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Circulant matrices play an important role in solving delay differential equations. In this paper, circulant type matrices including
the circulant and left circulant and g-circulant matrices with any continuous Fibonacci and Lucas numbers are considered. Firstly,
the invertibility of the circulant matrix is discussed and the explicit determinant and the inverse matrices by constructing the
transformation matrices are presented. Furthermore, the invertibility of the left circulant and g-circulant matrices is also studied. We
obtain the explicit determinants and the inverse matrices of the left circulant and g-circulant matrices by utilizing the relationship
between left circulant, g-circulant matrices and circulant matrix, respectively.

1. Introduction

Circulant matrices have important applications in solving
various differential equations [1-3]. The use of circulant pre-
conditioners for solving structured linear systems has been
studied extensively since 1986; see [4, 5]. Circulant matrices
also play an important role in solving delay differential
equations. In [6], Chan et al. proposed a preconditioner called
the Strang-type block-circulant preconditioner for solving
linear systems from IVPs. The Strang-type preconditioner
was also used to solve linear systems from differential-
algebraic equations and delay differential equations; see [7-
14]. In [15], Jin et al. proposed the GMRES method with
the Strang-type block-circulant preconditioner for solving
singular perturbation delay differential equations.

The g-circulant matrices play an important role in various
applications as well; please refer to [16, 17] for details. There
are discussions about the convergence in probability and in
distribution of the spectral norm of g-circulant matrices in
(18, 19]. Ngondiep et al. showed the singular values of g-
circulants in [20].

Recently, some scholars have given various algorithms
for the determinants and inverses of nonsingular circulant
matrices [21, 22]. Unfortunately, the computational complex-
ity of these algorithms is increasing dramatically with the
increasing order of matrices. However, some authors gave
the explicit determinants and inverse of circulant involving
Fibonacci and Lucas numbers. For example, Jaiswal evaluated
some determinants of circulant whose elements are the
generalized Fibonacci numbers [23]. Lind presented the
determinants of circulant involving Fibonacci numbers [24].
Lin gave the determinant of the Fibonacci-Lucas quasicyclic
matrices in [25]. Shen et al. considered circulant matrices
with Fibonacci and Lucas numbers and presented their
explicit determinants and inverses [26]. Bozkurt and Tam
gave determinants and inverses of circulant matrices with
Jacobsthal and Jacobsthal-Lucas numbers in [27].

The purpose of this paper is to obtain the explicit
determinants, explicit inverses of circulant, left circulant,
and g-circulant matrices involving any continuous Fibonacci
numbers and Lucas numbers. And we generalize the result in
[26].
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In the following, let r be a nonnegative integer. We adopt
the following two conventions 0° = 1, and for any sequence
{a,}, Y. @ = 0in the casei > n.

The Fibonacci and Lucas sequences are defined by the
following recurrence relations [23-26], respectively:

F,.,=F,+F,_, where F, =0,F, =1, W
L,,=L,+L,,whereL,=2L, =1,
for n > 0. The first few values of the sequences are given by
the following table:

nl012345 6 7 8 -
F,J01 1235 8 1321 ---. )
L,[2 13471118 29 47 ---

Let a and  be the roots of the characteristic equation x* —

x—1 = 0; then the Binet formulas of the sequences {F,,,} and

{L,,,} have the form
(xr+n _ r+n
Fr+n = a——[ﬁ;’ Lr+n =a"+ ﬁﬁ'"' (3)

Definition 1 (see [21, 22]). In a right circulant matrix (or
simply, circulant matrix)

a a, - a,
a, ap " Gy

Circ (ap, ay...,a,) = | s (4)
a a; - a

each row is a cyclic shift of the row above to the right. Right
circulant matrix is a special case of a Toeplitz matrix. It is
evidently determined by its first row (or column).

Definition 2 (see [22, 28]). In a left circulant matrix (or
reverse circulant matrix )

al az EIRY an
az a3 RIS al

LCirc (ay,ay,...,a,) = | ¢ N ©)
a, 4 Ap

each row is a cyclic shift of the row above to the left. Left
circulant matrix is a special Hankel matrix.

Definition 3 (see [19, 29]). A g-circulant matrix is an n X n
complex matrix with the following form:

o  a - a,
Apg+1 On-gia " Oug
Ag,n = An2g+1 Gn2g+2 """ Ou2g R (6)
g1 T A

where g is a nonnegative integer and each of the subscripts is
understood to be reduced modulo 7.

The first row of A, is (a5, a5, ..., a,); its (j + 1)th row
is obtained by giving its jth row a right circular shift by g
positions (equivalently, g mod #n positions). Note that g = 1
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or g = n+ 1 yields the standard circulant matrix. If g = n—1,
then we obtain the so called left circulant matrix.

Lemma4 (see [26]). Let A = Circ (a,a,,...
matrix; then one has

,a,) be circulant

(i) A is invertible if and only if the eigenvalues of A
Me=f(0f)#0, (k=0,1,...,n-1), (7)
where f(x) = 27:1 ajxjf1 and w = exp(2mi/n);

(ii) if A is invertible, then the inverse A™* of A is a circulant
matrix.

Lemma 5. Define

—
[«]
[«]
[«)
[«]

00 - 1
00 0 10

A | , ®)
001 --00

010 ---00

the matrix A is an orthogonal cyclic shift matrix (and a
left circulant matrix). It holds that LCirc (a;,a,,...,a,) =
A Circ (ay, ay, .. .,a,).

Lemma 6 (see [29]). The n X n matrix Q, is unitary if and
only if (n,g) = 1, where Q is a g-circulant matrix with first
rowe” =[1,0,...,0].

Lemma 7 (see [29]). A, is a g-circulant matrix with first
row [ay,a,,...,a,] if and only if A, = Q,C, where C =
Circ (ay, ay,...,a,).
2. Determinant, Invertibility, and Inverse
of Circulant Matrix with Any Continuous
Fibonacci Numbers

In this section, let A, = Circ(F,,,,F,,,...,F,,,) be a
circulant matrix. Firstly, we give the determinant equation of
the matrix A, . Afterwards, we prove that A, is an invertible
matrix for n > 2, and then we find the inverse of the matrix
A, . Obviously, whenn = 2, r # 0,orn =1, A, is also an
invertible matrix.

Theorem 8. Let A, = Circ (F,,|,F,,,,...
lant matrix. Then one has

detA, ,

E 2
=F- {<F1’+1 - Fr_+Fr+n>
r+l

o F Fr+2 F
+ Z r+k+2 T F_ r+k+1 9)

r+1

—(k
><< Frn — >n(+1):|}
Fr+1_Fr+n+1
F

-2
r+n+l )" .

,F,.,) be a circu-

x (Fr+1 -
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where F, ., is the (r + n)th Fibonacci number. Specially, when
r = 0, this result is the same as Theorem 2.1 in [26].

Proof. Obviously, det A, = (1 - F,,,)""" + F*2 Y7~ F((1 -
F,.,)/E,)" satisfies the formula. In the case n > 1, let

1
_Fr+2 1
Fr+1
-1 1 -1
= 0 0 1 -1 -1 ’
0 1
0 1 -1 . 0
0 1 -1 -1
1 0 0 00 (10)
0 (—F””_F’ >n_2 0--01
Fr+1 - Fr+n+1
-3
0 (M)n 0---10
H] _ Fr+1 - Fr+n+1
0 Fr+n_Fr 1---00
Fr+1 - Fr+n+1
0 1 0---00
be two n X n matrices; then we have
A, I,
—Fr+1 frl,n Fr+n—1 e Fr+2 |
0 fr,n Ty e T3
0 0 Foy=Fiun 0 ()
= 0 0 F.-F,,, 0 >
0 0 0 Fr+1 - Fr+n+1
where
Fr+2 !
a, = , 1
T Pr+1 r,n
nz—:l £ _Fp (kD)
— F k 1( r+n r > ,
k=1 e Fr+1 - Fr+n+1

Ty = Fr+k - arF

r+k—1> k=3,...,n,

3
F 2
fr,n = <Fr+l - Fr_JrFr+n>
r+1
n-2
F
+ Z [ (Fr+k+2 - Fr_ﬂFHkﬂ)
k=1 r+1
—(k
X < Fr+n_Fr >n ( +1)]
Fr+1 - Fr+n+1
(12)
We obtain
det T det A, det IT,
F
= Fr+1 : {(FT‘F] - Fr_+2Fr+n>
r+1
n-2
F
+ Z [(Fr+k+2 - Fr_JrzFr+k+1> (13)
k=1 r+1

—(k+1
><( Frn — F >n(+):|}
Fryy = Fonn
-2
X(Fr+1_Fr+n+1)n 5

while

detT = (=1)" D072 get 11, = (1) DE22 1 (14)

we have
detA,,
F
= Fr+1 ' {(Fr+1 - Fr_JrzFr+n>
r+1
n-2
F
+ Z [(Fr+k+2 - Fr_JrzFr+k+1> (15)
k=1 r+1

—(k
><< Frn — >n(+l)]}
Fr+1_Fr+n+1
-2
X(Fr+1_Fr+n+l)n .

O
Theorem 9. Let A, = Circ(F,,,F,,....F,,) be a
circulant matrix; if n > 2, then A, is an invertible matrix.
Specially, when r = 0, one gets Theorem 2.2 in [26].

Proof. When n = 3 in Theorem 8, then we have det A, =
(Fppy +Frip +F,3)(F2, +F,F,,,) # O0;hence A, , is invertible.

r+1



In the case n > 3, since F,,,, = (&' = ") /(a -
a+ =1 a8 =-1. Wehave

£ () = YE(w)

B), where

M=

1

-
Il

1

((xr+j B ﬁr+j) (wk)f*1

Il
SQ
™=

11
—

J

~ 1 (Xr+1 (1 _ (xn) B ﬁHl (1 _ ﬁn)
Ca-B| 1-awk 1 - Pk
(ar+1 _ l;r+1) _ (ar+n+1 _ /))r+n+1) (16)

(@B (1~ (a+ P+ apu)
) ocﬁ ((xr _ﬁr —a +ﬁr+n) wk
(= B) (1 = (a+ B) " + apw™)
Fr+1 - Fr+n+1 + (F Fl’+n)
1 — ok — @

(k=1,2,...

,n—1).

If there exists ' (I = 1,2,.
obtain F,,,; — F,

r+1 r+n+1 + (F r+n
thus, @' = (F el —

..,n—l)suchthatf(w)—O we
Yo = 0for 1 —w — w? #0;

F.,,.1)/(F,,, — F,) is a real number. While

I < 2l ) ( 2lm ) ( 2lm )
w =exp| — | =cos +isin , 17)
n n n

hence, sin(2l7r/n) = 0; so we have @' = —1 for 0 < 2l7/n < 27.
But x = —1 is not the root of the equatlon F. —F 1+ (FE -
F..,)x = 0 (n > 3). We obtain f(w ) # 0 for any o (k =
1,2,...,n— 1), while f(1) = Z] 1 Frij = —Foy + oy —
(F, - F.,,) = Frrys — F,;, # 0. By Lemma 4, the proof is

completed. O

Lemma 10. Let the entries of the matrix & =
the form

[gljlj lbeof

F...-F

r+1 r+n+1>

i=j,
F.-F.,, i=j+1, (18)

9ij = .
0, otherwise;

then the entries of the inverse &' = [g” i >, of the matrix @
are equal to

(Fr+n_F)l_] .
I i j+1 > 12 ]) (19)
gi’j - ( r+1 r+n+1)
0, i<j.

In particular, when r = 0, one gets Lemma 2.1 in [26].

Proof. Let Zk 19 kng Obviously, ¢;; = 0 fori < j. In
the case i = j, we obtain
1
= 9191 = (Fr1 = Frt) - Fo-F.. - L (20)
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Fori > j+ 1, we obtain

n-2

! ! !

G,j = Zgi,kgk,j = Y9ii-19i-1,; + 9iiYi,j
k=1

1
_ (Frn—F)
= (Fr r+n) —,_]
(Fr+1 Fr+n+1) (21)
(Frun = F)
+ (Fr+1 - Fr+n+1) : - - i—j+1
(Fr+1 - Fr+n+1)

=0.

Hence, we verify €&~ - =1, ,,wherel, ,is(n—2)x(n-2)
identity matrix. Similarly, we can verify ¥~'% = I,,_,. Thus,
the proof is completed. O

Theorem 11. Let A, =
a circulant matrix.
Then one has

= Circ(F,,1,F,,5, ..., F,,,) (n > 2) be

A—l

rn
1
f r,n

: < Fr+2
x Circ | 1+ Fripiani = F_Fr+n+1 —i
i=1 r+1

-1 F

X ((Fr+1 - Fr+n+1)l) FV_+2
r+1
n-2
+ z ( (Fr+n+1—i - ( r+2/ +1) r+n— z)
i=1
i—1
X(Fr+n_Fr)l )
(( r+1 r+n+1))
( +2/ r+1) r+2
Fr+1 Fr+n+1
_( r+3 ( +2/ r+1) r+2)( r+n Fr)
( r+1 r+n+1)
2
(r+3 ( +2/ r+1) r+2)( r+n Fr)
( r+l r+n+1)
n-3
(r+3 ( +2/ r+1) r+2)( r+n Fr) )
( r+l r+n+1)

(22)
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where

F,
fr,n = (Fr+1 - Fr_+2Fr+n>

r+1

n-2 F_F \nkD
2
+ z (Fr+k+2 FH— F +k+1> (FHj—Fr> :
= r+n+l

r+1 r+1
(23)

Specially, when r = 0, this result is the same as Theorem 2.3 in

[26].

Proof. Let
i
—fr’" X3 X X
3 4
Fr+1 !
0 L ys Yy o W
0 0 1 0 -
ILb=19 o o 1.0 | (24)
0 0 0o 0 - 1
Wherea - r+2/ r+1>
X = frn r+n+3— 1_( r+2/ +1) rint2-i Fr+n+2—i
' fr,n Fr+1 Fr+1
(i=3,4,...,n),
r+n+3 i ( +2/ r+1) r+n+2—i .
(i N,

= fom

_F, n—(k+1)
rn Z +k+1<—F> >
r+n+l

r+1

r+1

n—2 (k+1)
F F F
+ F f r+2F ) > < r+n r )
1; ( ke Fr+1 e Fr+1 Fr+n+1
(25)
We have
TA,, LI, =9, 09, (26)

where 9, = diag(F,,,, f,,) is a diagonal matrixand 9, ® &
is the dlrect sum of 9, and . If we denote IT = I, II,, then
we obtain

AL =T(2'e g )T, (27)

rn

and the last row elements of the matrix IT are 0,1, y, y,,
«e> Yn_1> V- By Lemma 10, if let A;In = Circ (uy, ty,. .., U,),

then its last row elements are given by the following equa-
tions:

(n— 2)

U, = = —C,

frn frn

I
uy = - —C.7,

fr,n "

I o, 1
Uy - —C7+—C 7,

fr,n " fr,n "

I o, 1 o, 1 o
us= - —C +—Cr+ —C, (28)

fon * fon Y S "

(n-2 L -3 (n—4)

U, = C +—C C
T
11 oy, 1 ey

U = —C,"7+—C".
f frn fT,?l "
Let
i i~1
cl) _ i (Frissji = (FrialFria) Friiji) (Frin = F,)'
n n
i=1 (Fr+1 - Fr+n+1)1
j !
ot i1 R
= ((my,)” (j=12...,n-2);
i=1 (ml,r)

(29)

we have

i-1
c® _cw_ z aé,r(mZ,r)l a{,
n ~ “n _Z—i__
i=1 (ml,r) My
]
_ al,r m
- 22
(ml,r)

Cfln—z) + C;n—3)

_ i—1 _ i—1
: a:z—Z,r (mZ,r)l + = a:z—S,r (mZ,r)l

-2 (my,)

1 (ml,r)i i=1
rn r+n+1 z) (mZ T)

(ml,r)

n
1

n

2 (Fr+n+2—i

I
—_

!
a, -3
+ s (m,,)"

(ml,r)

= r+1) r+n+1— 1) (er)i_l

— Z( r+n+2—i ( s ,

i=1 (ml,r)
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CU*d _cuth _ ¢ a, "3
) - W( Zr)
Pal, (my,)" Pal, () "

]+2r _ ]+1 r
; ml r) ; mlr) 1 . < Fr+2
= f_ Circ | 1+ Z Foinioi— 5 Frinnsi

J a;,r(mZ,r)i_l i

i=1 (ml, )i i-1
' ) X (Fr+n - Fr)
_ (Fr+4 B Ar,nFr+3) (mz,r)]
- j+1 o =1 F
m
( Lr) x ((Fr+1 _Fr+n+1)l) ,_r_+2
(Fr+3 Ar nFr+2) (’/'12,1*)]Jr1
T ) o
Lr + Z <<Fr+n+1—i - Fr+n—1)

. E
_ ( r+3 Ar nFr+2) (mZ,r)J

r+1

j+1 -
(my,) x (F,,, —F.) 1)
j+1
_ ( r+3 ArnFr+2) (mZ,r) -1
- 1
(Wll,r)]+2 X ((Fr+1 - Fr+n+1) )
(j=12,....,n-4). —(F.15/F,1) F,ps
(30) Fr+1 Fr+n+1
We obtain ( re3 = (Fra/Fri) Fria) (Frun — F))
A,l (Fr+1 - Fr+n+1)
rn
2
1+ C(n_z) +C(n_3) C(n_z) 2/ . ( r+3 ( +2/ r+1) r+2)( r+n F)
: n n n r+ r+ i
= Circ ( f > f > ( r+l r+n+1)
rn rn
n-3
CS) CE«IZ) - Cizl) ( r+3 ( +2/ r+1) r+2) ( r+n -F ) )
fr,n ’ fr,n ’ (Fr+1 - Fr+n+1)
®3) (2) (1) (31)
_ Cn B Cn B Cn
frm where
Ciln—Z) _ Ciln—S) _ C;n—4)
- =(F Fr+2 F
fr n fr n r+l r+n
’ Fr+1
1 = E,., n-2 B n—(k+1)
= i Circ (1 + (( rena2—i T I;_+Fr+n+1—i> + Z (Fr+k+2 _Eo Fr+k+1> (—FH" i > .
o i=1 r+l k=1 Fr Fryy = Frnn
- 1 (32)
i
X (mZ r) ) X ((ml r) )
O
F.» + niarlt—z,r(mzr)lil 3. Determinant, Invertibility, and
Fu &5 (m,) Inverse of Circulant Matrix with Any
= . .
, , Continuous Lucas Numbers
al,r al,r . . :
P 3 My In this section, let B,,, = Circ(L,,;,L,5,...L,,,) be a
v (my,) circulant matrix. Firstly, we give a determinant formula for
/ the matrix B, . Afterwards, we prove that B, , is an invertible
_ 4 S (m, r)z’ , matrix for any positive integer #, and then we find the inverse

of the matrix B, ,,
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Theorem 12. Let B,, = Circ(L,,},L,,,...,L,,,) be a
circulant matrix; then one has
detB,,
L
= Lr+1 . {(LH] - Lr_+Lr+n>
r+1
n-2 L
2
+ Z |:<Lr+k+2 - Lr_+Lr+k+1> (33)
k=1 r+1

—(k+1
X < Lr+n_Lr )n ter ):|}
Lr+1 _Lr+n+1
—2
x (Lr+1 - Lr+n+1)n >

where L., is the (r + n)th Lucas number. In particular, when
r = 0, one gets Theorem 3.1 in [26].

Proof. Obviously, detB, = (1 — L,,,)"" + (L, — 2)"?

S Ly = 3L (U = L)L, — 2)" satisfies the
formula, when n > 1; let

1
Ly 1
Lr+1
-1 1 -1
3 = 0 0 1 -1 -1 ,
0 1
0 1 -1 0
0 1 -1 -1
-2
0( Lrin =Ly >n 0--01
Lr+1_Lr+n+1 .
0 ( Lrin =Ly > 0--10
Q, = Loy —Liinn ,
Ly, —L, 1 .00
Ly = Lo
0 1 0---00

2B, ,Q
—Lr+1 l:*,n Lr+n—1 ’ Lr+2 |
0 lrn Lr+n - brLrJrnfl e Lr+3 - brLr+2
0 0 Lr+1 - Lr+n—1 0
= 0 0 Lr - Lr+n 0 S
0 0 0 Lr+1 - Lr+n—1

(35)

7
where
br — Lr+2,
Lr+1
L
L, = (L ity § )
rn r+ Lr+1 r+n
n—2
L 2
+ Z <Lr+k+2 - Lr_+Lr+k+1> (36)
k=1 r+1
—(k+1
X< Lr+n_Lr )Tl (kr ),
Lr+1 - Lr+n+1
n—-1 n—(k+1)
, L. —L
lr,n = ZLr+k+1<L Hj L - :
k=1 r+1 r+n+l
We obtain
detZ det B, , det O,
L 2
= Lr+1 ! {<Lr+1 - Lr_+Lr+n>
r+1

n-2

+ z |:(Lr+k+2 - brLr+k+1) (37)

k=1
—(k+1
X ( Lyn—L, >n ( +)]}
Ly = Liyun

-2
x (Lr+1 - Lr+n+1)n ’

while
det S = detQ, = (-1)" V272 (38)
‘We have
detB,,
L
= Lr+1 : {(LrJrl - Lr_+2Lr+n>
r+1
n—-2 L )
+ Z [(Lr+k+2 - LT_+Lr+k+1> (39)
k=1 r+1

n—(k
X < Ly~ L, ) (H):H
Ly =Liyun
-2
X (Lr+1 - Lr+n+1)n :
O

Theorem 13. Let B,, = Circ(L,,,L,,,...,L,,,) be a

circulant matrix; then B, is invertible for any positive integer
n. Specially, when r = 0, one gets Theorem 3.2 in [26].



Proof. Since L,,,, = & + f*", wherea + f=1,a- = -1.
Hence we have

“r+1 (1 _ (Xn) . /3r+1 (1 _ lgn)

1 - aw* 1 - Pk

(because 1-aw#0and 1 - ﬁwk # O)
(‘XH—I + ﬁr+1) _ (“r+n+1 + ﬁr+n+1)
1-(a+B) o + afaw*

B “ﬁ (ar + l;r _ (Xr+n _ l;rJrn) (L)k
1-(a+B) o + afaw*

(40)

L r+n) wk

r+1 Lr+n+1 + (Lr -L
1- wk _ w2k

(k=1,2,...,n-1).

If there exists ' (l=12,...,n- 1) such that f(w) =0, we
obtainL,,, —L,,,., +(L,-L, )o' =0forl-aw —w?#0;

thus, o' = (Lysy —Lyyps)/ Ly, —L,) is areal number, while
2lmi 21 2l

wlzexp<£> cos—n+131 — (41)
n n n

Hence, sin(2l7/n) = 0; we have ' = —1 for 0 < 2ln/n <

27. But x = —1 is not the root of the equation L,; — L, .1 +
(L,—L,,,)x = 0for any positive integer . We obtain f(w*) #
0 for any o* (k = 1,2,...,n - 1), while f(1) = YLy =
L L., # 0. By Lemma 4, the proof is completed. [

r+nt2
Lemma 14. Let the entries of the matrix # = [h; ]} = >, be of
the form
Loy —Lino i=)
hi,j = LT - LT+}’l’ l = ]+ 1, (42)
0 otherwise;
then the entries of the inverse # " = [hllj :1} 2, of the matrix #
are equal to
ij
(Lr+n B Lr) i> ]
I i—it+1° = )
hi»j - (Lr+1 - Lr+n+1)l ! (43)
0, i<j.
Specially, when r = 0, one gets Lemma 3.1 in [26].
Proof. Letr;; = e h; hy ;- Obviously, r; ; = 0 fori < j. In
the case i = j, we obtain
1
hzzhzz = ( r+l T Lr+n+1) ’ Ly —Ly =1 (44)
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Fori > j+ 1, we obtain

n-2
rij = O ikhi ;= h iy by
k=1
L,,-L) 7"
= (Lr_Lr+n)' ( e r) i
(Lr+1 - Lr+n+1) (45)
(Lr+n B Lr)l_]

+ (Lr+1 - Lr+n+1) ' i—j+1

(Lr+1 - Lr+n+1)

=0.

Hence, we verify Z# ' = I,_,, where I,,_, is (n—2) x (n—2)
identity matrix. Similarly, we can verify % '% = I,,_,. Thus,
the proof is completed. O

Theorem 15. Let B,, = Circ(L,,},L,,,...,L,,,) be a
circulant matrix; then we have

B—l

rn

< L Lr+2 L
+ Z rHnt2—i L_ r+n+l—i

r+1

X (Lr+n - Lr)i_1>

L

i\~1 2
x ((Lr+1 - Lr+n+1) ) ,_LTJr
r+1
n—2
L 2
+ Z <<Lr+n+l—i - Lr_+Lr+n—i>
i=1 r+1

X (L= L,))

X ((Lr+1 - Lr+n+1)i)7l

_ Ly - (Lr+2/Lr+1) Ly
Lr+1 - Lr+n+1
_ (Lr+3 ( r+2/Lr+1) r+2) (Lr+n B Lr)
(Lr+1 Lr+n+1)
2
_ (Lr+3 ( r+2/Lr+1) r+2) (Lr+n B Lr)
(Lr+1 Lr+n+1)
_ ( r+3 (Lr+2/Lr+1) r+2) (Lr+n_

Lr)n—3)

(46)

(Lr+1 - Lr+n+1 )”_2
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where
L 2
Ln= (Lr+1 - iLHn)
n-2 n—(k+1)
L L -L
+ L frs — r+2L k1>< r+n r > .
];1< e Lr+1 e Lr+1 - Lr+n+1

(47)

In particular, when r = 0, the result is the same as Theorem 3.3
in [26].

Proof. Let Q), be the form of

3 Xy x
r+1 , , '
0 Ly n
0 0 1 0 0
0 0 0 1 o | (48)
0 0 0 0 1
where
b, = ﬂ
Lr+1
l
o lr,n Liinisi— (Lr+2/Lr+1) Lyinra-i
x; = =
lr,n Lr+1
_ Lr+n+2—i (i — . i’l) ,
Lr+1
I Lr+n+3—i B (Lr+2/Lr+1) Lr+n+2—i
Yi=- 1
rn
(i=34,...n),
_ L n—(k+1)
rn Z Lr+k+1< L ) >
+1 r+n+1
L
L, = <L - 2L )
rn r+ Lr+1 r+n
n-2 n—(k+1)
L L. -L
+ Lygsy — 220, )(L) .
kz—:l( e Lr+l ke Lr+1 - Lr+n+l
(49)
We have
B, 0,0, = D, 6 %, (50)

where 9, = diag(L,,,,l,,) is a diagonal matrix and 9, & #
is the direct sum of 9, and #. If we denote Q = Q,Q,, we
obtain

B, =0(2 ' ex ™)z, (51)

1',11

and the last row elements of the matrix Q are 0, 1, 5, yj, -+
y!. By Lemma 14, if let B,} = Circ (v;,v,,...,v,), then its
last row elements are given by the following equations:

1L 1
Vz = - l—r—+2 + l—Diln 2),
rn
V3 = D(l ,
lr,n
I o 1
Vg = — Z—Dn + Z—Cn s
rn rn
[ NG @, 1 o
vs= = =D+ =D + =D, (52)
rn N TN
L o 1 w3 1 ma
Vn = - l_D” + Z_Dn + Z—Dn
rn TN n
11 1
vy = l_ + Z—D;n 2 —Diln 3)
r,n rn rn

) J
Df’l]) = z ((Lr+3+j—i -

i=1

L 2
Lr_+Lr+2+j—i)

r+1

X (Lr+n - Lr)i_1> X ((Lr+1 - Lr-*—n+1)i)_1 (53)

J bjlr i—1
=y 2 (h,)" (j=12,...,n-2);
i=1 (hl,r)
we have
p® _ p®
> bZI,r(hZ,r)i_l bll,r bll,r
LR S
i=1 (hl,r) Lr (hl,r)

D’(1n—2) + D;n—3)

i ~ -1
) "23( - sr) ha, )
i-1 (hl,r) =1 ! ’)
= nz_‘? (Lr+n+2—i - Br,nLr+n+1—i) (hZ,T)i_l
i=1 (hl,r)l
bl

(hl r)
nf (Lr+n+2—i - Br,nLr+n+1—i) (hZ,T)i_l
i=1 (hl,r)l

+

-3
T n—2 h2 r)n

>
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pU*d _ pl+d _ pO)
i1 . i—1
) 0 Q)0
i=1 (hl,r) i=1 (hl,r)j
‘ i-1
g ) )
i=1 (hl,r)l
= (Lr+4 - Br,nLr+3) (hlf)]
(hl,r)1+1
+ (Lr+3 B Br,nLr+2) (hz,r)ﬁl
(hl,r)]+2
_ (Lr+3 - Br,nLr+2) (hZ,T)j
(hl,r)J+1
= (Lr+3 - Br,nLr+2) (hZ,T”)]+1
(hl,r)JJr2
b’ h j+l
L,r
(54)

We obtain
B—l

rn

>

-3 —2 —2
Circ 1+D£zn )+D£zn : Di:n )_Lr+2/Lr+1
I ’ I,

r,n

p® p-p¥ pP+p® - pP
l b l b lr’n Yt

r,n rn

Dilnf4) +D n-3)

( (n-2)
n B Dnn )
lr,n

_ -1
= (Lr+n+2—i - Br,nLr+n+1—i) (hz,r)l
+)

>

i=1 (hl,r)i
— 1
— r+2+n2b7; 2,r Zr)l
i=1 1 r)
b b
bl bl
hl,r (hl,r)2 >

Abstract and Applied Analysis

1
= — Circ | 1
lr,n
n-2
L 2
+ < <Lr+n+2—i - Lr+ Lr+n+1—i>
i=1 r+1

X (Lr+n - Lr)i1>

X ((Lr+1 - Lr+n+1)i)_1’

L 2 L
B LHZ + Z ( <Lr+n+1—i - Lr_JrzLHn—i)

r+1 i=1 r+1

X (Lr+n - Lr)i_1>

X ((Lr+1 - Lr+n+1)1)
L +3 7 (Lr+2/Lr+1) Lr+2

Lr+1 - Lr+n+1

(Ll L) (L - L)
(Lr+1 - Lr+n+1)2
(s~ el L) ) (L~ L)’
(Leor ~ Lysmr)’
)L
L

-1

>

_( r+3

>

e e

-3
_ (Lr+3 ( r+2/Lr+1 r+2) (Lr+n_Lr)n )
(Lr+1 r+n+1)
(55)
O]

4. Determinant, Invertibility, and Inverse
of Left Circulant Matrix with Any
Continuous Fibonacci and Lucas Numbers

. . !
In this section, let A, = LCirc(F,,;,F,,,,...,F,,,) and

B:,n = LCirc (L,,,L,1p,--->L,,,) be left circulant matrices.
By using the obtained conclus1ons, we give a determinant
formula for the matrices A' , and B' . Afterwards, we prove
that A’ rn 18 an invertible matrlx for n > 2and B is an
invertible matnx for any positive integer 7. The inverse ¢ of the
matrices A’ v and Bm is also presented.

According to Lemma5, Theorem 8, Theorem 9, and

Theorem 11, we can obtain the following theorems.

Theorem 16. Let A'm = LCirc (F,,,F,,5,...,F.,,) be aleft
circulant matrix; then one has

!
det A n

_ (_1)(n—1)(n—2)/2 .F

r+1

F 2
' [(Frﬂ - #LFHn)
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—(k+1
X < Fr+n_Fr >n ke ):|
Fr+1 _Fr+n+1

X (F - Fr+n+1 )”*2)

r+1
(56)

where F,_,, is the (r + n)th Fibonacci number.

LCirc (F,,1,F, 5, .., F,,,) be a left

is an invertible matrix.

Theorem 17. Let A, =
circulant matrix; if n > 2, then ﬂm

Theorem 18. Let A, = LCirc (F,,,F,,,,... ) (n>2)

be a left circulant matrzx, then one has

r+n

) -1
rn

- b
fr,n

-2
LCire (143 _fag
X 1re + Z r+n+2 i F_ r+n+l-i

i=1 r+1

A

i—1
X(Fr+n_Fr)l )
(( r+l r+n+1))
( r+3 ( +2/ +1) +2)( ) -
(Fr+1 - Fr+n+l)n 2
( r+3 ( +2/ +1) +2)( r+n )
(Fr+1 - Fr+n+l)
( r+3 ( +2/ +1) +2)( rin )
2 bl
(Fr+1 - Fr+n+1)
( +2/ +1) r+2
Fr+1 Fr+n+1
Fr+2
Fr+1
n-2 F
+ Z <<Fr+n+1 i Fr+2 Fr+n 1)
i=1 r+1
X (Fr+n Fr)lil)

(57)
where
F
fr,n = <Fr+1 - 1;_+2Fr+n>
r+1
w2 n—(k+1)
F, F.,. —-F
+ F f r+2F . ) ( r+n r ) .
}; < e Fry e Fry = Frnn
(58)

1

By Lemma 5, Theorem 12, Theorem 13, and Theorem 15,

the following conclusions can be attained.

Theorem 19. Let B;)n = LCirc (L,,, L,y
circulant matrix; then one has

r+n

det B:’n

_ (_1)(n—1)(n—2)/2 L

[

r+2

L_ L r+n >
r+1

n-2

L
+ Z <Lr+k+2 - Lr_ﬂLr+k+1>

k=1 r+1

—(k+1
><<. Lywn—L, )n(+):|
Ly = Liyun

-2
x (Lr+1 - Lr+n+1)n

r+1

where L,,,, is the (r + n)th Lucas number.

Theorem 20. Let B:)n = LCirc (L,,1>L,1p>--->L,,,) bealeft
circulant matrix; then B;)n is invertible for any positive integer
n.

Theorem 21. Let B, = LCirc (L,,,L,,5,--.,L,,,) be a left

circulant matrix; then one can obtain

n

2
< ( L Lo, )
r+n+2—i L r+n+l-i
r+1

1

x LCirc <1 +

1

X (Lr+n - Lr)i_1>

1
r+n+1 )

x ((Lr+1

_( r+3

(Lr+2/Lr+l) Lr+2) (L +n Lr)n_3

(Lr+1 Lr+n+1)n

_( r+3 (Lr+2/Lr+l)Lr+2)( r+n_Lr)2

(Lr+1 - Lr+n+1)3

B (Lr+2/Lr+1) Lr+2) (Lr+n B
2
(Lr+1 - Lr+n+1)

+3 7 (Lr+2/Lr+1)Lr+2
L.,-L

L,)

>

_ (Lr+3

r+1 r+n+l

>

) be a left

(59)
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_ Lr+2
Lr+1
n-2
L
+ Z <<Lr+n+li - Lr_+2Lr+n7i>
i=1 r+1
1
( r+n r)l )
!
x ((Lr+1 - Lr+n+1) ) 4
(60)
where
L
lr,n = <Lr+1 - ﬁLHn)
n-2 (k+1)
L L..-L
+ L s r+2L ) )( r+n r >
];< T Lr+1 reed Lr+1 Lr+n+1
(61)

5. Determinant, Invertibility, and Inverse of
g-Circulant Matrix with Any Continuous
Fibonacci and Lucas Numbers

In this section, let Agrn = g-Circ (F,,,,F,,5,...,F,,,) and
Bn = g-Circ (Lyy15 Ly - 5L y,,) be g-circulant matrices.
By using the obtained conclusions, we give a determinant
formula for the matrices A and B, ,. Afterwards, we
prove that A, , is an 1nvert1€le matrix fq orn>2and B,
an invertible matrix if (1, g) = 1. The inverse of the matrlces
Ag.nand By, is also presented.
From Lemma 6, Lemma 7, Theorem 8, Theorem 9, and

Theorem 11, we deduce the following results.

Theorem 22. Let A . = g-Circ(F,,,F,,,....F,,,) bea
g-circulant matrix; tﬂen one has
detA,,, =detQ, - F,,
)
: |:<Fr+l - #LFr+n>

S 2

Z ( r+k+2 FH Fr+k+1> (62)

k=1 r+1

~(k+1
X ( Erin—F )n (kr ):|
Fryp = Frnn
( r+l T r+n+1)

where F,_,, is the (r + n)th Fibonacci number.

Theorem 23. Let A, , = g-Circ(F,,y, Fp,... Foyy) bea
g-circulant matrix and (g:n) = Lifn > 2, then A, is an
invertible matrix.

Abstract and Applied Analysis

»Frn) (0>

Theorem 24. Let A, = g-Circ (F, 1, Fopp,...
2) be a g-circulant matrix and (g, n) = 1; then

-1

(( r+l1

( +2/ r+1) r+2
F bl

r+n+l

r+n+1) )

F

r+1

( +2/ r+1) r+2)( r+n_Fr)
(., —F

r+1 r+n+1)

( r+3

( +2/ r+1) r+2)( r+n Fr)2

( r+l

( +2/ r+1) r+2)( r+n Fr)n3>]

(Fr+1 - Fr+n+1)

_( r+3

3eeey

r+n+1)

( r+3

(63)

n—2 n—(k+1)
F.., F., -F
+ z (Fr+k+2_ Fr_+Fr+k+l><FHj—Fr> .
r+n+l

(64)

Taking Lemma 6, Lemma 7, Theorem 12, Theorem 13,
and Theorem 15 into account, one has the following theorems.
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Theorem 25. Let B, , = g-Circ (L., L, 5.5 L,,) bea

g-circulant matrix; then one has
detB,,, =detQ,-L,,
L
[\ Ly~ 2L +n)
|: < Lr+1 '

o L Lr+2 L
+ z r+k+2 L_ r+k+1 (65)
k=1

r+1

—(k+1
X < Lr+n_Lr >n (e ):|
Lr+1_Lr+n+1

X (Lr+1 - Lr+n+1)n_2’

where L,,,, is the (r + n)th Lucas number.

Theorem 26. Let B,,,, = g-Circ (L,,1, L5, L,,,) bea
g-circulant matrix and (g,n) = 1; ifn > 2, then By, , is an
invertible matrix.

Theorem 27. Let By, = g-Circ (L,,1,L,5,...
2) be a g-circulant matrix and (g, n) = 1; then

L) (1>

. < Lr+2
x Circ | 1+ Lr+n+2—i - L_Lr+n+l—i
i=1 r+1

X (Lr+n - Lr)i_l)

X ((Lr+1 - Lr+n+1)i)_1’

_Lw
Lr+1
n-2
L 2
+ Z <<Lr+n+1—i - Lr_+Lr+n—i)
i=1 r+1

X (Lr+n - Lr)i_l>

X ((Lr+1 - Lr+n+1)i)_1’

Lr+3 B (Lr+2/Lr+1) Lr+2
L L

>

r+1 = Mrin+l

_ (Lr+3 B (Lr+2/Lr+l)Lr+2) (Lr+n B Lr)
2
(Lr+1 - Lr+n+1)

>

13

2
_ (Lr+3 - (Lr+2/Lr+1) Lr+2) (Lr+n - Lr)
3
(Lr+1 - Lr+n+1)
-3
_ (Lr+3 - (Lr+2/Lr+1) Lr+2) (Lr+n - Lr)n )]
2
(Lr+1 - Lr+n+1)n

IEREE)

T
xQ,
(66)
where
L
lr,n = <Lr+1 - ﬁl‘ﬂrn)
n-2 n—(k+1)
L L. .—-L
+ (L g — r+2L kl)( r+n r >
];1 e Lr+1 e Lr+1 - Lr+n+1
(67)
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