑧) =
1

𝑝𝛿 (𝛼 + 𝛽𝑝)
𝛿+𝜇

− 𝛾

[
[

[

(
𝐷
𝛼,𝛽,𝑚

𝜎
𝑓 (𝑧)

𝑧𝑝
)

𝜇

⋅ (
(𝐷𝛼,𝛽,𝑚
𝜎

𝑓 (𝑧))
󸀠

𝑧𝑝−1
)

𝛿

− 𝛾
]
]

]

.

(23)

Then, ℎ(𝑧) = 1 + ℎ
𝑛
𝑧𝑛 + ⋅ ⋅ ⋅ is analytic in U. It is easily seen

from (23) that
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J
𝑚,𝛼,𝛽,𝜎

𝑝,𝑛
(𝜇, 𝛿) 𝑓 (𝑧)

= 𝑝 (𝛿 + 𝜇) +
(𝑝𝛿 (𝛼 + 𝛽𝑝)

𝛿+𝜇

− 𝛾) 𝑧ℎ󸀠 (𝑧)

(𝑝𝛿 (𝛼 + 𝛽𝑝)
𝛿+𝜇

− 𝛾) ℎ (𝑧) + 𝛾
.

(24)

Further, since

𝜓 (𝑟, 𝑠; 𝑧) = 𝑝 (𝛿 + 𝜇) +
(𝑝𝛿 (𝛼 + 𝛽𝑝)

𝛿+𝜇

− 𝛾) 𝑠

(𝑝𝛿 (𝛼 + 𝛽𝑝)
𝛿+𝜇

− 𝛾) 𝑟 + 𝛾
,

Ω = {𝑤∈C : R (𝑤) > 𝑘 (𝜇, 𝛿, 𝛼, 𝛽; 𝛾)} ,

(25)

it leads to

𝜓 (ℎ (𝑧) , 𝑧ℎ
󸀠

(𝑧) ; 𝑧) = J
𝑚,𝛼,𝛽,𝜎

𝑝,𝑛
(𝜇, 𝛿) 𝑓 (𝑧) ∈ Ω

∀𝑧 ∈ U.

(26)

Also, for any 𝑥 ∈ R, 𝑦 ≤ −𝑛(1 + 𝑥2)/2 and 𝑧 ∈ U, we have

R {𝜓 (𝑖𝑥, 𝑦; 𝑧)} = 𝑝 (𝛿 + 𝜇) +
𝛾 (𝑝𝛿 (𝛼 + 𝛽𝑝)

𝛿+𝜇

− 𝛾) 𝑦

[𝑝𝛿 (𝛼 + 𝛽𝑝)
𝛿+𝜇

− 𝛾]
2
𝑥2 + 𝛾2

≤ 𝑝 (𝛿 + 𝜇)

−
𝑛𝛾 [𝑝𝛿 (𝛼 + 𝛽𝑝)

𝛿+𝜇

− 𝛾]

2
1 + 𝑥2

[𝑝𝛿 (𝛼 + 𝛽𝑝)
𝛿+𝜇

− 𝛾]
2
𝑥2 + 𝛾2

≡ 𝑞 (𝑧) ≤ 𝑘 (𝜇, 𝛿, 𝛼, 𝛽; 𝛾)

=

{{{{{{

{{{{{{

{

lim
𝑥→∞

𝑞 (𝑧) , if 𝛾 ∈ [0,
𝑝𝛿 (𝛼 + 𝛽𝑝)

𝛿+𝜇

2
]

𝑞 (0) , if 𝛾 ∈ [
𝑝𝛿 (𝛼 + 𝛽𝑝)

𝛿+𝜇

2
, 𝑝𝛿 (𝛼 + 𝛽𝑝)

𝛿+𝜇

) ;

(27)

that is, 𝜓(𝑖𝑥, 𝑦; 𝑧) ∉ Ω. Finally, by Lemma 5, we obtain that
𝑅𝑒(ℎ(𝑧)) > 0. The proof of Theorem 7 is complete.

3. Corollaries and Consequences

We will discuss some interesting consequences of the main
theorems that extend some previous results obtained in ([4,
5]).

Putting 𝛼 = 1, 𝛽 = 0 in Theorems 6 and 7, we get the
following corollaries.

Corollary 8. Let 𝑓(𝑧) ∈ A
(𝑝,𝑛)

with (𝐷𝑚
𝜎
𝑓(𝑧))(𝐷𝑚

𝜎
𝑓(𝑧))
󸀠

/

𝑧2𝑝−1 ̸= 0 for all 𝑧 ∈ U, where 𝐷𝑚
𝜎
is given by (7), and also

let 𝜇, 𝛿 ∈ R. If

R{𝜇
𝑧 (𝐷𝑚
𝜎
𝑓 (𝑧))

󸀠

𝐷𝑚
𝜎
𝑓 (𝑧)

+ 𝛿(1+
𝑧 (𝐷
𝑚

𝜎
𝑓 (𝑧))

󸀠󸀠

(𝐷𝑚
𝜎
𝑓 (𝑧))

󸀠
)}

< 𝑝 (𝛿 + 𝜇) +
𝑛𝑀

𝑀 + 𝑝𝛿
, (𝑧 ∈ U) ,

(28)

where 𝑝𝛿 ≤ 𝑀, then
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

(
𝐷𝑚
𝜎
𝑓 (𝑧)

𝑧𝑝
)

𝜇

(
(𝐷𝑚
𝜎
𝑓 (𝑧))

󸀠

𝑧𝑝−1
)

𝛿

−𝑝
𝛿

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

< 𝑀,

(𝑧 ∈ U) ,

(29)

where the powers are the principal ones.

Corollary 9. Let 𝑓(𝑧) ∈ A
(𝑝,𝑛)

with (𝐷𝑚
𝜎
𝑓(𝑧))(𝐷𝑚

𝜎
𝑓(𝑧))
󸀠

/

𝑧2𝑝−1 ̸= 0 for all 𝑧 ∈ U, where 𝐷𝑚
𝜎
is given by (7), and also

let 𝜇, 𝛿 ∈ R. If

R{𝜇
𝑧 (𝐷
𝑚

𝜎
𝑓 (𝑧))

󸀠

𝐷𝑚
𝜎
𝑓 (𝑧)

+ 𝛿(1+
𝑧 (𝐷𝑚
𝜎
𝑓 (𝑧))

󸀠󸀠

(𝐷𝑚
𝜎
𝑓 (𝑧))

󸀠
)}

> 𝜑 (𝜇, 𝛿; 𝛾) , (𝑧 ∈ U) ,

(30)

where 𝛾 ∈ [0, 𝑝𝛿) and

𝜑 (𝜇, 𝛿; 𝛾) = 𝑘 (𝜇, 𝛿, 1, 0; 𝛾)

=

{{{{{{

{{{{{{

{

𝑝 (𝛿 + 𝜇) −
𝑛𝛾

2 [𝑝𝛿 − 𝛾]
, 𝑖𝑓 𝛾 ∈ [0,

𝑝𝛿

2
]

𝑝 (𝛿 + 𝜇) −
𝑛 [𝑝𝛿 − 𝛾]

2𝛾
, 𝑖𝑓 𝛾 ∈ [

𝑝𝛿

2
, 𝑝𝛿) ,

(31)

then

R
{

{

{

(
𝐷
𝑚

𝜎
𝑓 (𝑧)

𝑧𝑝
)

𝜇

(
(𝐷𝑚
𝜎
𝑓 (𝑧))

󸀠

𝑧𝑝−1
)

𝛿

}

}

}

> 𝛾, (𝑧 ∈ U) , (32)

where the powers are the principal ones.

Taking 𝜇 = 1 − 𝜆1 and 𝛿 = 𝜆1 in Corollaries 8 and 9,
respectively, we obtain the following special cases.

Corollary 10. Let 𝑓(𝑧) ∈ A
(𝑝,𝑛)

with (𝐷𝑚
𝜎
𝑓(𝑧))(𝐷𝑚

𝜎
𝑓(𝑧))
󸀠

/

𝑧2𝑝−1 ̸= 0 for all 𝑧 ∈ U, where 𝐷𝑚
𝜎
is given by (7), and also let

𝜆1 ∈ R. If

R{(1−𝜆1)
𝑧 (𝐷𝑚
𝜎
𝑓 (𝑧))

󸀠

𝐷𝑚
𝜎
𝑓 (𝑧)

+ 𝜆1(1+
𝑧 (𝐷
𝑚

𝜎
𝑓 (𝑧))

󸀠󸀠

(𝐷𝑚
𝜎
𝑓 (𝑧))

󸀠
)} < 𝑝+

𝑛𝑀

𝑀 + 𝑝𝜆1
,

(𝑧 ∈ U) ,

(33)

where 𝑝𝜆1 ≤ 𝑀, then
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

(
𝐷𝑚
𝜎
𝑓 (𝑧)

𝑧𝑝
)

1−𝜆1
(
(𝐷𝑚
𝜎
𝑓 (𝑧))

󸀠

𝑧𝑝−1
)

𝜆1

−𝑝
𝜆1

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

< 𝑀,

(𝑧 ∈ U) ,

(34)

where the powers are the principal ones.
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Corollary 11. Let 𝑓(𝑧) ∈ A
(𝑝,𝑛)

with (𝐷𝑚
𝜎
𝑓(𝑧))(𝐷𝑚

𝜎
𝑓(𝑧))
󸀠

/

𝑧2𝑝−1 ̸= 0 for all 𝑧 ∈ U, where 𝐷𝑚
𝜎
is given by (7), and also let

𝜆1 ∈ R. If

R{(1−𝜆1)
𝑧 (𝐷
𝑚

𝜎
𝑓 (𝑧))

󸀠

𝐷𝑚
𝜎
𝑓 (𝑧)

+ 𝜆1(1+
𝑧 (𝐷𝑚
𝜎
𝑓 (𝑧))

󸀠󸀠

(𝐷𝑚
𝜎
𝑓 (𝑧))

󸀠
)} > 𝜒 (𝜆1; 𝛾) ,

(𝑧 ∈ U) ,

(35)

where 𝛾 ∈ [0, 𝑝𝜆1) and

𝜒 (𝜆1; 𝛾) = 𝑘 (1−𝜆1, 𝜆1, 1, 0; 𝛾)

=

{{{{{{

{{{{{{

{

𝑝 −
𝑛𝛾

2 [𝑝𝜆1 − 𝛾]
, 𝑖𝑓 𝛾 ∈ [0,

𝑝𝜆1

2
]

𝑝 −
𝑛 [𝑝𝜆1 − 𝛾]

2𝛾
, 𝑖𝑓 𝛾 ∈ [

𝑝𝜆1
2
, 𝑝𝜆1) ,

(36)

then

R
{

{

{

(
𝐷
𝑚

𝜎
𝑓 (𝑧)

𝑧𝑝
)

1−𝜆1
(
(𝐷𝑚
𝜎
𝑓 (𝑧))

󸀠

𝑧𝑝−1
)

𝜆1
}

}

}

> 𝛾,

(𝑧 ∈ U) ,

(37)

where the powers are the principal ones.

Next, upon taking 𝛼 = 0, 𝛽 = 1 in Theorems 6 and 7, we
obtain the following results.

Corollary 12. Let𝑓(𝑧) ∈ A
(𝑝,𝑛)

with (𝐷𝑚
𝜎
𝑓(𝑧))
󸀠

[(𝐷𝑚
𝜎
𝑓(𝑧))
󸀠

+

𝑧(𝐷𝑚
𝜎
𝑓(𝑧))
󸀠󸀠

]/𝑧2(𝑝−1) ̸= 0 for all 𝑧 ∈ U, where 𝐷𝑚
𝜎
is given by

(7), and also let 𝜇, 𝛿 ∈ R. If

R {J
𝑚,0,1,𝜎
𝑝,𝑛

(𝜇, 𝛿) 𝑓 (𝑧)} < 𝑝 (𝛿 + 𝜇) +
𝑛𝑀

𝑀 + 𝑝2𝛿+𝜇
,

(𝑧 ∈ U) ,

(38)

where 𝑝2𝛿+𝜇 ≤ 𝑀, then
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

(
(𝐷𝑚
𝜎
𝑓 (𝑧))

󸀠

𝑧𝑝−1
)

𝜇

(
(𝐷𝑚
𝜎
𝑓 (𝑧))

󸀠

+ 𝑧 (𝐷𝑚
𝜎
𝑓 (𝑧))

󸀠󸀠

𝑧𝑝−1
)

𝛿

−𝑝
2𝛿+𝜇
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

< 𝑀, (𝑧 ∈ U) ,

(39)

where the powers are the principal ones.

Corollary 13. Let𝑓(𝑧) ∈ A
(𝑝,𝑛)

with (𝐷𝑚
𝜎
𝑓(𝑧))
󸀠

[(𝐷𝑚
𝜎
𝑓(𝑧))
󸀠

+

𝑧(𝐷𝑚
𝜎
𝑓(𝑧))
󸀠󸀠

]/𝑧2(𝑝−1) ̸= 0 for all 𝑧 ∈ U, where 𝐷𝑚
𝜎
is given by

(7), and also let 𝜇, 𝛿 ∈ R. If

R {J
𝑚,0,1,𝜎
𝑝,𝑛

(𝜇, 𝛿) 𝑓 (𝑧)} > 𝜙 (𝜇, 𝛿; 𝛾) , (𝑧 ∈ U) , (40)

where 𝛾 ∈ [0, 𝑝2𝛿+𝜇) and

𝜙 (𝜇, 𝛿; 𝛾) = 𝑘 (𝜇, 𝛿, 0, 1; 𝛾)

=

{{{{{{

{{{{{{

{

𝑝 (𝛿 + 𝜇) −
𝑛𝛾

2 [𝑝2𝛿+𝜇 − 𝛾]
, 𝑖𝑓 𝛾 ∈ [0,

𝑝2𝛿+𝜇

2
]

𝑝 (𝛿 + 𝜇) −
𝑛 [𝑝2𝛿+𝜇 − 𝛾]

2𝛾
, 𝑖𝑓 𝛾 ∈ [

𝑝2𝛿+𝜇

2
, 𝑝2𝛿+𝜇) ,

(41)

then

R
{

{

{

(
(𝐷
𝑚

𝜎
𝑓 (𝑧))

󸀠

𝑧𝑝−1
)

𝜇

⋅ (
(𝐷𝑚
𝜎
𝑓 (𝑧))

󸀠

+ 𝑧 (𝐷𝑚
𝜎
𝑓 (𝑧))

󸀠󸀠

𝑧𝑝−1
)

𝛿

}

}

}

> 𝛾,

(𝑧 ∈ U) ,

(42)

where the powers are the principal ones.

Taking 𝜇 = 1 − 𝜆1 and 𝛿 = 𝜆1 in Corollaries 12 and 13,
respectively, we obtain the following special cases.

Corollary 14. Let𝑓(𝑧) ∈ A
(𝑝,𝑛)

with (𝐷𝑚
𝜎
𝑓(𝑧))
󸀠

[(𝐷𝑚
𝜎
𝑓(𝑧))
󸀠

+

𝑧(𝐷𝑚
𝜎
𝑓(𝑧))
󸀠󸀠

]/𝑧2(𝑝−1) ̸= 0 for all 𝑧 ∈ U, where 𝐷𝑚
𝜎
is given by

(7), and also let 𝜆1 ∈ R. If

R {J
𝑚,0,1,𝜎
𝑝,𝑛

(1−𝜆1, 𝜆1) 𝑓 (𝑧)} < 𝑝+
𝑛𝑀

𝑀 + 𝑝𝜆1+1
,

(𝑧 ∈ U) ,

(43)

where 𝑝𝜆1+1 ≤ 𝑀, then

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

(
(𝐷𝑚
𝜎
𝑓 (𝑧))

󸀠

𝑧𝑝−1
)

1−𝜆1

⋅ (
(𝐷𝑚
𝜎
𝑓 (𝑧))

󸀠

+ 𝑧 (𝐷𝑚
𝜎
𝑓 (𝑧))

󸀠󸀠

𝑧𝑝−1
)

𝜆1

−𝑝
𝜆1+1
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

< 𝑀,

(𝑧 ∈ U) ,

(44)

where the powers are the principal ones.

Corollary 15. Let𝑓(𝑧) ∈ A
(𝑝,𝑛)

with (𝐷𝑚
𝜎
𝑓(𝑧))
󸀠

[(𝐷𝑚
𝜎
𝑓(𝑧))
󸀠

+

𝑧(𝐷𝑚
𝜎
𝑓(𝑧))
󸀠󸀠

]/𝑧2(𝑝−1) ̸= 0 for all 𝑧 ∈ U, where 𝐷𝑚
𝜎
is given by

(7), and also let 𝜆1 ∈ R. If

R {J
𝑚,0,1,𝜎
𝑝,𝑛

(1−𝜆1, 𝜆1) 𝑓 (𝑧)} > 𝜓 (𝜆1; 𝛾) ,

(𝑧 ∈ U) ,
(45)

where 𝛾 ∈ [0, 𝑝𝜆1+1) and
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𝜓 (𝜆1; 𝛾) = 𝑘 (1−𝜆1, 𝜆1, 0, 1; 𝛾)

=

{{{{{

{{{{{

{

𝑝 (𝛿 + 𝜇) −
𝑛𝛾

2 [𝑝𝜆1+1 − 𝛾]
, 𝑖𝑓 𝛾 ∈ [0,

𝑝𝜆1+1

2
]

𝑝 (𝛿 + 𝜇) −
𝑛 [𝑝2𝛿+𝜇 − 𝛾]

2𝛾
, 𝑖𝑓 𝛾 ∈ [

𝑝𝜆1+1

2
, 𝑝𝜆1+1) ,

(46)

then

R
{

{

{

(
(𝐷
𝑚

𝜎
𝑓 (𝑧))

󸀠

𝑧𝑝−1
)

1−𝜆1

⋅ (
(𝐷𝑚
𝜎
𝑓 (𝑧))

󸀠

+ 𝑧 (𝐷𝑚
𝜎
𝑓 (𝑧))

󸀠󸀠

𝑧𝑝−1
)

𝜆1
}

}

}

> 𝛾,

(𝑧 ∈ U) ,

(47)

where the powers are the principal ones.

In the next result, we will find the relation between
M
𝑚,𝛼,𝛽,𝜎

𝑝,𝑛
(𝜆1; 𝛾) andM

𝑚,𝛼,𝛽,𝜎

𝑝,𝑛
(1 − 𝜆1, 𝜆1; 𝛾). For this purpose,

taking 𝜇 = 1 − 𝜆1 and 𝛿 = 𝜆1 in Theorem 7, we obtain the
following result.

Corollary 16. Let𝑓(𝑧)∈A
(𝑝,𝑛)

with (𝐷𝛼,𝛽,𝑚
𝜎
𝑓(𝑧))(𝐷𝛼,𝛽,𝑚

𝜎
𝑓(𝑧))
󸀠

/

𝑧2𝑝−1 ̸= 0 for all 𝑧 ∈ U, where 𝐷𝛼,𝛽,𝑚
𝜎

is given by (10), and also
let 𝜆1 ∈ R. If

𝑓 (𝑧) ∈M
𝑚,𝛼,𝛽,𝜎

𝑝,𝑛
(𝜆1; 󰜚 (𝜆1, 𝛼, 𝛽; 𝛾)) , (48)

where 𝛾 ∈ [0, 𝑝𝜆1(𝛼 + 𝛽𝑝)) and

󰜚 (𝜆1, 𝛼, 𝛽; 𝛾) = 𝑘 (1−𝜆1, 𝜆1, 𝛼, 𝛽; 𝛾) =

{{{{{{

{{{{{{

{

𝑝 −
𝑛𝛾

2 [𝑝𝜆1 (𝛼 + 𝛽𝑝) − 𝛾]
, 𝑖𝑓 𝛾 ∈ [0,

𝑝
𝜆1 (𝛼 + 𝛽𝑝)

2
]

𝑝 −
𝑛 [𝑝𝜆1 (𝛼 + 𝛽𝑝) − 𝛾]

2𝛾
, 𝑖𝑓 𝛾 ∈ [

𝑝
𝜆1 (𝛼 + 𝛽𝑝)

2
, 𝑝𝜆1 [(𝛼 + 𝛽𝑝)) ,

(49)

then 𝑓(𝑧) ∈N𝑚,𝛼,𝛽,𝜎
𝑝,𝑛

(1 − 𝜆1, 𝜆1; 𝛾).

Taking 𝜆1 = 0 and 𝑛 = 1 in the above corollary, we get the
next special result.

Corollary 17. Let𝑓(𝑧) ∈A
(𝑝)

with (𝐷𝛼,𝛽,𝑚
𝜎
𝑓(𝑧))(𝐷𝛼,𝛽,𝑚

𝜎
𝑓(𝑧))
󸀠

/

𝑧2𝑝−1 ̸= 0 for all 𝑧 ∈ U, where 𝐷𝛼,𝛽,𝑚
𝜎

is given by (10), and also
let 𝜆1 ∈ R. If

𝑓 (𝑧) ∈M
𝑚,𝛼,𝛽,𝜎

𝑝
(󰜚 (𝛼, 𝛽; 𝛾)) , (50)

where 𝛾 ∈ [0, 𝛼 + 𝛽𝑝) and

󰜚 (𝛼, 𝛽; 𝛾) = 𝑘 (1, 0, 𝛼, 𝛽; 𝛾)

=

{{{{{

{{{{{

{

𝑝 −
𝛾

2 [(𝛼 + 𝛽𝑝) − 𝛾]
, 𝑖𝑓 𝛾 ∈ [0,

𝛼 + 𝛽𝑝

2
]

𝑝 −
[(𝛼 + 𝛽𝑝) − 𝛾]

2𝛾
, 𝑖𝑓 𝛾 ∈ [

𝛼 + 𝛽𝑝

2
, (𝛼 + 𝛽𝑝)) ,

(51)

then 𝑓(𝑧) ∈N𝑚,𝛼,𝛽,𝜎
𝑝

(1, 0; 𝛾).

Again, for the special cases of 𝜇 and 𝛿, Theorems 6 and 7
reduce at once to some results obtained by [4, 5].

Remark 18. Taking 𝑝 = 1 and 𝑚 = 0 in (7) and 𝛼 = 1 and
𝛽 = 0 in (10), we get a known result obtained by Irmak et al.
[5].

Remark 19. Taking𝑚 = 0 in (7) and 𝛼 = 1 − 𝛽 in (10), we get
a known result obtained by Goswami et al. [4].
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