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The well known circulant matrices are applied to solve networked systems. In this paper, circulant and left circulant matrices with
the Fermat and Mersenne numbers are considered. The nonsingularity of these special matrices is discussed. Meanwhile, the exact
determinants and inverse matrices of these special matrices are presented.

1. Introduction

Circulant matrices are an important tool in solving net-
worked systems. In [1], the authors investigated the storage
of binary cycles in Hopfield-type and other neural networks
involving circulant matrix. In [2], the authors considered a
special class of the feedback delay network using circulant
matrices. Distributed differential space-time codes that work
for networks with any number of relays using circulant
matrices were proposed by Jing and Jafarkhani in [3]. Basi¢
[4] solved the question for when circulant quantum spin
networks with nearest-neighbor couplings can give perfect
state transfer. Wang et al. considered two-way transmission
model ensured that circular convolution between two fre-
quency selective channels in [5]. Li et al. [6] presented a low-
complexity binary framewise network coding encoder design
based on circulant matrix.

Circulant matrices have been applied to various disci-
plines including image processing, communications, signal
processing, and encoding. Circulant type matrices have
established the substantial basis with the work in [7-12] and
SO on.

Lately, some authors gave the explicit determinant and
inverse of the circulant and skew-circulant involving famous
numbers. For example, Yao and Jiang [13] presented the
determinants, inverses, norm, and spread of skew circulant
type matrices involving any continuous Lucas numbers.

Jiang et al. [14] considered circulant type matrices with
the k-Fibonacci and k-Lucas numbers and presented the
explicit determinant and inverse matrix by constructing the
transformation matrices. Dazheng [15] got the determinant of
the Fibonacci-Lucas quasi-cyclic matrices. Determinants and
inverses of circulant matrices with Jacobsthal and Jacobsthal-
Lucas numbers were obtained by Bozkurt and Tam in [16].

For any integer m > 0, let F,, = 22" + 1 be the mth Fermat
number. It is well known that F,, is prime for m < 4, but there
is no other m for which F,, is known to prime. The Mersenne
and Fermat sequences are defined by the following recurrence
relations [17, 18], respectively:

Mn+l = 3Mn - ZMn—l
1)
F,

n

+1 = 3[Fn - ZIFn—l

with the initial condition My = 0, M, = 1, F, = 2, F; = 3, for
nxl.

Let a and B be the roots of the characteristic equation x* —
3x + 2 = 0; then the Binet formulas of the sequences {M,_,}
and {F,,,} have the form

y ~ (xk+n _ Bk+n
k+n — o — B > (2)
[Fk+n — (Xk+n + /3k+n'
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Lemmal. Let My, be the (k+n)th Mersenne number and let
Fr.,, be the (k + n)th Fermat number; then

O M, -M, =27

M, —2M, =1,

M, =2"-1,

Mft -M, M, = 2"
(2) By —F, = 2",

[Fn-H - 2[Fn =-1
F,=2"+1,

2 n-1
[Fn - IFnJrl[Fn—l =-2 .

We define a Fermat circulant matrix which is an n x n
matrix with the following form:

Circ (I]:k+1’ [I:k+2a e I]:k-f-n)

[Fk+1 [Fk+2 e l]:k+n
B [Fk+n [Fk+1 Tt u:k+n—1 (3)
[Fk+2 [Fk+3 Tt [Fk+1

A Mersenne circulant matrix which is an n x n matrix is
defined with the following form:

Circ (Mk+1’ Mk+2s LK Mk+n>

Mk+1 Mk+2 e Mk+n
B Mk+n Mk+1 T Mk+n—1 (4)
Mk+2 Mk+3 Tt Mk+1

Besides, a Fermat left circulant matrix is given by

LCire (Fips Fivs - > Fern)

[Fk+1 [Fk+2 Tt [Fk+n
B Frva Fres o Fien ®)
[Fk+n [Fk+1 e H:k+n—1

A Mersenne left circulant matrix is given by

LCirc (Mk+1> Miizs-os Mk+n)

Mk+1 Mk+2 T Mk+n
B Mk+2 Mk+3 Tt Mk+1 (6)
Mk+n Mkﬂ Tt Mkm—l

The main content of this paper is to obtain the results
for the exact determinants and inverses of Fermat and
Mersenne circulant matrix. In this paper, let k be a nonneg-
ative integer, A, = Circ(Fe,, Fyps...5Fpp), and By, =
CirC(Mk+1, Mk+2’ ey Mk+n)'
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2. Determinant and Inverse of
Fermat Circulant Matrix

In this section, let A, = Circ(F,,Fpo,...,F,,) be a
Fermat circulant matrix. Firstly, we obtain the exact form
determinant of the matrix A, . Afterwards, we find the exact
form inverse of the matrix A, ..

Theorem 2. Let A, = Circ(Fy,,,Fy,y, ..
circulant matrix. Then one has

-» Fiin) be a Fermat

n-2
—i-1
detAk,n = Feyr - Z ([Fj+k+2 - Tkﬂ:j+k+l) : yn g
=1
)

-2
+ [Fk+1 - Tk[Fk+n ! (_f)n >

where y = —e/f, e = 2(F, = F,), f = B = By T =
Fresa/Frir> and Fy,, is the (k + n)th Fermat number. Moreover,
Ay, is singular if and only if (1 — auc))(1 - Pry) # 0 and B | —
2iF — Fippq + 2xF,,, = 0, fork € N, n € N,, where x; =
cos(2lrr/n) +isin(2lr/n), 1 =1,2,...,n.

Proof. Ttisclear thatdet A, = F;- [Z;.:f(Fj+2 —ToF ) [2(F, -

F)/(F,. —FD" 7+ F, — 1,F,] - [F, — F,,,]" satisfies (7).
In the following, let

1
—T 1
2 1 -3
0 0 1 -3 2
Z: . bl
0 1
0 1 -3 . 0
0 1 -3 2 (8)
1 0 0 0 0
0y 0 00
0 y"3 0 0 -1
le .y. ..
0y 0 --00
01 -1---00

be two n X n matrices; we have

[Fk+1 hllc,n _[Fk+n _[Fk+n—1 T _[Fk+3
0 h, a; a, - a,
0 0 e f 0
SALQ, = 0 0 0 e 0 ,
0 0 0 0 f
0 0 0 0 e

)
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where

a5 = by = Frirs

[Fk+n+4— j

) (10)

a; = Tk[Fk+n+3—j -
(j=4,5...,n

n—t-1

[Fk+n l]:k)
I,
k k+1 >
8 Z e |:[Fk+n+1 [Fk+1

n-2
—t-1
n= Z ([Ft+k+2 - Tk[Ft+k+1) )’n
t=1
+ Feir = TP
We obtain
detXdet Ay, detQ,

n-2
—t-1
= Fryr - |:Z ([Ft+k+2 - Tk[Ft+k+1) yn '
t=1 1)

n—2
+Fyy = Tkl]:k+n:| e

while
dets = (-1)" N2

2 ([Fk - ﬂ:k+n) :|”—2 ) (12)

det Q) = (-1)" D22 [—
[Fk+1 - [Fk+n+1
We have

det Ay, = Fy,y

n-2
. (F, T Fp) -y
[; t+k+2 k" t+k+1 (13)

n-2
+Fe — Tk[Fk+n:| (=)

Next, we discuss the singularity of the matrix A ,,.
The roots of polynomial g(x) = x" — 1 are x; (I =
1,2,...,n), where x; = cos (2Ir/n) + isin(2lm/n). We have

—1
f (1) = By + Fraig + - + By (Kl)n
_ B = 2600, — By + 266

(1-arq) (1 - Bry)

By Lemma 1in [14], the matrix A, is nonsingular if and only
if f(x;) # 0; that is, when (1 — ax))(1 — Br;) # 0, Ay, is

(14)

nonsingular if and only if F,; — 2iF — Fip iy + 255F,, # 0
when (1 — aui;)(1 — Bx;) = 0, we obtain k; = 1/ or x; = 1/.
Let ; = 1/a; then the eigenvalue of A, is

_ﬁkJrl[F
K —_— 15
f(l) 06”1(06 ,B) (15)
fora =2,8=1keN,neN,l=12,...,n50A,is

nonsingular. The arguments for x; = 1/f are similar. Thus,
the proof is completed. O

Lemma 3. Let the matrix I = [m i >, be of the form

2(F—Fe) =6 i=1,
Mg = 1Fen —Fe = fs I=i+ 1, (16)
0, otherwise.

Then the inverse M " = [m:,l]:fl;zl of the matrix IN is equal to

1-i 1-i

([Fk+1 B U:k+n+1) _ (_f) >

m;)l — [2 ([Fk _ [Fk+n)]l—l+1 el—H—l (17)
0, I<i

Proof. Lete;; = ZZ;? mi’km,'(,l. Distinctly, ¢;; = 0 for [ < i. In
the case i = [, we obtain

!

€ = m;m;
1
= (Fess = Fesn) - 70— (18)
' o ([Fk+1 - [Fk+n+1)
= 1.
Forl>i+ 1, we get
n-2
!
€1 = zmi,kmk,l
k=1
=m; mzl +m 1+1m1+11 (19)

I-i
=er (61{21 +f-

=0.

N
el—i

We check on MMM ™' = I_,, where I_, is (n — 2) x (n - 2)
identity matrix. Similarly, we can verify M "9 = I,_,. Thus,
the proof is completed. O
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Theorem 4. Let Ay, = Circ(F,,,F,y,...,F,,) beaFermat ~ where

circulant matrix. Then one acquires A;’lﬂ = Circ(vy, vy, .-.s
v,), where T = Y ,
1 [Fk+1
v = —+(F —Fy, - h !
' hk,n ( o Kk k,n) xl _ [Fk+n + l/ﬂ (Tk[Fk+n - [Fk+1)
3 - bl
F, h F,
. _[Fk+n+1 + 3|Fk+n + [Fk+1 B 3[Fk ket o el
2y (Fe = o)’ y = T =
hk n ’
(Feen = TFien-1) ,
e (Fic = Fin) , x = Firmra-i + @
k ' [Fk+1 hk,n
Y —2" =y, By . .
2 Fehin (Fe = Fepn)’ D Teniact ~ Tetneai (i=4,...,1)), (22)
’ [Fk+1
Frir = Fin — M
= : F — 1. :
V3 hk,n yi’ _ k+n+4—i hk k" k+n+3—i (1- —4,..., 1’1) i
1
n-3 .
. ([Fk+1 B [Fk+n+1)n_2 + L hl B rgﬂ: 2 ([Fk+n _ [Fk) n—i-1
[2 (I]:k - IFkJrn)] hk,n kon — & i+k+1 I]:k+n+1 — [Fk+1 >
n
D (Fesnasi = tFiernaas) o —in1
i;; e e hk,n = Z ([Fi+k+2 - Tk[Fi+k+1)yn l
(20) i=1
n—i
. ([Fk+1 B [Fk+n+1) . + [Fk+1 _ Tk":k+n-
[2 ([Fk - [Fk+n)]n_1Jr1
We h
v, = [Fk+n+2 - U:k+2 ¢ have
= a2 k2
P SAL0Q, = D, 8 M, (23)
X | (Feytr = TeFepn — Picpn) where 9, = diag(F,,, k) is a diagonal matrix, and 2, ® I
is the direct sum of 2, and IN. If we denote O = 2, Q),, then
e we obtain
% ([Fk+1 B Mk+n+1) . . )
[2 (M — M,,,)]" Al =0(2, em ™)z, (24)
n
+ z (Fsmrasi = TeFromss—i) Let A;}n = Circ(v, V55 ..., v,). Since the last row elements
i=4 of the matrix Q are 0,1, y5 — 1, ¥;,..., ¥, ¥, according to
neiol Lemma 3, then the last row elements of A7 are given by the
(Fr — F ) ko
Akl T kintl following equations:
—i+1 |’
[2 (I]:k - ﬂ:k+n)]n l ,
T) y3— 1
y.=0 (s=5,6,...,n). v2=——k e N
’ hk,n [Fk I]:k+n
Proof. Let 3 -
)y
W Vs =\V;—~ o2 + Zyi enitl
1 - k., i ! xl i=4
[Fk . 3 4 n
+ n—4 n-3
/ _(1 ) (_f) _3(_f)
0 1 Y y4 ’ yn 4~ y3 (_f)}’l*3 en—z
Q, = 0 0 1 0 --- 0 , (21)
i »
0 0 1 -+ 0 i,. (_f)nl _3(_f)nt
. .. . + 4)’,' en—i en—itl
. . I . i=

0 0 00 -1 (t<0,(-f) =0),
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en—s+1 en—s+2 en—s+3

vsz(y;_l)[ef)‘_s(—f)' 26" ]

N nfsy{ . |: (_f)n—i—s+3 ) 3 (_f)n—i—s+4
= i enfzfs+4 en,,,$+5

en—i—s+6

+2 (_f)n—i—erS :|

(s=5.6,....,mt <0,(-f) =0),

1 -2f —3e
L T2f -3

2
2 (ys—1)+ E}Vm

(25)

where f = F,,.1 — Fipr e = 2(F — F,,.), according to
Lemma 1; then we have

(iYe+ f=0,
(ii) e+ 2f — 2k+n+1 _ 2k+1.

Hence, we obtain

1
vy = — + (Fpy = Tl — hk,n)
hk,n
. _[Fk+n+1 + 3[Fk+n + ﬂ:k+1 - 3ﬂ:k
2
2hy (Fi = Fiy)
([ka ~ Tk Frin1)
hk,n ([Fk - [Fk+n)
k
2" = hy Py
V)

|]:k+1hk,n (I]:k - I]:k+n) ’
P~ Py, — hy
- h
(N

n-3

. ([Fk+1 - [Fk+n+1) L
-2

[2(Fe=Fee)]™ Pen

n
’ Z ([Fk+n+4—i - Tk[Fk+n+3—i)
i=4

. ([Fk+1 - IFk+n+1)n_l
[2 ([Fk - [ka)]n—lﬂ

_ [Fk+n+2 - IFk+2
hk,n

Vy

X | (Frr = TFrpn — hk,n)

-4
. ([Fk+1 - [Fk+n+1)n

[2 ([Fk - [Fk+n)]n_2

5
+ Z (IFk+n+4—i - Tk[Fk+n+3—i)
i=a
n—i—1
% ([Fk+1 B ﬂ:k+n+1) l
—i+1 |2
[2 (F = Fe)]™
v,=0 (s=5,6,...,n).
(26)
Thus, the proof is completed. O
3. Determinant and Inverse of
Mersenne Circulant Matrix
In this section, let B, = Circ(My,,My,,,...,M;,,) be a

Mersenne circulant matrix. Firstly, we obtain the determinant
of the matrix By . Afterwards, we seek out the inverse of the
matrix By .

Theorem 5. Let B, = Circ(My,,, My ,,..
Mersenne circulant matrix. Then one obtains

> My,,) be a

det By, = My,

n-2
—k—
) [Z (Myerisr = tcMiggerr) X :
k=1 (27)

My — MkMk+n:| ()2,

where x = —c/d, ¢ = 2(M, — M,,.), d = M1 — Misqs
e = Mo /My, and My, is the (k + n)th Mersenne number.
Furthermore, By, is singular if and only if (1-oau)(1-Br;) # 0
and My, —2iM =My, +21My,,, = 0, fork e N,n e N,
where k; = cos(2lmr/n) +isin(2ln/n), [ = 1,2,...,n.

Proof. Obviously,

detA,, = M,

2 (Mn B MO) :|”—k—1
Mn+1 - Ml

. [E(MHZ - M) - [

+M, - .uOMn:| : [2 (MO - Mn)]rhz

(28)



satisfies (27). In the following, let

1
—Hx 1
2 1 -3
0 0 1 -3 2
r: . b
0 1.
0 1 -3 . 0
0 1 -3 2
1 0 0 0 0
0 x"% 0 0 0
0 x"% 0 0 -1
I, =
0 0 -0 0

be two n X n matrices; then we have

Mk+1 flé,n _Mk+n e _Mk+3
0 fk,n h3 T hn
0 0 c s 0
er,nHI _ 0 0 0 v 0
0 0 0
0 0 0 c
where
=2 (Mg = M) »
d= Mk+n+1 Mk+1>
¢ Miia
X=- e = ]
d Mk+1
hy = wMiy, = My,
([’lkMk+n+3 j Mk+n+4 ])
(j=4,5,....,n),
— —i—1
f]i :nz:lM‘ ol [Z(Mk+n_Mk) ]n l
1+Kk+ >
" i=1 Mk+n+1 - Mk+1
n-2
n = Z (Mi+k+2 - .‘"kMi+k+1) X
i=1
+ Myr = M.
We get

detI'det By, detIT,
n-2

= My, - |:Z (Mi+k+2 - /’lkMHkH) X

i=1

n-2
My - #kMk+n:| o

(29)

(30)

(31)

(32)
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besides
detT = (-1)"" =22

2 (Mk+n Mk) :|'1—2 ) (33)

detII, = (-1)" V" 2>/2[
Mk+n+1 Mk+1

We have
n-2
det By, = My, - [Z itk+2 © z+k+1) x
=1
‘ (34)
My — HkMkm] (=)
Now, we discuss the singularity of the matrix By ,,.
The roots of polynomial g(x) = x" — 1 are x,(I =
1,2,...,n), where x; = cos(2lr/n) + i sin(2lrr/n). So we have

-1
£ (k) = Mgy + Myorg + -+ My, (Kz)n

_ My = 25My = Mg + 20 Mye (35)
(1 -ax;) (1= Bry)

By Lemma 1in [14], the matrix By , is nonsingular if and only
if f(x;) # 0. That is when (1 — ax)(1 - ;) # 0, By, is
nonsingular if and only if M, , = 2x,M — M, ., ; +21,M ., #
0,fork e Nyne N,,I=1,2,...,n. When (1-ax;)(1-fx;) =
0, we obtain x; = 1/a or x; = 1/f. Let x; = 1/a; then the
eigenvalue of By ,, is

o) - mxk+n _ﬁkHMn
f( l)_ oc”’l((x—ﬁ)

fora =2,8=1,ke Nyne N,l=12..,n50DB,is
nonsingular. The arguments for x; = 1/ are similar. Thus,
the proof is completed. 0

+0, (36)

Lemma 6. Let the matrix & = [g; ;]} ijm >, be of the form

2(My = My,,) =c, i=j,
9 = Y\Miper —Myy =d, j=i+1, (37)
0, otherwise.

Then the inverse &' = [g; I} i 2, of the matrix ® is equal to

(Mk+1 - Mk+n+1)]_l _ (_d)j_i

’ e
9ij = (M- M) T

0, j<i

72h 3y

Proof. Let ¢ ; Zk 19 kgk] Distinctly, ¢;; = 0 for j < i.
When i = j, we obtain

1
Gi= gi,igi’,i =-d- __d =L (39)
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For j > i+ 1, we obtain

n-2
! ! !
G,j= Zgi,kgk,j = 9ii9i; t 9ii+19i+1,
k=1 (40)
(dy”" (!
=Cc-—— . — =0.
C]—1+1 cJi

We verify (CICRES I, ,,where I, , is (n—2) x (n—2) identity
matrix. Similarly, we check on ™'® = I_,. Thus, the proof
is completed. O

Theorem 7. Let B, = Circ(My,;, M ,,...,My,,) be a
Mersenne circulant matrix. Then one acquires

B,;L = Circ (uy, ty,...,u,), (41)
where
1
Uy = — + (Myyy = eMyy, = ficn)
fk,n
. _Mk+n+1 + 3Mk+n + Mk+1 - 3Mk
2
2 fin (M = My,,)
(Mk+n - P‘kMk+n—1)
fk,n (Mk - Mk+n)
_ 2k - fk,an+l
Mk+1fk,n (Mk - Mk+n)
" = Mir1 — My, — fk,n
’ fk,n
-3
. (Mk+1 - Mk+n+1)n " L
n-2
[2 (M = My,,)] i

U,

(Mk+n+4—i — Mk+n+3—i)

E

1l
N

1

. (Mk+1 - Mk+n+1)n_l
n—i+1’
[2 (Mk - Mk+n)] "

_ Mk+n+2 - Mk+2

“TTg
M - M n—4
X (Mk+l - ‘ukMk+n - fk,n) : ( £l k+"+1)n72
(2 (M) = My,,)]
+ Z (Mk+n+4—i - .”kMk+n+3—i)
i=4
—i-1
‘(Mkﬂ - Mk+n+1)n l
n—i+l |’
[2 (Mk - Mk+n)] "
u,=0 (s=5,6,...,n),

(42)

where

n-2

fk,n = Z (Mi+k+2 - .”kMi+k+1) X

i=1

(43)

+ Miyy = My
Proof. Let

I, = 0 0 1 0 --- 0 , (44)

where

!
x M1 + h ) (M, = Miy1)
;= ok ke
Mk+1 fk,n Mk+1

_ Miss = the My
fk,n

>

Y3

/
_ M3 + fk,n

' Mk+1 fk,n

i HkMk+n+3—i - Mk+n+4—i
Mk+1

(45)
(i=4,...,n),

_ Mk+n+4—i B ("kMk+n+3—i

fk,n
(i=4,...,n),

= 2 (Mg, - M) 1"
fk’,n = ZMi+k+1 [ - _:| >
i=1

Yi

Mk+n+1 - Mk+1

n—2

fk,n = Z (Mi+k+2 - /"kMHkH) xniiil
i=1

+ My — M-
We have
B I I, =2, 806, (46)

where @, = diag(My,,, fi ) is a diagonal matrix, and &, &
is the direct sum of 2, and ©. If we denote IT = I1,I1,, then
we obtain

B, =T(2;' @6 ")T. (47)



Let B! = Circ(u, u,, ..., u,). Since the last row elements
of the matrlx IMare 0,1, %3 — 1, ¥4 .- +» ¥,_1> ¥y according to
Lemma 6, then the last row elements of B;; are given by the
following equations:

2 -1
uy = ey (73 ))
fk,n ¢
( d)n 3 n d)i’l—i
Us = ( - 1) Z n—i+l >
i=4 ¢
( d)n 4 3 (_d)n—3
- ( - 1) [ Cn—Z
n (_d)n—i—l 3 (_d)n—i
+ ;y i [ o il
n—4
—(,-1)-C d) (c +3d)
n —-d n—i-1
+Z}yi-%(c+3d) (t<0,(-d) =0),
= (5 -1)
(_d)n—s 3 (_d)n—s+1 2( d)n s+2
’ Cn—s+1 - Cn—s+2 ch s+3
n—s+5 n—i—s+3
(=d)
+ Z Yi |: chi—st+4
3 (_d)n—i—s+4 2( d)n i—s+5
- Cn—i—s+5 o i—s+6
n—s n—s+5 n—i—s+3
(=d)
[( ya=1)-4 ns+3 Z/C—_%]
x(c+2d)(c+d) (s=56,...,mt<0,(-d) =0),
1 -2d - 3¢ 2
Uy =E+C—2(J’3‘1)+EJ’4,
(48)
where d = My,,,,; — My ;¢ = 2(M, — My,,,), according to

Lemma 1; then we have
(i) c+d=0,
(ii) ¢ + 2d = 2kt _ ok+l,

We get

U = + My — My, — fk,n)

1
fen
M ygr + My, + My, — 3M,
2fp (M = My,
+ (M = cMin-1)
Fin (M =Mii)
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_ - fk,an+l
Mk+1fk,n (Mk - Mk+n)

_ Mk+1 kMk+n fk n
fk,n

Mk+n+1)
Mk+n)] fk n

. (Mk+l
2 (M -

n

' Z (Mk+n+4—i - ."LkMk+n+3—i)

i=4
. (Mk+1 B Mk+n+1)n_l
2 (M - My,,)]" "
Mk+2

Mk+n+2 -

fk,n

U, =

—4
) (Mk+1 B Mk+n+1)n

(Mk+1 -2
[2 (Mk - Mk+n)]

- My, — fk,n

+ Z (Mk+n+4—i - ."LkMk+n+3—i)

i=4

. (Mk+l B Mk+n+1)
[2 (M — M)

n—i—1

u,=0 (s=5,6,...,n).

(49)
Thus, the proof is completed. O

4. Determinants and Inverses of Fermat and
Mersenne Left Circulant Matrix

In this section, let A'km = LCirc(Fy > Fryps - - - > Fiy) and
B,'m = LCirc(My, > M55 - - ., My,,,) be Mersenne and Fermat
left circulant matrices, respectively. By using the obtained
conclusions, we give a determinant formula for the matrix
A'k)n and B,’c’n. In addition, the inverse matrices of A'k)n and
B,’m are derived.

According to Lemma 2 in [14] and Theorems 2, 4, 5, and
7, we can obtain the following theorems.

Theorem 8. Let Ak = LCirc(Fyp> Frigs - - -
Fermat left circulant matrix; then one has

det A}, = (-1)" VPR,

Fryn) be a

n—j—1
Z ( jtk+2 ~ Tk ]+k+1) p + [Fk+1 - Tk[Fk+n

: ([Fk+1 - [Fk+n+1)n72 >
(50)

where T = [Fk+2/[Fk+1’ p= 2(|Fk+n [Fk)/([Fk+n+1 IFkH) and [Fk+n
is the (k+n)th Fermat number. Moreover, Ak , is singular if and
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only if (1-ax))(1-Px;) # 0and F, —21F.—F, . +215F,, =
0, fork € N, n € N,, where k; = cos(2lr/n) + i sin(2ln/n),
I=1,2,...,n

Theorem 9. Let A'k)n = LCirc(Fy ;> Fynr - o> Fry) be a
Fermat left circulant matrix; then
-1 .
(A;gn) = Circ ™ ([Fk+1’ Freas- oo [Fk+n) A
= Circ (v, vys.. s ¥,) - A (51)
= LCirc (v, V- v o),

where v, v,,...,v, were given by Theorem4 and A =
LCirc(1,0,...,0) was given by Lemma 2 in [14].

Theorem 10. Let B,'m = LCirc(My,, M5, ..., My,,) be a
Mersenne left circulant matrix; then one has
detBy, = (1)
Mier1 = My
(52)
n-2 _
+ z (Mj+k+2 - MijJrkH) z
=1

: (Mk+1 - Mk+n+1 )n—Z >

where i = My, /My, 2 = 2(My,, = M)/ (M = My )
and My, is the (k + n)th Mersenne number. Furthermore, B,’c’n
is singular if and only if (1 — ax;)(1 — Br;) # 0 and My, —
2My = My iy + 255My,,, = 0, for k € N, n € N,, where
K = cosm/n) +isinin/n), 1 =1,2,...,n.

Theorem 11. Let B,'(,n = LCirc(My, 1> My, .. .» My,) be a
Mersenne left circulant matrix; then one has

-1 o
(Bl,c,n) = Circ ! (Mk+1’ Mk+2’ ceo Mk+n) A
= Circ (uy, Uy, ..., ty,) - A (53)
= LCirc (uy, Uy, ..., 1),

where uy,u,,...,u, were given by Theorem7 and A =
LCirc(1,0,...,0) was given by Lemma 2 in [14].

5. Conclusion

In this paper, we present the exact determinants and the
inverse matrices of Fermat and Mersenne circulant matrix,
respectively. Furthermore, we give the exact determinants
and the inverse matrices of Fermat and Mersenne left circu-
lant matrix. Meanwhile, the nonsingularity of these special
matrices is discussed. On the basis of circulant matrices
technology, we will develop solving the problems in [19-22].
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