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We consider the equation u” = P(z)u + F(z) (z € C), where P(2) is a polynomial and F (z_) is an entire function. Let z;(u) (k =

1,2,...) be the zeros of a solution u(z) to that equation. Lower estimates for the products

izllzk(u)l (j=1,2,...) are derived. In

particular, they give us a bound for the zero free domain. Applications of the obtained estimates to the counting function of the

zeros of solutions are also discussed.

1. Introduction and Statement of
the Main Result

In the present paper, we investigate the zeros of solutions to
the initial problem

W' =P@)u+F(z)

1)
with the initial conditions 1 (0) = 1, ' (0) = u, €C (zeC),
where
c k
P(2) =Y az" (c,#0) )
k=0

is a polynomial with complex in general coefficients and F(z)
is an entire function. It is assumed that there are nonnegative
constants A, By and an integer pg, such that

IF (2)] < Apexp [Bgr™]

. 3)
(z = r>0;te [0,2n)).

The literature devoted to the zeros of solutions of homo-
geneous equations is very rich. Here the main tool is the
Nevanlinna theory. An excellent exposition of the Nevan-
linna theory and its applications to differential equations is

given in book [1]. In connection with the recent results see
interesting papers [2-13] (see also [14, 15]). At the same time
the zeros of solutions to nonhomogeneous ODE were not
enough investigated in the available literature. Here we can
point out [16], only, in which the estimates for the sums
of the zeros of solutions to (1) have been derived. In the
present paper, lower estimates for the products of the zeros
are obtained. In addition, we refine the main result from [16].

Enumerate the zeros z; (1) of u with their multiplicities in
order of increasing absolute values: |z, (u)| < |z, ()| (k =

2,...). Denote

n
Z el
= @
n
Py = max {pF, > + 1} .
Now we are in a position to formulate the main result of the
paper.

Theorem 1. Let condition (3) hold. Then the zeros of the
solution u to problem (1) satisfy the inequality

1/po
H'Zk(u)l ]))0
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where
¢ =2(epy (Bg + SP))I/pO >

o3 12 16a.e>F (6)
c(u1>=ep(z+%+%)

The proof of this theorem is presented in the next
two sections. Below we also suggest the sharper but more
complicated bound for the products of the zeros.

2. Solution Estimates

Consider the equation
d’u / @)
2 =QutF () (#0) =uy v (0)=u),

where Q(z) and Fj(z) are entire functions. Put M f(r) =
Sup| i, f ().

Lemma 2. A solution u(z) of (7) satisfies the inequality

M, (r) < <|u0| + r|u1| + L (r —s) Mg, (s) ds>

cosh (rMq (1) (r20).

Proof. For a fixed t € [0,27) and z = re we have

(8)

d*u(re' ) ) )
‘%# =Q (re’t) u (re’t) +F, (re‘t) . )

Integrating twice this equation in r, we obtain
g2ty (reit)

_ e—2it (

+ Jr (r—s)[Q(se")u(se") + Fy (se")] ds.

0

Uy + T'I/ll) (10)

Hence,

M, (r) < |u0| + r|u1|

+ J’O’ (r—s) (Mg (s) M, (s) + Mg (s)) ds )

< Mg (r) Jr(r—s)Mu (s)ds+ H(r),
0
where
H ) =l + i+ [ =90y 0ds. )

Due to the comparison lemma [17, Lemma II1.2.1], we have
M, (s) < ¥(r), where 9(r) is a solution of the equation

v(r)=H(r)+ jr (r=s)Mq(s)v(s)ds
0 (13)
=H(r)+Vv(r).
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Here V is the Volterra operator defined by
r
(V) (r) = J (r=s) Mg (s)v(s)ds, (14)
0
and, therefore,

=YY Va. (15)

18

=
Il

0

But for any positive nondecreasing h(r) we have

Vh(r) = Jr (r=s)Mq(s)h(s)ds
0
(16)

<h(r)Mq(r) J (r—s)ds.

0

Similarly,
V™H (r) < H (r) Mg, (1)

) jr Jrl ...eril (r=r)) - (rp_y —1,)dr ---dr, a7)

0 Jo 0

. r2m
= H(T‘) MQ (7") W
Thus from (15) it follows

x Mé) (r) 2k

M v H 18
MOENIGE (r)];0 a0 (18)
But
o ME (r)r**
ZQZT = cosh (rﬂMQ (r)) . (19)
o (R
This implies the required result. O

Note that in our reasoning Q and F; can be arbitrary
piecewise continuous functions.
Consider now (1). In this case

n
~ k
Mq(r) = Mp(r) < p(r)=) |g|r". (20)
k=0
In addition, since r'**/? < 1 + r'*%/% for any d, > k, we have

r\p(r)<\p( m;lxrkﬂ“
<APM(L+77) =5, (1+77), (21

cosh <r\/%> <exp [sp(1+77)].

Now Lemma 2 yields the following.

Corollary 3. A solution u(z) of problem (1) satisfies the
inequality

M, (r) < <1+r|u1|+J0r (r—s)MF(s)d5> )

cexp [sp(L+7™)] (r>0).
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This corollary is sharp: as it is well known a solution of
the homogeneous equation

W' =P(2)u (23)

is an entire function of order no more than (n + 2)/2; see, for
example, [1, Proposition 5.1]. Besides, our proof is absolutely
different.

Corollary 4. Let condition (3) hold. Then a solution of
problem (1) satisfies the inequality

M, (r) < ™) (1 +r|uy| + Apr” exp [BFrPF])
(24)
(r>0).

3. Proof of Theorem 1

Lemma 5. Let an entire function f(z) satisfy the inequality

Mf (r) <" exp [Brp]
(25)
(B=const>0; p>1; r>0)

with an integer m > 0. Then its Taylor coefficients f; are subject
to the inequalities

(eBP)(j—m)/P

[(j —m)1"?

Proof. Let ]? (z) = (1/2™) f (2). Then the Taylor coefficients ]?]
of f satisfy the relation fi= fj_m and M f(r) < exp[Brf].
By the well-known inequality for the coefficients of a power
series,

|fi] < (j2m), fo=--=for=0. (26)

7|« L0 o @

rl] rl]

Employing the usual method for finding extrema it is easy to

see that the function r 7e®"” (j = 1) takes its smallest value
in the range r > 0 for r, = ry(j) defined by

(i
TO— B_p

M+ (ry) Bo\//? (eBo)? 28)
and therefore ‘f;' < ; 0 < <Q> < (e ‘PI)/p .
"o / (1)
Since f; = j?j_m, the lemma is proved. O

The solution u(z) to (1) can be represented as u(z) = v(z)+
w(z) + y(z), where v(z) is the solution to (1) with v(0) = 1,
v'(0) = 0,and F(z) = 0; w(z) is the solution to (1) with w(0) =
0, w'(0) = u,, and F(z) = 0; y(z) is the solution to (1) with
y(0) = y'(0) = 0.

Corollary 4 implies

1+7r7)
b

M, (r) < e

M, (r) <ruy] e,
(29)
M, (r) < Are”r* exp [spr? + Bprf¥]

(r>0).
Since r’F < 1 + r™, we obtain

M, (r) < Ape™ P exp [(sp+ Bp)r™]  (r>0). (30)

Introduce the notations
_ 1p
b= (eSPPO) "

)1/Po _ E Gy

¢ =(e(Bg+sp) po 5

Denote by v;, w;, and y; the Taylor coeflicients of v(z), w(z),
and y(z), respectively. Then Lemma 5 yields

bl
|vj| < esP[j!]—l/Pn,

v

w;| < U CSP—,
o 11 )

[(G-2)"™
(j=2).

il < Are

Let u; be the Taylor coefficients of u. Since Iujl < Iva + ijl +
ijl, we have

of Y v
| <e®
|u1' se [j!]l/ﬂo * |u1| [(] _ 1)!]l/Po

(33)
ci2
+AFeBF—1> (j=2).
. /
(-2
Let us consider the entire function
[ee] d zk
(2)=) —*

/ ;;) (k!)'? (34)

(p=21,z€C,dy=1, d; €C).
Enumerate the zeros z;(f) (k = 1,2,...) of f with their

multiplicities in order of nondecreasing absolute values and
assume that

o 1/2
0(f):= [Z |dk|2] < 00, (35)
k=1



Lemma 6. Let f be represented by (34) and let condition (35)
hold. Then

('

We(f)’ j=12,.... (36)

li[|zk(f)|>

k=1

This lemma is a particular case of Theorem 2.1 proved in
(18].

Furthermore, consider the function u,(z) = u(z/Q),
where u(z) is a solution to (1). Recall that { = 2c. Due to
(33), the Taylor coefficients a; = uj/Cf of u;(z) satisfy the
inequalities

5p b] |u1|bj*1
'a| ira11/po e 1/p,
o 17 e (G- 1)
(37)
A e )
*ﬁ) (j=2)
(7 -2)!]
and a; = u;/2c. Denote
. 1/2
0(u;) = [Zlaklz (k!)z/”"] . (38)
k=1
Clearly,
0 (ur) < ) o] (k)™ (39)
k=1
So due to (37)
il 21 (b M )
Olue) = 50 +¢" 2 (2) vt 7 (2)
(40)
S 1/py
+AFeBF—[J(] 21)] )<oo.
c
Now Lemma 6 implies
'! 1/Po
]—sz (”<)| () j=L2,.... (4]

k=1 g 27Ym + 0 (”C)’

Since z; (1) /¢ = z,(u), we have proved the following result.

Lemma 7. Let condition (3) hold. Then

(] )I/Po .
=1,2,..., 42
lek(un Go Ry (42)
where
C(P,Fuy)=2"7+0(u). (43)

Let us estimate C(P, F, u;). Recall that b is defined by (31).
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Lemma 8. One has 0(u;) < 8(P, F, u,), where

_ b 3 |uy|
0 (P,F,u,) = +
(P Fm) (52 (1-®/0) ¢ - /)
(44)
, 164z eBr
¢ ’
and therefore C(P, F,u;) < 27 Ve 4 (P, F,u,).
Proof. Taking into account that
1 B s k
1-x ];)x ’
1 d 1 <, k-1
= — =Y kx ,
(1-x)* dx(1-x) k; (45)
2 a1 = k-2
= =Yk(k-1
(1-x)° dx*1 kgz ( )x
O0<x<1)
we obtain

ZJ(J—I =-Z](J—1

v
2(1-1/2)°
Since py > 1, (40) implies 0(u;) < 6(P, F, u,). This and (43)
prove the lemma. O

Proof of Theorem 1. Since b/¢ < 1/2, from the previous lemma
we get

0 (u;) <0 (P,Fuy)

(1 12]u|  16AgpeP (47)
er| -+ + .

2 ' ?
But 27/? < 1 < ¢%, and therefore

> VUm g (M() <C(P,Fu;)

IN

B
YER 12 |uy | , 16Ape™ (48)
2 ¢ ¢
=C(u).
This and Lemma 7 prove the theorem. O
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4. Sums of Zeros and the Counting Function

In this section we derive a bound for sums of the zeros of
solutions. To this end we need the following.

Theorem 9. Let f be defined by (34) and let condition (35)
hold. Then

I
Z|Zk (f)| Sk + )P

This theorem is proved in [19] (see also [20, Section 5.1]).
It gives us the inequality

S O

ug)] jm (k+ 1)”"" (50)

0(f)+ (j=1,2,...). (49)

Since z;.(u;) = {2z, (u), we get

Now (47) implies the following.

Theorem 10. Let condition (3) hold. Then the zeros of the
solution u to problem (1) satisfy the inequality

I 1
0 -
;Izk W) <(( o )+ (k+1)“f’°> (52)
(j=12...),
where
12 Be
60 (ul) _ 5P (% N €|,u1| + 161212:6 ) (53)

This theorem refines the main result from [16].
Furthermore, since |z, ()| < |24, ()|, Theorem 1 implies
that

(J)/Po
C(w)y

Denote by n(a, f) (a > 0) the counting function of the zeros
of f in the circle |z| < a. We thus get the following.

|2 (u>|’ (j=12..). (54)

Corollary 11. With the notation

LGy 55
nj(u)'_f C(”l), o

the inequality Iz]-(u)l > nj(u) holds and thus u(z) does not have
zeros in the disc

{z €C:lel< (56)

1
C(uy)¢ } .

Moreover, n(a,u) < j —1 for any positive a < 1;(u) (j =
1,2,...).
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