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We study the existence and uniqueness of solutions for a fractional boundary value problem involving Hadamard-type fractional
differential equations and nonlocal fractional integral boundary conditions. Our results are based on some classical fixed point

theorems. Some illustrative examples are also included.

1. Introduction

In this paper, we investigate the following Hadamard bound-
ary value problem:

Dix(t) = f (£, x (1)),

DATx () = Y (P @) - 1P (&),
i=1 j=1
(2)

where D? denotes the Hadamard fractional derivative of
order g, f : [L,e] x R — R is a continuous function,
M6 € (Le), App; € Rforalli=1,2,...,m, j=1,2,...,n,

M <ty <o < & <& < oo < &, and J? is the
Hadamard fractional integral of order ¢ > 0 (¢ = o, Bj,i =
L2,...,m,j=12,...,n).

We mention that integral boundary conditions are
encountered in various applications such as population
dynamics, blood flow models, chemical engineering, cellular
systems, heat transmission, plasma physics, and thermoelas-
ticity.

Condition (2) is a general form of the integral boundary
conditions considered in [1] and covers many special cases.

1<g<2,te(le), (1)

x(1) =0,

For example, if «; = ﬂj =1,foralli=1,2,...
.., 1, then condition (2) reduces to

,mand j=1,2,
x(1)=0,

3)

"+”"J- x(s)%.

n

Fractional differential equations provide appropriate
models for describing real world problems, which cannot be
described using classical integer order differential equations.
The theory of fractional differential equations has received
much attention over the past years and has become an impor-
tant field of investigation due to its extensive applications in
numerous branches of physics, economics, and engineering
sciences [2-5]. Some recent contributions to the subject can
be seen in [1, 6-20] and references cited therein.

It has been noticed that most of the work on this topic
is based on Riemann-Liouville and Caputo type fractional
differential equations. Another kind of fractional derivatives
that appears side by side to Riemann-Liouville and Caputo
derivatives in the literature is the fractional derivative due
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to Hadamard introduced in 1892 [21], which differs from the
preceding ones in the sense that the kernel of the integral (in
the definition of Hadamard derivative) contains logarithmic
function of arbitrary exponent. Details and properties of
Hadamard fractional derivative and integral can be found in
[2, 22-26]. For some recent results on Hadamard boundary
value problem we refer to [27, 28].

We establish a variety of results for the problem (1)-
(2) by using classical fixed point theorems. The first result,
Theorem 4, relies on Banach contraction mapping principle
and concerns an existence and uniqueness result for the
solutions of the problem (1)-(2). A second existence and
uniqueness result is proved in Theorem 7, via nonlinear con-
tractions and a fixed point theorem due to Boyd and Wong.
Existence results are proved in the third result, Theorem 9,
by using Krasnoselskii fixed point theorem, and in the fourth
result, Theorem 12, by using nonlinear alternative of Leray-
Schauder type.

The paper is organized as follows. In Section 2, we recall
some preliminary concepts that we need in the sequel and
prove a preliminary lemma. Section 3 contains the main
results for the problem (1)-(2). In Section 4, some illustrative
examples are discussed.

2. Preliminaries

In this section, we introduce some notations and definitions
of fractional calculus [2] and present preliminary results
needed in our proofs later.

Definition 1. The Hadamard derivative of fractional order g
for a function f:[1,00) — R is defined as

1 d\' (! £\ £ (s)
F(H—Q)<ta> L (log;> Tds, (4)

n—1<q<n,n=[q]+1,

Dif(t) =

where [g] denotes the integer part of the real number g,
log(:) = log,(-), and T is the Gamma function.

Definition 2. The Hadamard fractional integral of order g for
a function f:[1,00) — R is defined by

B 1 t qlf()
IOt | (log)" L2 q>0. 9

provided the integral exists.

For convenience, we set

A=Y, log ;)T ™!
Z F( + o) (0 )

Sty -t

Lemma3. Let A#0,1 < g <2, a,f; >0, andn;,&; € (1,e)
fori=12,...,m j=12,...,n,and h € C([1,e],R). The
unique solution of the following fractional differential equation,

Dix(t)=h(t), te(le), (7)

(6)
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subject to the boundary condition,

Z/Xi]aix (’1i) = ZP‘J‘ (]Bjx (e) - ]ﬁjx (51)) ’

x(1) =0,
i=1 =1
(8)
is given by the integral equation
l t q71 c + +
N a)
=
- )
(lOgt) ZA ]q+ah(1’])+]qh t).

A

Proof. Applying the Hadamard fractional integral of order g
to both sides of (7), we have

x(t) = z,(logt)"" + z,(log )" + Jh (t),  (10)

where z,,z, € R.

The condition of x(1) = 0 implies z, = 0. Therefore,

x(t) = z,(log )" + Jh (¢). (1

For any p > 0, by Definition 2, it follows that

I'(q)
I'(q+p)

The second condition of (8) with (12) leads to

JPx(t) = 2, (log )™ + 1R (r).  (12)

Y (B ) - 1 & ))-—zuq+“h(n,>

i=1

z; =
(13)

Substituting the value of a constant z; into (11), we obtain (9)
as required. The proof is completed. O

3. Main Results

Let ¥ = C([1,e],R) denote the Banach space of all
continuous functions from [1, e] to R endowed with the norm
defined by ||x|| = sup,(; ,1x(¢)]. As in Lemma 3, we define an

operator #: ¢ — € by
(Fx)(£) =T f (5:x () (1)
logt +
(°gA ZA JS (5,%(5)) (1)
(14)
(logt i

Z (TP f (5, x(5) (e)

—J5* £ (5, % (s)) (EJ)) ’

with A #0. It should be noticed that problem (1)-(2) has
solutions if and only if the operator & has fixed points.
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For the sake of convenience, we put

- (logm,)™™
©= q+1) |A|ZI F(oc +q+1)
Bi+aq (15
1 & 1+(log§.) i
TP ras
|Al = T(B;+q+1)

The first existence and uniqueness result is based on the
Banach contraction mapping principle.

Theorem 4. Let f: [1,e] xR — R be a continuous function
satisfying the assumption that

(H,) there exists a constant L > 0 such that |f(t,x) —
ft, y)| < Llx - y|, foreacht € [1,e] and x, y € R.

If
LO < 1, (16)

where @ is given by (15), then the boundary value problem (1)-
(2) has a unique solution on [1, e].

Proof. We transform the problem (1)-(2) into a fixed point
problem, x = Fx, where the operator F is defined by (14).
By using Banach’s contraction mapping principle, we will
show that & has a fixed point which is a unique solution of
problem (1)-(2).

We set sup,, .| f(£,0)] = M < co and choose

Mo
r >

21 1o 17)

Now, we show that B, C B,, where B, = {x € € : ||x| <
r}. For any x € B,, we have

(B

< sup {ﬂ |f (s x ()] @)

logt)?™!
( Oia S I G5 )] ()
i=1
(log)"™ ﬁ+q
A |A] Z| J| JEE £ (s, (9))] (e)

+JPra |f (s, x (5))] (fj)) }

<JU(|f (5% () = f (50| +|f (5,0)]) (e)

|A|Z|A|]“+q(|f(saX(S)) £ +|f 0)) (1)

Z i (%7 (1 5 x @) = £ 5.0+ (5. 0)])

Iy
+ 754 (|f (5:x(9) = £ (5,0)]

+f 0]) (&)

(logm,)™™
S(Lr+M)‘l q+1) |A|Z| F(oc+q+1)
1+ logE)
|A|Z|]| T(B;+q +1)}
= (Lr+M)D<r.

(18)

It follows that # B, c B,.
For x, y € € and for each t € [1, e], we have

|Fx () - Fy ()

<J(|f s x ) = £ (7)) ©
logt)"" &
%Z Al 150 (1f 5 (9) = (57 O)) ()

i=1

(logt)T

A ZIJI(J“J” [f (52 = £ (57 )]) @

j=1

+ 7P (|f (s x () = £ (s, 7(9))])

x (E,-))
(logn,)™ ™

L —
<Lfx y"{r(q+1 |A|ZI T(+q+1)

1+ logfj)ﬁjw
-1 K (/3 +q+1)

Oi+q

- Loy N
19

The above result implies that |Fx — Fy| < LO|x — y|. As
L® < 1, therefore & is a contraction. Hence, by the Banach
contraction mapping principle, we deduce that # has a fixed
point which is the unique solution of the problem (1)-(2). [

Next, we give the second existence and uniqueness result
by using nonlinear contractions.

Definition 5. Let E be a Banach spaceandlet F: E — Ebea
mapping. F is said to be a nonlinear contraction if there exists



a continuous nondecreasing function ¥ : R* — R* such
that ¥(0) = 0 and ¥(0) < 0 for all 0 > 0 with the property

|Fx-Ey| <¥(lx=»]), Vx.yeE  (20)

Lemma 6 (see [29]). Let E be a Banach space andlet F : E —
E be a nonlinear contraction. Then F has a unique fixed point
in E.

Theorem 7. Let f:[1,e] x R — R be a continuous function
satisfying the assumption

(Hy) [f(t,x) = f(t, )| < h(t)(|x - yl/(H" +|x - y]), t €
[Lel, x,y >0, whereh : [1,e] — R is continuous
and a constant H" is defined by

1 .
—fqh(eﬂmzll | 7% (n;)

(21)

|MZWAﬁﬂmwu“%&»

Then the boundary value problem (1)-(2) has a unique solution.

Proof. We define the operator # : € — € as (14) and a
continuous nondecreasing function ¥ : R* — R" by

H—e, V6 > 0. (22)
+60
Note that the function V¥ satisfies ¥(0) = 0 and ¥(6) < 6 for
all@ > 0.
For any x, y € € and for each t € [1, ], we have

Y (0) =

|Fx () - Fy )
<J(|f (x()) = f(sy))]) ®)

0o T m
o8 )T S L1 (1 (5 (9 — £ (53 9)]) ()

a2
(1°|gAt| ;' ] (P71 (1 62O - £ (57 @) @
1B (|f (s x () = f (s 7 (9)])
X(@))
< (h © H*Pi(li <_s)y—(sy)|<s>| ) ©

|[x(5) =y (s)] >()
+]x (s) = y (s)]

Bita [ p, |x () - y )] )
IA|Z|”J| {] (()H*+|x(s)—y(s)| ©)

[x(9) =y ()] )
H* +]x(s) = y (5)] (f'])

G (07

+ Jhta (h (s)
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¥ (-l s
S¥<ﬂh() |A|ZIAII h ()

WZWAmWW“ﬁMMUD

=¥ ([x- ).

(23)

This implies that |[Fx — Fy| < Y(|lx — yl). Therefore & is
a nonlinear contraction. Hence, by Lemma 6 the operator #

has a fixed point which is the unique solution of the problem
1-(2). O

Next, we give an existence result by using Krasnoselskii’s
fixed point theorem.

Lemma 8 (Krasnoselskii’s fixed point theorem [30]). Let M
be a closed, bounded, convex, and nonempty subset of a Banach
space X. Let A, B be the operators such that (a) Ax + By € M,
whenever x,y € M; (b) A is compact and continuous; (c) B is
a contraction mapping. Then there exists z € M such that z =
Az + Bz.

Theorem 9. Assume that f:[1,e] x R — R is a continuous
function satisfying assumption (H,). In addition we suppose
that

Hy) If(6x)] <
C([1,e],R™).

k(t), V(t,x) € [l,e] X R and k €

If
L
T(g+1)

then the boundary value problem (1)-(2) has at least one
solution on [1, e].

<1, (24)

Proof. We define sup,(, ,|x(t)| = [x[ and choose a suitable
constant 7 as

72 x| @, (25)

where © is defined by (15). Furthermore, we define the
operators & and Q on B; = {x € € : | x| <7} as

(logt)™

L n
(Px) (1) = Dy (15791 (5,2 () (@)
j=1
5 f (5,2 () (&) )
1 q-1 (26)
( Oglz) Z)L ]oc +qf (s, % (s)) (;11)
€[l,e],
(@x) (1) = J2f (s, x(s)) (t), te[Le].
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For x, y € B, we have
_(log)*™
||9’x+@y||<||x||< q+1) |A|ZI T +q+1)
Z' | 1+ logf)
|A| i T(Bj+q+1)

=kl ® <7
27)

This shows that #x + Qy € B;. It follows from assumption
(H,) together with (24) that @ is a contraction mapping. Since
the function f is continuous, we have that the operator &2 is
continuous. It is easy to verify that

1] < I Z| 1ogr1,)u +q
- |A| & (o; +q+ 1)
(28)
1 & 1+ (logfj)ﬁjw
2l ey |
Al = ([3 +q+ 1)

Therefore, & is uniformly bounded on B;.
Next, we prove the compactness of the operator 2. Let us

set sup(, e exp. | f (X = f < 00; consequently we get
|(2) (1) = (%) ()

logt,)"" &
:Egg—ZmOmﬁﬁw@“”

=

_]ﬁf'qf (s, x(s)) (%))
logt,)"" &
(ogt ) Z/\ JHYf (s, % (5)) (1:)

logt, ) &

j=1
1P f (5,5 (9)) ()

1 a-1 m
(Ogj\z) Z/X ]oc +qf (S X(S)) (}71)

Fllogt)"” ~ logt)™ | - (logy)"™

= |Al i T(o; +q+1)
_'(log S logt ) 1' (logE )ﬁﬁq
+ f Z' J| Brq+ 1)
(29)

which is independent of x and tends to zeroast, — t;.Thus,
P is equicontinuous. So P is relatively compact on B;. Hence,

by the Arzela-Ascoli theorem, & is compact on B;. Thus, all
the assumptions of Lemma 8 are satisfied. So the boundary
value problem (1)-(2) has at least one solution on [1, e]. The
proof is completed. O

Remark 10. In the above theorem we can interchange the
roles of the operators & and @ to obtain a second result
replacing (24) by the following condition:

1+ logf )'/3’+q

/3 +q+l)

logm
(; +g+1)

<1

|A|Z| |A|Z'J|

(30)

Now, our last existence result is based on Leray-Schaud-
er’s nonlinear alternative.

Theorem 11 (nonlinear alternative for single-valued maps
[31]). Let E be a Banach space, C a closed, convex subset of E,

U an open subset of C, and 0 € U. Suppose that F: U — Cis

a continuous, compact (i.e., F(U) isa relatively compact subset
of C) map. Then either

(i) F has a fixed point in U or

(ii) there is a u € OU (the boundary of Uin C) and A €
(0, 1), with u = AF(u).

Theorem 12. Assume that f : [1,e] xR — R is a continuous

function. In addition we suppose that

(H,) there exists a continuous nondecreasing function y :
[0,00) — (0,00) and a function p € C([1,e],R")
such that

|f (t,x)| <p@®wy(lx|) foreach (t,x)e€[l,e] xR; (31)

(Hs) there exists a constant N > 0 such that

N

- 1,
Plv o~ 32)

where © is defined by (15).
Then the boundary value problem (1)-(2) has at least one
solution on [1,e].

Proof. Firstly, we will show that the operator &, defined by
(14), maps bounded sets (balls) into bounded sets in 6. For a



positive number R, let By = {x € € : | x| < R} be a bounded
ball in €. Then for t € [1, e], we have

|Fx ()] < JT| f (s, ()] ()

|A|Z AR ICRIONICY

“ia2 Z ] (P71 s x 9] @)

#1505, x (D] (§) )

<[l v x ">r( 1)

+ ol w i) WZ A % (33)
“lely b 7,3 Z o - ﬁlof Zi 1)
<lely ® ey +1)

ey 3 Z A logf’;a:ql)

Bitq
1 & 1+(log§j)’

=K.

Therefore, we conclude that | #Fx|| < K.

Secondly, we show that F maps bounded sets into equicon-
tinuous sets of €. Let sup, yye(1oxp, [ f(HX) = f7 < o0,
V1,7, € [1,e] with v; < v, and x € By. Then we have

|(Fx) (v,) = (Fx) ()

=171 (s,x(5) (v)

a1 m

(log 7’2 Z/\ ]a +qf (s, % (s)) (}11)

A

q-1 n
+%Z (5 (5 x(9) (o)

j=1
—JP* £ (5, x (s)) (Ej))
_ ]‘Zf (s,x (S)) (Vl)

-1 m

(log 7’1) ZA J% +qf (s,x(s)) (7]1)

A
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(log”l)q_l N Bi+a
S (1P (s x () (@)

j=1
15 f (5,x(9) (&) )

. '(log v,)? = (log Vl)q|
F(q + 1)

— (log V1)q_1' i | (logn,)" ™
|Al S5 T (o +g+1)

(log V) )q_

+f"

logf )ﬁﬁq

it g+ 1)
(34)

(log 5! )q

« (log v, )q

'zu

Obviously, the right hand side of the above inequality tends
to zero independently of x € By as v, — ;. Therefore it
follows from the Arzela-Ascoli theorem that # : € — € is
completely continuous.

Let x be a solution. Then, for t € [1,e], following the
similar computations as in the first step, we have

Il < [l v (i) (q1+ 5

_(logn,)™™
+|Ip||w(||x||>|A|Z| TarasD)
(35)
logf )
+ ol w llxl) mz 'M;| m
= llelly (xi) .
Consequently, we have
[l 36)
lel v (e @ =

In view of (Hs), there exists N such that || x| # N. Let us set

U={xe%:|x|<N}. (37)

Note that the operator & : U — @ is continuous and
completely continuous. From the choice of U, there is no
x € 0U such that x = 0F x for some 0 € (0, 1). Consequently,
by nonlinear alternative of Leray-Schauder type (Theorem 11)
we deduce that & has a fixed point in U, which is a solution
of the boundary value problem (1)-(2). This completes the
proof. O
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4. Examples

Example 1. Consider the following boundary value problem
for Hadamard fractional differential equation:

logt5 [ ()]
et +2)2 G+Ix@))

D*Px(t) = te]=[lel,

x(1)=0,

s (5) () ()

_ ]2/3x (o) - ]2/3x (1_70) 45 (]9/7x (e) - ]9/7x (2))

_2< Ty (e) - 11/4x<§>).

(38)

Here g =3/2, A, =2,A,=1/5A; =3, o, = 1/4, «, =
3/2, 3 = 2,1, =5/4, 1, =9/5 1, =15/7, 4 =1, yu, =
543 =2 B =2/3, 5, =9/7, B = 11/4, &, = 10/7, &, =
2,& = 9/4, and f(t,x) = (logtslxl)/(et(t + 2% + |x])).
Since

5
t,x)— f(t, <\ —= -9y, 39
fen-renl=(5)lk=o 0
then (H,) is satisfied with L = 5/27e. We can show that

I'(q)

o\ 1 ) gto;—1
lr(q+%)(0gnz)

A=)A

=~ —0.6895040549,

(log )™ (40)
F ((x +q+ 1)

I‘(q+1
Bitq

1 & " 1+(log§])
= (/3 +q+1)

= 3.975680952,

5
LO = e (3.975680952) =~ 0.2708465347 < 1.
e

Hence, by Theorem 4, the boundary value problem (38) has a
unique solution on [1, e].

Example 2. Consider the following boundary value problem
for Hadamard fractional differential equation:

t
74 _ € |x (£)] _
POy eexey T
x(1) =
Loz (7Y _ 25 (7\ .52
V()G e @

(o (1)

o (o= ().

Hereq=7/4, A, =1/4, A, = -2/3, A5 = =2, o; = 6/7,
O =305 =5/2,m =73, 1, =T[5 13 =2,y =4t =
11/4,8, =5, B, = 3/4, &, = 11/5, &, = 16/13, and f(t,x) =
('|x])/((t + D*(2 + |x])). We choose h(t) = e’ /4 and that

i‘ r (Q) ) (1 B (loggj)q*‘ﬁj_l)

QW
jl] (q +B;

=~ —1.672972140,

(42)
= % (e) + WZIA | ()
a2 Z | (7791 ) + 17 7h (&)
~ 1.295076743.
Clearly,
o 21x| - 2|y] )
t, t,
|f( x) - f( y)| <4+2|x|+2|y|+|x||y|
- e |x - )’l
T 4\ 1.295076743 + |x - y| )
(43)

Hence, by Theorem 7, the boundary value problem (41) has a
unique solution on [1, e].



Example 3. Consider the following boundary value problem
for Hadamard fractional differential equation:

DSl 2sin (x/4) 2 + cos (7t) ~
x(0) = 571+(ex+1)2+ 10m+3 ~ teJ=1lel,
x(1) =
i (3 s 1/s 712 (3
P (35) -3 @ - 107 (1) + 67 (2)

()
:3(]3/236(6)—]3/296(%)) (fx(e) “‘(1;))

+ g (FPPx () -1 x(2).
(44)

Hereq=6/5 A, =1, A, = -3, 1; =-10, A, = 6, A5 =
14/3,00 = 4,00 = 9/4, 03 = 1/5, 04 = 7/2, 5 = 5,17, =
3/2, 0, = 2,1 = 7/4, 1, = 52,05 = 11/9, py = 3, 4, =
=7, 43 = 4/3, By = 3/2, B, =3, B3 = 5/3,§, = 11/7, &,
17/13, & = 2, and f(t,x) = (2sin(x/4))/(5m + (e* + D% +
(2 + cos(mt))/(10m + 3). Clearly,

2 sin (x/4)
57+ (e* + 1)

2 + cos (7t)
10w + 3

[x| + 1)
10w /°

|f (%) =

(45)
< (2 + cos (7tt)) (

Choosing p(t) = 2 + cos(mrt) and y(|x|) = (|x| +1)/(107), we
can show that

gto;—1

in A —i)(log ;)

_ i!‘] (F (q)ﬁ]) (1 B (10g€j)q+ﬁj_1>

=~ -9.148087406,

(logm,)™™
F(q+1 |A|ZI F(oc +q+1) (46)
1+ logﬁ)
|A|ZI J| ([3 +q+1)

=~ 1.462649525,

N
(3) (N + 1) /1077) (1.462649525) ~

>

which implies that N > 0.1623483851. Hence, by Theorem 12,
the boundary value problem (44) has at least one solution on
[1,e].
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