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We establish a new nonlinear retarded Volterra-Fredholm type integral inequality. The upper bounds of the embedded unknown
functions are estimated explicitly by using the theory of inequality and analytic techniques. Moreover, an application of our result

to the retarded Volterra-Fredholm integral equations for estimation is given.

1. Introduction

Gronwall-Bellman inequality [1, 2] is an important tool in
the study of existence, uniqueness, boundedness, oscillation,
stability, invariant manifolds, and other qualitative properties
of solutions of differential equations and integral equation. A
lot of its generalizations in various cases can be found from
the literature (e.g., [3-7]). During the past few years, some
investigators have established a lot of useful and interesting
integral inequalities in order to achieve various goals; see [8-
18] and the references cited therein.

Gronwall-Bellman inequality [1, 2] can be stated as
follows. If u and f are nonnegative continuous functions on
an interval [a, b] satisfying

t

u(t)Sc+J f(s)u(s)ds,

a

t € [a,b], 1)
for some constant ¢ > 0, then
t
u(t)Scexp(J f(s)ds), t €lab]. 2)

In 2004, Pachpatte [9] has discussed the linear Volterra-
Fredholm type integral inequality with retardation:

ot

)
u(t)Sk+J )a(t,s) [f(s)u(s)

al(ty

+r c(s,u(r)dr|ds (3)

a(ty

a(T)
+J b(t,s)u(s)ds, Vtel.

alty

In 2011, Abdeldaim and yakout [17] studied a new integral
inequality of Gronwall-Bellman-Pachpatte type:

u(t) <u,

+f S ©u

a(to

X [u(s)+J'S )h(‘r)

alty

X [u(‘r)

+ L(to) g u() dE] dT] ds.
(4)


http://dx.doi.org/10.1155/2014/865136

In this paper, on the basis of [9, 17], we discuss a new
retarded nonlinear Volterra-Fredholm type integral inequal-

ity:
u(t)
<k

a(t)
+ L(to) hy (t))

xhwmwm

{wmmww~

ths
+ Ja(to) hn—l (tn—l)

X |:fn—1 (tn—l) ¢n—1 (u (tn—l))

[ h s,

alto)

x (u(t,)) dtn] dt, ;- ] dtz] dt,

o(T)
+ L(to) hy (1)

xhwmwm

{wwmww~

ths
+ J ) hnfl (tnfl)

tx(to

X |:fn—1 (tye1) By (1 (t,21))

R

x (u(t,)) dtn] dt, |- ] dtz] dt,,
€)

where k is a constant. The upper bound estimation of the
unknown function is given by integral inequality technique,
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such as change of variable, amplification method, differential
and integration, inverse function, and the dialectical rela-
tionship between constants and variables. Furthermore, we
apply our result to retarded nonlinear Volterra-Fredholm
type equations for estimation.

2. Main Result

Throughout this paper, R denotes the set of real numbers,
R, = [0,+00), I = [t,T], CY(M, S) denotes the class of
continuously differentiable functions defined on set M with
range in the set S, C(M, S) denotes the class of continuous
functions defined on set M with range in the set S, and o' (t)
denotes the derived function of a function o' (¢).

We give the following notations used to simplify the
details of presentation.

We technically define a sequence of functions {w;(u)} by
¢;(u) in (5), which can be defined recursively by

wy (u) = 1133’;] {¢1 (D},
bt (1) (©)

w; (1)

}wi(u), i=1,...,n

Wiy () = Jmax {

Obviously, for all j > i, the function w i(u)/w;(u) is increasing
and the sequence {w;(u)} consists of nondecreasing nonneg-
ative functions and satisfies w;(u) > ¢;u), i = 1,...,n.
Moreover,

w; < wyy,, i=1,2,...,n-1, (7)

as defined in [4] for comparison of monotonicity of functions,
because the ratios w;,; (u)/w;(u), i = 1,...,n — 1, are all
nondecreasing.

For given constant 1; > 0, we define functions

v d
W (1) = L Ti:)’ ®)
(% Wia (Wfl (Wz:ll (s)-- ))ds
W)= | o) o

i=2,...,1,

which are strictly increasing. When there is no confusion, we
simply let W;(u) denote W;(u, ;) and W, denote its inverse.
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We define functions {H;(¢)} (i = 1,2,..., n):

a(t)
Hy(t) = J. hy (t,) fi () dt,,

a(ty

a(t)

H, (t) —J( )

a(ty

1 (t) [J l ) hy () f (t,) dt, | dt,,

x “t(t) hy (t,)
o [ s s )

s .

t
X h, (t
[L(@ (6)
X ) n-2
|: |:Ja(t0)
< || n(t)dt, |dt,
“a(ro) (t) ] 1]
~-]dt2]dt1.

(tn l)

(10)
We define function
G (u) = Wn {anl { o {WZ {Wl (zu - k)}} T }}
=W AW,y -+ (W, (W, () + H, (T)} -
+Hy (T)} -+ } + H,_ (T)}
-H,(T), Yu>k.

Theorem 1. Suppose that h,(t), f;(t), h;(t) € C(I,R,), (i =

1,..., n-1), a € CY(1,1) is nondecreasing with «(t) < t and
alty) =ty on I; all ¢; are continuous functions with gb,(u) >
0@G=1,..., n) foru > 0, Wy(+00) = +00,i = 1,2,..

Suppose that the function G(u) is increasing and G(u) = 0 has
a solution ¢ for u > k. If u(t) satisfies (5), then

u(t) < W1_1
x {Wzil { o {WJI {Wn {Wn—l { : '{Wz {W1 (C)+H1 (f)}

+H, (t)} - }+H, Vtel,

(12)

L OFH, O

where V\/i_l i = 1,2,...
respectively.

,n) are inverse functions of W,

Proof. From (5) and (6), we have
u(t)
<k

I:)) ()

9 [fl (1) ws (u (1))

t
+ L(to) hy (t,)

x [fz (t) w, (u(t,)) +

tha
+ Ja(to) hn—l (tn—l)

[ o ) (0000
[
x (u(t,)) dtn]dtn_l e ]dtz] dt,

j:; (t)

9 [fl (1) ws (u (1))

+ Ll(to) h, (t,)

9 [fz (1) ws (u(t,)) +

ths
+ J ( )hnfl (tnfl)

alty

" [f (tr ) s (1 (6,0))



[ e

x (u(t,)) dtn]dt,,_l ]dtz] dt,,

(13)

for all t € I. Let z,(t) denote the function on the right-hand
side of (13), which is a positive and nondecreasing function
on I. Then (13) is equivalent to

u(t) <z (t), Vtel, (14)
2 (to)
a(T)
k| )
X [fl (tl)wl (” (tl))
o,
" Joc(to) (t )
x [fz (1) ws ((t5)) + -

+ JaZt:) hn—l (tn—l)

9 [f () s (0 (6 0))

tno1
[ ),

alty)

x (u(t,)) dtn] dt, - ] dtz] dt,.

(15)
Differentiating z, (t) with respect to ¢, using (14), we have

z) (t)

=a (B hy (a(t))

X [fl (o (8) wy (u( (2)))

[ m )

h
aty)

9 [fz (1) w (1 (82)) + -

tio
+ Ja(to) hnfl (tnfl)

X |:fn—l (tn—l) Wy (M (tn—l))
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tn—l
[ ),
alty)

x (u (tn))dtn] dt, - ] dtz]
<o (t)hy (« ()

x [f1 (a () w, (2 (x(1)))

a(t)
+ L(to) h, ()

* [fz (tZ) W (Zl (tz)) +e

+ jaZt:) hn—l (tn—l)

9 [f () W (2 (6,0))

th
[ ),

alty)

x (z, (tn))dtn] dt, - ] dtz] ,

Vtel,
(16)

by the monotonicity of w; and z, and the property of «. From

(16), we have

z, (1)
w, (Zl (t))

<o (t)h («(t))

X [fl (a (1))

a(t)
+ L(to) hy (t,)

w, (21 (tz))
" [f2 ®) e

+ ja;t:) hn—l (tn—l)

w, 1 (2, (t,.1))
" [f'“ ) ()

[0 )
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> wy, (Zl (tn))

mdtn] dt, ;- ] dtz] ,

Vtel.

17)

Integrating both sides of the above inequality from ¢, to t, we
obtain

w, (Zl (t))

< W, (2 (t))

a(t)
+me@ﬁ@m

+ Lj:) hy (t)
X [J‘:(to) hy (t3)
e it

tha
+ J hn—l (tn—l)

a(to)
x [fn_l (1, ) Ler 1 (b))

w, (2 (£,-1))
gy e

e L A

W (zl (to))
a(Ty)
hy (s) f, (s)ds
+ L(to) ($) £ (9
o(t)
+ L(to) hy (t))
X “tl h, ()
alty)
w, (Zl (tz))
* [fz (t) w (2, (1))
+ ‘rn?z hn—l (tn—l)

alto)
1 (2 (t,1))

" [f ) G ()

+...

[ e

%dtn] dt, |- ]dtz]dtl,
(18)

fort, <t < T, < T; T, is chosen arbitrarily, where W, is
defined by (8).

Let z,(t) denote the function on the right-hand side
of (18), which is a positive and nondecreasing function on
[ty> T;]. Then (18) is equivalent to

z, () W' (2, (1), Ve [ty Ty, (19)

a(

T)
2 () =W (e @)+ | m@f©s e

a(ty

Differentiating z,(t) with respect to ¢, using (19), we have

2z (t)

=a (t)hy (a(D)
a(t)
x [ L(to) hy (t,)

w, (2 (t,))
* [fz ®) @ ®)

+ J:;O) hs (t3)
IhePEe

th2
+ I hn—l (tn—l)

a(to)

« w,y (21 (t,-1))
[f"'l ) = (o)

th1
gy )

x%%%%%P%V}%PQ
<o (£) by (a(t)
XHXWN”
(Wl—l (2, (tz)))

g [f ) W s )

ty
+ hs (t
Joy 5 )

w3 (Wl—l (22 (t3))) o
w; (W (2, (t3)))

X [fs (t3)

th-a
+ J hnfl (tnfl)
alty)



X [fn—] (t,-1) Wn-1 (Vvl_1 (22 (tn—1)))

w; (W (25 (1))

th1
oy )

« mmn] dt, | ] dt3] dtz] ,

vte(ty, Ty],
(21)

by the monotonicity of w;/w, (i = 1,2,..., n) and the property
of a. From (21), we have

zy (O w, (W (2, (1))
w, (Wi (2, (1))

<a () hy (a(t)

o(t)
x J ( h, (1) f> (1) dt,

o4 to)

+o (£) by (a (1))

“ [f3 () w; (Wl_l (2 (tz)))

w,(W(z1)
+ Ja(to) hn—l (tn—l)

X [fn—l . Wy, (Wl—l (2, (tn_l)))

w, Wi (2, (£-1)))

[ e

MW@@»]'J]
AT e ) ] R

(22)

forall t € [t,, T,]. From (22), we have

W, (Zz (t))

<W, (2, (t))

a(t)
+ J hy (t))

alty)

X {L(to) h, (t,) f, (t,) dt, | dt,
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a(t)
+ J hy ()

alty)

t
X [ J hy (t,)
alto)

t
X [J hy (t5)
alty)

w, (W (2, (1))
Xh“%mwwmm+

th2
+ J hnfl (tnfl)
alty)

y W,y (Wfl (Zz (tn—l)))
VJ%NMMWNN»

A

w, (W (2, (1,)))
%MW%WW%P%

] an

<W, (2, (t))

a(Ty)
+ J hy (t))

alty)

X “tl )h2 (t,) f> (tz)dtz] dt,

ot(to

a(t)
+ J hy (t,)

a(ty)
X l h, (t
[ me

t
x [ J hy (t5)
«lty)

ey w0 (2 1)
F@MMW%%W+
+ J.tn_z hnfl (tnfl)

«(ty)

to

[ el s )

W, (Wl_l (2, (t,-1)))

w, W (2, (1))
g mﬂ@

w, Wy (2, (

)
)
x dtn_l---]dts] dtz] dt,,

(23)
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for allt € [t,, T|], where W, is defined by (9). Repeating the
same derivation as in (19), (23), and so on, we obtain

Wn—Z (Zn—Z (t))
S Wn—Z (zn—2 (tO))

a(t)
+ L(to) h, (tl)
X 1 h, (t
I

.. [Jtz3) hn,z (tn—Z) fn—2 (tnfz) dtn2:| ce. ] dtl

o(t)
+ J )h1 (t))

ty
X [ J hy (1)
a(ty)

[

X [fnl (tnfl)

A (W (- (W G (800))) ++)))
s OV T W, G (1)) )
L A

L W (W (- (W (zaa (1)) )

Wy (Wt (W5 (- (W55 (202 (8))) )

xdtn] dtn_l] ] dtz] at
<W,

n-2 (zn—2 (tO))

aTy)
+ J hy ()
alty)

t
X [J h, (1)
alty)

S| SO YAROR S o 8

o(t)
+ J )h1 (ty)

[ J:;:) By (teo1)

X [fn—l (tp1)

« Wy (‘/\/1_1 (Wz_l ( ( _13 (Zoz (t, 1))) )))
Wy W (W5 (- (W (20 (8021))) - +0)))

[ e
wy, (Wl_l (W_l ( : ( _1 (Zn 2 ( n))) )))
Wyy (Wi Wyt (- (W (202 (£2))) ++)))

it [+,

forallt € [t,, T;], where W, _, is defined by (9).

Let z,_,(t) denote the function on the right-hand side
of (24), which is a positive and nondecreasing function on
[ty> T1]. Then (24) is equivalent to

(24)

n Z(t) < W Z(Zn l(t ) Vit € [tO’Tl] > (25)

Z,-1 (t)
=W, (2,5 (1))

([ ) o s |-,

a(to)
(26)
Differentiating z,,_, (¢) with respect to t, we have

Z;—l ()
=a' (t)hy (a(t))

x I: J‘X(t)) hy (t,)

alty



tya
[ Ja(to) hn—l (tn—l)

X [fn—l (tn—l)

0 (O (05 (- (02 s (6 )
w, (W Wy (- (W (2 (820)) )

ot
] )

(to)

o (W (- (W (2 (1)) )

Wy (Wit (W5 (- (W5 (202 (8))) )

xdtn] dtn_l] ] dtz],

(27)

forallt € [t,, T,]. From (27), using (25), we have

2t O w (W (W5 (- (Wi (2 (14))) )
W (W (W5 (- (W, (2 (64))) )

<o (t)hy (@ (1))
a(t)
X [ L(to) hy (t,)
Ly
|: J hn—l (tn—l)
alty)
X |:fn1 (tnfl)

o [ )

alty)

w, (W (W, (- (Wi (202 (1)) )

Wy (Wit (W5 (- (W55 (202 (8))) )

afee) Jo
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<o (t)hy (a(t))
o(t)
X h, (t
[L@o) (&)
n— tﬂ
[L(O) ()

x |:fn—1 (tn—l)
tu1 3
1 A

w, (W (Wa" (- (Wi (2 () -+-)))
W (W W5 (- (W (2t () )

e

forallt € [t,, T} ], by the monotonicity of z,_,, W, ', ..., w.
and w,_,/w,_,; and the property of . Integratlng both sides
of the above inequality from ¢, to t, we obtain

Wn—l (Zn—l (t))
< W, (2,01 (1))

< [ ) “u Bt (tat) foon () Aty

..]dtz]dtl
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[

g [ Jt() o 02)

w, (W (W (- (W (2 () --)))

0 W W5 (o (W (2o (8)) )

it ||

< Wn—l (Zn—l (tO))

a(Ty)
+ J. hy (1)

s,

[ Ja(to) hn—l (tn—l)

x [ [
wy (Wl_l (WZ_I ( o (Wn_—lz (Zn—l (tn))) toe )))

Wy W Wy (- (W (2 (£0)))+2)))

it |,

for all t € [ty,T,], where W,_, is defined by (9). Let z, ()
denote the function on the right-hand side of (29), which is
a positive and nondecreasing function on [t,, T;]. Then (29)
is equivalent to

(29)

Zo () <W ! (2,(0), Vte[t,Ti], (30)

9
Zn (tO)
=W,y (2,01 (1))
J‘X(Tl)h ; )
(i) 1\
X [J“(to) h, (t,)
y [
n—2 hn_ tn_
Ce
X fuo1 (tnl)dtnl] ] dtz] dt,.
(31)

Differentiating z,,(t) with respect to ¢, using (30), we have

z (1)

=o' (t) hy (a(2))

x [ Jug @)
w, (Wl_l (Wz_l ( " (Wn_—lz (251 (tn))) e )))

Wy (Wt (W5 (- (W5 (201 (8)))-+-)))

it | -

<o (t)hy (a(t)

o(t)
X J ( hy (t,)

a(ty)

tna
R, (L,
[Lm ()
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" [ J(r) P t2)

w, (W' (W (- (W, (20 (1) )
w (W (W G (W, (=, (6))) )

it [ -

X

(32)
forall t € [t,, T,]. From (32), we have
2, O w, (W (W, (- (W, (2 (80)) )
w, (W (Wt (- (W (2, (80))) )
= o (t) hy (e (1))
o(t)

X L(to) hy (t,)

(33)

L[ [ )
x “;(t;) h,(t,) dtn] dt, , ]

.. ] dtz,

for all t € [ty,T;]. Integrating both sides of the above
inequality from ¢ to t, we obtain

Wn (Zn (t)) - Wn (Zn (tO))

a(t)
< L(to) hy (t,)

: “() )
Hyy (t1)

<[t an]
a)a

(34)

Journal of Applied Mathematics

forall t € [¢t,, T,]. From (19), (25), (30), and (34), we have

zy (t)

Wt (W (- (W (2 ) --)
<wp {ot | {w o+ [ )

g “() b (2) [ “() (i)

[fmf ] Jofal}

(35)

forallt € [t,, T,
we have

]. Substituting (20), (26), and (31) into (35),

<w;! {W;‘

% { {wn‘l «IWH {Wn—l
N {WM { . {Wz {wl (= (1)

“(Tl)
+ L(to) hy (t)) fi (tl)dtl}

a(Ty)

+ hy (t,) “t: h, () f> (tz)dtz]dtl}--}

alty)
. J~a(Tl [L(to () [

o s 0 o )t |-t
Ll e[y

“() P (1) Foc (bpt) Aty ] . ] dtz] dtl}
g T e

[weondo | ol

vt € [ty Ty] -
(36)
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Since T is chosen arbitrarily, we have

oo o

y {l@;z {...{1¢3 {x«q (21 (tp))

+

L(O h (t )fl l)dtl}
LmolLL,
+ "‘((:: [L;to)h (t,) [

[JZO) w2 (fn-z)fn 5 (L) dt, 2:| ]dtz]dtl}
+£zﬁ¢m[ﬁm%@ﬁ{”

“;(t) Mot (t1) Frer (b)) Aty ] . ] dtz] J tl}
" J;it)) hy (1) “‘;t) hy (1,) [ . [ L:H ()

[eno ol

=w;H{w;,!

hy (83) fo (tz)dtz]dtl}...}

ol o

Wt {-- W,
x{W, (z, (tp)) + H, ()} + H, ()} -+ }

+H, O} + H, (0O} }--- ], vt e [t,T].

(37)
By the definition of z, and (15), we have

2z, (to) -

1
<[ £ s e+
" h -1 n—1
i Ja(to) et (te1)
X [fn—l (tn—l) wn—l (u (tn—l))
RS
X wn (u (tn)) dtn:| dtnfl
] dtz] dt, =z, (T).
(38)

From (37) and (38), we have
2z, (ty) -

SWI_I{WZ_I{' . {W_l {Wn {Wn—l{' o

n

W (W, (2, ()

+ H, (D}+H, (D)} }+H,_, (D}+H, (D} } ---}}

(39)
W W,y - Wa (W (22, (8) - K)} -+ 1}
=W AW,y {-- AW, (W, (2, (t)) + H; (D)}
(40)
+H, (T)} } +H, (T)}
-H,(T)<0.

By the definition of G, the assumption of Theorem 1, and (40),
we observe that

G(z(t)) <0=G(o). (41)

Since H, is increasing, from the last inequality and (14), we
have the desired estimation (12).
We define the following functions:

o(t)
H, () = L(t )h1 (ty) fi (t,)dey,

alt)

H, (t) = L(t ) hy (t)) [L;t ) h, (t,) dtz] dty,

E(u) = W, {W, Qu - k)} - W, {W, (u) + H, (T)} - H, (T),

(42)

for all u > k, where W,, i = 1,2 are defined by (8) and (9),
respectively. O

Corollary 2. Letn =2, f,(t), f,(t), h(t), ¢;, W;, i = 1,2, x be
as in Theorem 1. Suppose that the functzon E(u) is increasing
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and E(u) = 0 has a solution c for u > k. If u(t) satisfies (5),
then

w(®) < Wy Wy (W, (W () + H, (0} + Hy 0} @)
vt e,

where W, (i = 1,2) are inverse functions of W,, respectively.

3. Application

In this section, we apply our result in Theorem 1 to investigate
the retarded Volterra-Fredholm integral equations:

x (t)
= x0+f0 F, {s, x(s=y (), J

ty

S

F [, x(r-y ()] d‘r} ds

+ jT F, {s,x (s=7(), j B [rx(r-y@)] df} ds,
(44)

Bt

x ()] < W {w21 [wz [Wl (©) + I Mh

B(t)
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fort € I, where x € C(I,R),y € CY(1, 1) is nondecreasing
with t —p(t) > t,, y(t,) = 0,9'(t) < 1,F, € C (I xR*R),F, €
C (IxR,R). Let B(t) = t —y(t); then B(t) € C'(I,1), B(t) < t.
Since /5"(1.‘) = l—y'(t) > 0, B(t) is an increasing and invertible
function.

The following theorem gives the bound on the solution of
(44).

Theorem 3. Suppose that F,, F, in (44) satisfy the conditions
Frlox ) < QLA @w D+ AL

|E; (5,%)| < hy () w, (Ix1), )

where f1(s), hy(s), hy(s), w,(s) and w,(s) are as in Theorem I;

let M = maxtd(l/ﬁ'(ﬁ_l(t))) < 00. Assume that the function

H; (u) =W, [W; Qu - k)]

B(T)
-Ww, [W1 (u) + Jﬁ(t ) hy (s) f (s) ds] (46)

jﬁmh ()“S hy (7) f, (1)d ]d
— S T T T S
) o Ldew) DR

is increasing and H,(t) = 0 has a solution c for u > k. If x(t) is
a solution of (44), then

(B @) A (B ) ds]

0 . . )
+ J'ﬁ(to) Mhl (ﬁ (5)) |:J;3(t0> Mhz (ﬁ (T)) dT] ds] } . Vtel,

where W;, W,, Wl_l, and Wz_1 are as in Theorem 1.

Proof. Using the condition (45), we have

t
@1 < bl + [ B9 [fl O w, (x(s-y )

+ f h, (1)

xw, (|x (7 —y(T))DdT] ds
T
e [ﬂ S w, (x(s—y©))

+ L hy () w, (|x (z -y (@)]) d‘r] ds

0

bl + [ @[ 4w (=BG

o[ @ w (e B as
T
" Jt hy (s) [f1 (s) w, (|x (B (S))D
o[ @ w (x (B)de | ds
< || + L hy (s) [fl () w; (Jx (B()])
B(s)
h (B!
' Jﬁ(fo) M (ﬁ (T))
Xw, (Ix(T)DdT] ds
T
+ L hy (s) [f1 (s)w; (Jx (B)])

B(s) .
" j/s(to) M ([3 (T))
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xw, (|x (1)) dt | ds
0 B
< |xo| + Jﬁ(to) Mh, (,8 (s))
X [fl (B ) w, (1x(s)D)

s -1
' Jﬁ(to) M, (f7 @)

xw, (|x (1)]) dr] ds

B(T) 3
[

x [fl (B () w, (1x (s)])
: -1
[ 2 (87 @)

xw, (|x (1)]) dr] ds,
(48)

for t € I, where several changes of variables are made.
Applying the result of Theorem 1 to the last inequality, we
obtain the desired estimation (47). O

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments

The present investigation was supported, in part, by the
National Natural Science Foundation of China (no. 11161018),
in part, by the NSF of Guangxi Zhuang Autonomous
Region (no. 2012GXNSFAA053009), and, in part, by the
Natural Science Foundation of Fujian Province of China
(no. 2012J01014). The authors are grateful to the anonymous
referees for their careful comments and valuable suggestions
on this paper.

References

[1] T. H. Gronwall, “Note on the derivatives with respect to a
parameter of the solutions of a system of differential equations,”
Annals of Mathematics, vol. 20, no. 4, pp. 292-296, 1919.

[2] R. Bellman, “The stability of solutions of linear differential
equations,” Duke Mathematical Journal, vol. 10, pp. 643-647,
1943.

[3] L Bihari, “A generalization of a lemma of Bellman and its
application to uniqueness problems of differential equations,”

13

Acta Mathematica Academiae Scientiarum Hungaricae, vol. 7,
pp. 81-94, 1956.

[4] M. Pinto, “Integral inequalities of Bihari-type and applications,”
Funkcialaj Ekvacioj, vol. 33, no. 3, pp. 387-403, 1990.

[5] D. S. Mitrinovi¢, J. E. Pecari¢, and A. M. Fink, Inequalities
Involving Functions and Their Integrals and Derivatives, Kluwer
Academic, Dodrecht, The Netherlands, 1991.

[6] D. Bainov and P. Simeonov, Integral Inequalities and Applica-
tions, Kluwer Academic, Dodrecht, The Netherlands, 1992.

[7] B. G. Pachpatte, Inequalities for Differential and Integral Equa-
tions, Academic Press, London, UK, 1998.

[8] O. Lipovan, “A retarded Gronwall-like inequality and its appli-
cations,” Journal of Mathematical Analysis and Applications, vol.
252, no. 1, pp. 389-401, 2000.

[9] B. G. Pachpatte, “Explicit bound on a retarded integral inequal-
ity, Mathematical Inequalities & Applications, vol. 7, no. 1, pp.
7-11, 2004.

[10] W.-S. Cheung, “Some new nonlinear inequalities and applica-
tions to boundary value problems,” Nonlinear Analysis: Theory,
Methods & Applications, vol. 64, no. 9, pp. 2112-2128, 2006.

[11] W.-S. Wang, “A generalized retarded Gronwall-like inequality
in two variables and applications to BVP Applied Mathematics
and Computation, vol. 191, no. 1, pp. 144-154, 2007.

[12] R. P. Agarwal, C. S. Ryoo, and Y.-H. Kim, “New integral
inequalities for iterated integrals with applications;” Journal of
Inequalities and Applications, vol. 2007, Article ID 24385, 18
pages, 2007.

[13] W.-S. Wang and C.-X. Shen, “On a generalized retarded integral
inequality with two variables,” Journal of Inequalities and Appli-
cations, vol. 2008, Article ID 518646, 9 pages, 2008.

[14] W.-S. Wang, Z. Li, Y. Li,and Y. Huang, “Nonlinear retarded inte-

gral inequalities with two variables and applications,” Journal
of Inequalities and Applications, vol. 2010, Article ID 240790, 21

pages, 2010.

[15] W.-S. Wang, R.-C. Luo, and Z. Li, “A new nonlinear retarded
integral inequality and its application,” Journal of Inequalities
and Applications, vol. 2010, Article ID 462163, 9 pages, 2010.

[16] W.-S. Wang, “Some generalized nonlinear retarded integral
inequalities with applications,” Journal of Inequalities and Appli-
cations, vol. 2012, article 31, 2012.

(17] A. Abdeldaim and M. Yakout, “On some new integral inequali-
ties of Gronwall-Bellman-Pachpatte type,” Applied Mathematics
and Computation, vol. 217, no. 20, pp. 7887-7899, 2011.

[18] H. Zhou, D. Huang, W.-S. Wang, and J.-X. Xu, “Some new dif-
ference inequalities and an application to discrete-time control
systems,” Journal of Applied Mathematics, vol. 2012, Article ID
214609, 14 pages, 2012.



