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We consider a predator-prey system with Michaelis-Menten type functional response and two delays. We focus on the case with two
unequal and non-zero delays present in the model, study the local stability of the equilibria and the existence of Hopf bifurcation,
and then obtain explicit formulas to determine the properties of Hopf bifurcation by using the normal form method and center
manifold theorem. Special attention is paid to the global continuation of local Hopf bifurcation when the delays 7, # 7,.

1. Introduction

In [1], Xu and Chaplain studied the following delayed
predator-prey model with Michaelis-Menten type functional
response:

dx a,x, (t)
d_tl =x; (1) [% —ayx, (t—1) - m] >
dx, ay % (t—1y)
72 - el el
dt % )[ Bt my+x; (t—7y)
ay3%5 (1)
— t_ -,
aazxz( 722) F—— (t)]
dx anx, (t—13)
d_t3 = %3 (f) [—‘13 + m — a5 (t _T33)] ,
1
with initial conditions

X () =¢,(t), te[-1.0], ¢0)>0, i=123 (2

where x,(t), x,(t), and x5(t) denote the densities of the
prey, predator, and top predator population, respectively.

a, a;; (i, j = 1,2,3) are positive constants. 7y}, Tpy» Ty T3>
and 733 are nonnegative constants. 7,;, T,,, T33 denote the
delay in the negative feedback of the prey, predator, and
top predator crowding, respectively. 7,,, 73,, are constant
delays due to gestation; that is, mature adult predators can
only contribute to the production of predator biomass. T =
max{t;,, Toy> Top> T3z Taz) $;(t) (i = 1,2,3) are continuous
bounded functions in the interval [-7, 0]. The authors
proved that the system is uniformly persistent under some
appropriate conditions. By means of constructing suitable
Lyapunov functional, sufficient conditions are derived for the
global asymptotic stability of the positive equilibrium of the
system.

Time delays of one type or another have been incorpo-
rated into systems by many researchers since a time delay
could cause a stable equilibrium to become unstable and
fluctuation. In [2-12], authors showed effects of two delays
on dynamical behaviors of system.

It is well known that periodic solutions can arise through
the Hopf bifurcation in delay differential equations. However,
these periodic solutions bifurcating from Hopf bifurcations
are generally local. Under some circumstances, periodic
solutions exist when the parameter is far away from the
critical value. Therefore, global existence of Hopf bifurcation
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is a more interesting and difficult topic. A great deal of
research has been devoted to the topics [13-21]. In this paper,
lett; =17, =173 = 0,1, = 73,73, = 7, in (1); we
consider Hopf bifurcation and global periodic solutions of the
following system with two unequal and nonzero delays:

dx, ~ _apx(f) ]
dt x (1) [al anx () my + xq (t) ’
dx, ayx; (t- 1)
2 = )| = e
dt % )[ Bt my+x, (t-1,)
© 3)
ay3X3
— t -,
A%, () m, + x, (t)]

dx; _ a3 Xy (f — Tz)
a3 ® [ A m, +x, (t-1,) a3 (1)

with initial conditions

xi (t) = ¢i (t) > te [_Ta 0] >

$,(0) >0,

i=1,2,3; 7=max{r,1,}.

Our goal is to investigate the possible stability switches of the
positive equilibrium and stability of periodic orbits arising
due to a Hopf bifurcation when one of the delays is treated
as a bifurcation parameter. Special attention is paid to the
global continuation of local Hopf bifurcation when the delays
T, # 1.

This paper is organized as follows. In Section 2, by
analyzing the characteristic equation of the linearized system
of system (3) at positive equilibrium, the sufficient conditions
ensuring the local stability of the positive equilibrium and
the existence of Hopf bifurcation are obtained [22]. Some
explicit formulas determining the direction and stability
of periodic solutions bifurcating from Hopf bifurcations
are demonstrated by applying the normal form method
and center manifold theory due to Hassard et al. [23] in
Section 3. In Section 4, we consider the global existence of
these bifurcating periodic solutions [24] with two different
delays. Some numerical simulation results are included in
Section 5.

2. Stability of the Positive Equilibrium and
Local Hopf Bifurcations

In this section, we first study the existence and local stability

of the positive equilibrium and then investigate the effect of

delay and the conditions for existence of Hopf bifurcations.
There are at most four nonnegative equilibria for system

(3):

E, = (0,0,0), E,= <ﬂ,0,0>,
ap

©)

E; = (X,%,,0), E, = (xf,x;,x;),
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where (%;, X,, 0)and (x], x;, x;) satisfy

a;, X
ay —ap X, - 222 -,
my + X, ©)
a, X
—a, + 21 —ayXx, =05
m 1
" apyx; (t)
a, —ap;x, (t) - =0,
L —anx, (f) my + ()
_ ay x; () % (t) ayx; (t) _ @)
my + x7 (t) 2272 m, + x5 (t) ’
as,x; (t
—ay + 22 2*( ) _ azx; (1) = 0,
my + x5 (t)

where E; is a nonnegative equilibrium point if there is a
positive solution of (6), and E, is a nonnegative equilibrium
point if there is a positive solution of (7).

Let

(H)) ay(ay, — @) > myaay,;
(Hy) (as—a3)[a)(ay —ay)—m,ay | -m, a0, (a, +myay,) > 0;
(Hj) X,(as, — a;) — myaz > 0;
(Hy) ay(ay, — (ay/my)) = (ay,0,,/m7) > 0.
From [1, 25], we know that if (H,), (H,), (H;), and (H,)
hold, E; and E, always exist as nonnegative equilibria.

Let E = (x,9, X9, X30) be the arbitrary equilibrium point,
and let X,(f) = x,(t) — x,0, %,(t) = x,(t) — x50, %5(t) =
x5(t) — x30; still denote X, (t), X, (t), x5(t) by x; (t), x5 (2), x5(t),
respectively; then the linearized system of the corresponding
equations at E is as follows:

u()=Bu(@)+Cu(t—1)+Du(t-1,), (8)
where
T
u(t) = (x, (), %, (), x5 (1),
B= (b’”)3x3’ C= (Cij)sxa’ D= (dij)sxs;
A" Xy a12%X10
by =a,-2a;x- ——5, by =-——""—"—,
my +x;) my + Xy
B1%X10 31, X30
by=-a+ ———— —2apxy - ———,
my + Xy (my + xy)
Ar3%X20 a32%20
by = > by = —a; + ———— — 2a33%;30;
my + Xy my + Xy
_ Gy Xy _ A3 X3p
Q1 = 2’ 327 2’
(my + x1) (my + x5)
9)
all the others of b, ¢;j, and d;; are 0.

The characteristic equation for system (8) is

V+p A2+ p A+ pot (g A +gy) e M+ (nA+r))e ™™ =0,
(10)
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where

Py =—(by, +by +bs3),
P1 = bibyy + bybss + by by,

Po = —bi1bybss; (11)

@ = —bi61, g = b6 bsss

r = =bydsy, 1o = by byds,.

We consider the following cases.

(1) E = E,. The characteristic equation reduces to
A-a;))(A+ay) (A +a3) =0. (12)

There are always a positive root a;, and two negative roots
a,, as of (12); hence E, is a saddle point.

(2) E = E,. Equation (10) takes the form

(A+a1)</\+a2—&

myay;, +a

> (A+a;)=0. (13)

There is a positive root A = (a,a,,/(mya;, + a;)) — a, if
a,a;,/(mya;; + a;) > a,; hence, E, is a saddle point. If
a,a,,/(mya,; + a,) < a,, E, is locally asymptotically stable.

(3) E = E;. The characteristic equation is
(A -by;) [AZ — (b +by) A +by1by, — b1z%1e7)”1] =0. (14)

We will analyse the distribution of the characteristic root of
(14) from Ruan and Wei [26], which is stated as follows.

Lemma 1. Consider the exponential polynomial

P (/1, e M, eih”‘)

(0)

n

=N POV P A p
(15)

(1)

+[POAT e pP A+ plD ] et

n

Tm

oot [N e pIA P e,
where; 2 0 (i = 1,2,...,m) andp;.i) i=01....,mj=
1,2,...,n) are constants. As (T,,T,,...,T,,) vary, the sum of
the order of the zeros of P(A, e eV on the open right

half plane can change only if a zero appears on or crosses the
imaginary axis.

By using Lemma 1, we can easily obtain the following
results.

Lemma 2. If E; is a nonnegative equilibrium point, then

(1) E; is unstable if by > 0;

(2) E; is locally asymptotically stable if by; < 0, by, + by, <
0, by1by, —byy61 > 0 and by by, + by, > 0.

Proof. (1) A = by; is a root of (14); if by; > 0, then E; is
unstable.

(2) Clearly, A = 0 is not a root of (14); we should discuss
the following equation instead of (14):

A? = (byy +byp) A+ by by — bycye ™ =0, (16)

Assume that iw with w > 0 is a solution of (16). Substituting
A = iw into (16) and separating the real and imaginary parts
yield

~w” + by by, = bpycy, coswry,
(17)
W (by; +byy) = by sinwr,
which implies
w' + (b, + b3,) 0 + by by, — b5, = 0. (18)
Ifblzlbzzz - b122(221 > 0, that is (by1 by, + b1,6,1) (b1, b5 — b12651) >

0, there is no real root of (16). Hence there is no purely
imaginary root of (18). When ; = 0, (16) reduces to

A - (byy + byy) A+ by1byy = by, = 0. (19)

If by, +b,, < 0and by, by, — b;,6,; > 0, both roots of (19) have
negative real parts. Thus, by using Lemma 1, when b;; < 0,
b, +b, <0, bby, — b6, > 0and by by, + b6, >0, Es s
locally asymptotically stable. O

(4) E = E, . The characteristic equation about E, is (10). In the
following, we will analyse the distribution of roots of (10). We
consider four cases.

Case a. Consider
7, =17,=0.

The associated characteristic equation of system (3) is
X p A+ (p+q +r)A+(py+qo+71,)=0. (20)
Let

(Hs) py > 0, py(p1+q,+r1)—(po+qo+7e) > 0, potqotry >
0.

By Routh-Hurwitz criterion, we have the following.
Theorem 3. For 1, = 1, = 0, assume that (H,)-(Hs) hold.
Then when T, = T, = 0, the positive equilibrium E, (x}, x5, X3 )

of system (3) is locally asymptotically stable.

Case b. Consider
7,=0,7,>0.

The associated characteristic equation of system (3) is

2+ P2/\2 +(pr+aqi) A+ (po+qo) + (nA+7p) e =0.
(21



We want to determine if the real part of some root
increases to reach zero and eventually becomes positive as 7
varies. Let A = iw (w > 0) be a root of (21); then we have

—iw’ = p,’ +i(py +aqy) 0+ (py + o)

(22)
+ (rywi + ry) (cos wt, —isinwrt,) = 0.
Separating the real and imaginary parts, we have
~w +(p, +q,) w = 1y sin WT, — 1w COS WT,
(23)
—p,w” + (py + qp) = —1 W SN WT, — 7y COS WT,.
It follows that
@+ mpw* +my @ +my =0, (24)

where ;’”12 = Pg -2(py ";‘h)’z my = (p + %)2 =2p,(po +
qo) = 11> Myg = (Po +q0)° =15
Denoting z = w?, (24) becomes

2 +my,z° +myz+my = 0. (25)
Let
hy (2) = 2° + m,2° + myz + my; (26)
we have
% = 32" + 2my,z + my,. (27)
If my = (py + ) — re < 0, then h(0) <
0, lim, , . h,(2) = +00. We can know that (25) has at least

one positive root.

If myy = (py +qp)° — 7¢ = 0, we obtain that when A =
mfz — 3my; <0, (25) has no positive roots for z € [0, +00).
On the other hand, when A = m?, — 3m,; > 0, the following
equation

32% + 2mpz+my =0 (28)

has two real roots: z;, = (-m;, + VA)/3, z}, = (-my, —
VA)/3. Because ofhi'(zfl) =2vVA > 0, h;' (z1,) = —2VA <
0, z;, and z7, are the local minimum and the local maximum
of h,(z), respectively. By the above analysis, we immediately
obtain the following.

Lemma 4. (1) Ifmy, > 0 and A = m?, - 3m,; < 0, (25) has
no positive root for z € [0, +00).

(2) Ifmyy = 0and A = m}, = 3my; > 0, (25) has at least
one positive root if and only if z}, = (=my, + VA)/3 > 0 and
h(z})) < 0.

(3) If myy < 0, (25) has at least one positive root.

Without loss of generality, we assume that (25) has three
positive roots, defined by z,,, z;,, 25, respectively. Then
(24) has three positive roots:

w1 = V21 Wy = V212 W13 = VZ13- (29)
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From (23) we have

COS Wy Ty,
4 2
_ Nyt [paro = (@1 + 1) ] wiy =79 (g + po) (30)
1o+ riwl, ’
Thus, if we denote
SN
21 )
4 2
X {arccos ((rlwlk +[paro = (@ + p1) 1] @iy, 31)

~79(qo + Po))
X (ré + rfwfk)_l) + 2j7r} ,

where k = 1,2,3; j = 0,1,2,... then +iw,; is a pair of purely
imaginary roots of (21) corresponding to Tgi Define

_ 0

Ty = Ty, = N {Tzlk},

Wiy = Wyp .
o, 10 1k, (32)

Let A(t,) = a(1,) +iw(T,) be the root of (21) near 7, = ng

satisfying

« (T(j)) =0, w (T;{i) = Wy (33)

21k

Substituting A(t,) into (21) and taking the derivative with
respect to 7,, we have

{3/\2 +2p A+ (p, +q,) +re " =1, (rA +1,) e_’m} j—A
T
=A(rA+ry)e ™.
(34)
Therefore,
[ﬂ]—l B [30% +2p,A + (py +q,)] €'
dr, A(r A+ 1) (35)

" )

AGA+r) A

When 7, = 1), A(©y)) = iwy (k = 1,2,3), {A(r,A +

7’0)}|12=f§{’k —nwh + irgwye {3A* + 2pA + (py +

ql)]eMZHTZ:T;j) = {[-30}, + (p; + q1)] cos(wlk‘rgZ) -
1k . .

2P,y sin(wlk‘rgi)} + i{2p,0;; cos(wlkrng) + -3k + (py +

q1)] sin(a)lkTgZ)}.
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According to (35), we have

[Re dc(iiz(TZ)) ]1

)
=T

[3)‘2 +2py A+ (py + ‘11)] et ]

=R
¢ A(r A +1,)

.
T

"
+Re| ——————
[ A(rd+1,) :|Tz—1;f)
1k
—1 ()
= { -l [—3wfk +(p, + ql)] cos (“Hk’fsz)
1

3 . () 2 2
+ 21 powi; sin (wlklek) — Wi (36)

2 ;)
+ 21y p,wi) COS (w1sz )

1k

+ 1303 + (py + )] wyesin ()}

{3“’%( +2 [P; -2(p + %)] wpy

>|r—l

1

+ [(Pl + ‘11)2 =2p, (po +q0) — 7’%] wfk}

= Ail {Zlk (3sz +2m 2 + mu)}

1
= A_lzlkh; (z1k) »

where A | = rPw}, +r¢w}, > 0. Notice that A; > 0,z > 0,

o) )
:sgn{[gig%§22];£”};

21k

(37)

then we have the following lemma.

Lemma 5. Suppose that z;, = wi, and h\(zy;) #0, where
hy(2) is defined by (26); then d(Re M(z;"))/d, has the same
sign with k. (zy;.).

From Lemmas 1, 4, and 5 and Theorem 3, we can easily
obtain the following theorem.

Theorem 6. Fort, =0, 7, > 0, suppose that (H,)-(H;) hold.

(i) If myy = 0 and A = m?, — 3m,, < 0, then all roots
of (10) have negative real parts for all T, > 0, and the
positive equilibrium E is locally asymptotically stable
forall T, > 0.

(ii) If either m;, < 0 or my, = 0,A = mfz - 3my; >
0, z); >0, and h,(z;,) < 0, then h,(z) has at least one

positive roots, and all roots of (23) have negative real
parts for T, € [0, 7, ), and the positive equilibrium E,
is locally asymptotically stable for T, € [0,T, ).

(iii) If (ii) holds and h;(zlk) #0, then system (3)undergoes
Hopf bifurcations at the positive equilibrium E, for T, =
) (k=1,2,3j=0,1,2,...).

Case c. Consider
7, >0,7,=0.

The associated characteristic equation of system (3) is
A+ A%+ (pr+ 1) A+ (po + 7o) + (@ud + ) e =0
(38)
Similar to the analysis of Case b, we get the following
theorem.
Theorem 7. Fort, >0, T, = 0, suppose that (H,)-(Hs) hold.

(i) If myy > 0 and A = m3, — 3my, < 0, then all roots
of (38) have negative real parts for all T, > 0, and the
positive equilibrium E, is locally asymptotically stable
forallt; > 0.

(ii) If either my, < 0 or my, = 0, A = m3, — 3my, > 0,
z5, > 0 and hy(z5,) < 0, then hy(z) has at least one
positive root z,;., and all roots of (38) have negative real
parts for Ty € [0,7, ), and the positive equilibrium E,
is locally asymptotically stable for 7, € [0, T, ).

(iii) If (ii) holds and h;(zzk) #0, then system (3) undergoes
Hopf bifurcations at the positive equilibrium E, for T, =
o), (k=1,23j=0,12..),

where

My, :Pg_z(Pl +71),
My = (py + ”1)2 =2p,(po+19) = ‘1?’

2
My = (po +10)" - qg;

h _ 3 2 _ —my, + \/Z
2 (2) =27 +myz” +myz+my,,  z,) = -3
; 1
9t
Wok

X {arccos ((%ng +[pago — (11 + p1) 4] “’gk
= qo (1 + Po) )
-1 .
x (@ +aiws) ) + 21},
(39)
where k =1,2,3; j = 0,1,2,..; then +iw,, is a pair of purely
imaginary roots of (38) corresponding to ng Define

Ty, = 7 = min {T(O)},

Wi = Wy«
Lokg k=1,2,3 Lok 10 1ko (40)



Case d. Consider
7, >0,7,> 0,7 #7,.

The associated characteristic equation of system (3) is

A+ p, A+ p At po+ (A + qp) e Myt (riA+7) e M=,
(41)

We consider (41) with 7, = 7, in its stable interval [0,‘[’210).
Regard 7, as a parameter.
Let A = iw (w > 0) be a root of (41); then we have

—iw’ - p,w” +ipw + py + (iqw + g) (cos wr, — i sin wt,)

+ (ry +irw) (coswt, —isinwr, ) = 0.

(42)
Separating the real and imaginary parts, we have
3 * . %
W — P — 1w COSWT, + 1y sinwt,
= ¢, COS WT| — g, Sin wTy,
(43)
2 * . *
Pow” = py — 1y COSWT, — 1 wsin wt,
= g, COS WT; + q; W sin wT;.
It follows that
6 4 3 2
W+ My + My~ + My @ + Mgy = 0, (44)
where
2 *
My3 = P, — 2P — 21 COSWT, ,
. *
my, =2 (ry — pory) sinwt,,
(45)

2 « 2 2
My = py = 2pgps — 2 (pato — pi1y) cOswty + 17 — gy,

2 * 2 2
Msg = Py + 2Pty COSWT, + 75 — g

Denote F(w) = @® + myw* + my,w® + my @’ + my,. If
My, < 0, then

F(0) <0, lim F(w) = +00. (46)

w — +00
We can obtain that (44) has at most six positive roots
Wy, W,, . .., ws. For every fixed wy, k = 1,2,...,6, there exists
a sequence {Tf‘]i) | j=0,1,2,3,...}, such that (43) holds.
Let

1y =min{r’ |k=12...,6j=0123..}. (47)

When 7, = T;i), (41) has a pair of purely imaginary roots
gc) for 73 € [0, T,)
In the following, we assume that

(Hq) ((dRe(V)/d),_ ;0 #0.

+iw

Thus, by the general Hopf bifurcation theorem for FDEs
in Hale [22], we have the following result on the stability and
Hopf bifurcation in system (3).
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Theorem 8. For 7, > 0, 7, > 0, T, #7,, suppose that
(H,)-(Hg) is satisfied. If ms, < 0 and 7; € [0,7, ], then
the positive equilibrium E, is locally asymptotically stable for

T, € [0,7y). System (3) undergoes Hopf bifurcations at the

positive equilibrium E, for T, = Ti{().

3. Direction and Stability of
the Hopf Bifurcation

In Section 2, we obtain the conditions under which system (3)
undergoes the Hopf bifurcation at the positive equilibrium
E,. In this section, we consider with 7, = 7, € [0,7, )
and regard 7, as a parameter. We will derive the explicit
formulas determining the direction, stability, and period of
these periodic solutions bifurcating from equilibrium E, at
the critical values 7; by using the normal form and the center
manifold theory developed by Hassard et al. [23]. Without
loss of generality, denote any one of these critical values 7, =

Pk =1,2,...,6;j = 0,1,2,...) by 7, at which (43) has a
pair of purely imaginary roots +iw and system (3) undergoes
Hopf bifurcation from E,.

Throughout this section, we always assume that 7, < 7.
Letu;, = x; —X{, Uy = X, —X;, U3 = X — X3, t = Tt
and y = 1, — 7], p € R.Then u = 0 is the Hopf bifurcation
value of system (3). System (3) may be written as a functional
differential equation in €([-1, 0], %)

w() =L, (u)+ f(wu), (48)

where u = (ul,uz,uS)T € %, and

¢, (0) ¢ (-1)
Ly(‘p): (T +u)B| ¢, (0) | + (7 +u)C | ¢, (-1)
¢ (0) ¢s(-1)
- _ﬁ -
T,
+ (7 +u) D ¢2(‘7> ,
T*
»(-2)
_ _ (49)
h
fwd)=F+u) | | (50)
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where ¢ = (¢, ¢, ¢3)" € €([-1,0], %), and

fi == (a1 +15) 67 (0) = Ly (0) ¢, (0) ~ L, (0) ¢, (0)
~ 15y (0) = L7 (0) ¢, (0) ++-,

o= ~lep (0) 5 (0) = (I + ar,) 65 (0) + by (~1) ¢, (0)
+ L2 (=1) = L3 (0) — Lyh2 (0) ¢ (0)
+ Lt (<1) ¢, (0) + L7 (=1) + L, (=1) b, (0)
L¢3 (0) 5 (0)+ -+,

3= ks, <—:—21> ¢35 (0) + ;¢ (‘%) ~ a3 5 (0)

+ Loy (—T—Z) b5 (0) + Iy (—:—2>

T 1

) (<2 ) 4s 0

ax
1+bx’

ax
1+bx

P (x) = Py (%) = I =p;(x,),

1 1
L= EP;I (x,), L= ZPY (%) Y10s

1 1
l4=§p;” (X*), 15=§p;” (x*)yl*’

1
=P (na)s b= 50 (01) Do

"

1 1
18:§p2 (yl*)yZ*’ l9:ip;, (yl*)’
1
lo = 51’;” (1) -
(51)

Obviously, L,(¢) is a continuous linear function mapping

&([-1,0], %°) into %°. By the Riesz representation theorem,
there exists a 3 x 3 matrix function #(0, ) (-1 < 6 < 0),
whose elements are of bounded variation such that

0
3
L= L (6,1 $©), for p € 7 ([-1,01,%°). (52)
In fact, we can choose

dn (0, ) = (7 +u) [35(6)+C8(0+ 1)+D5<9+ :_2)] ,
1
(53)

where § is Dirac-delta function. For ¢ € %([-1,0], %),
define

%, 0¢[-1,0),
Alweé=1 ,
J_ldfv (su)¢(s), 0=0, (54)
0, 0 e [-1,0),
RS~ {7, 00
Then when 0 = 0, the system is equivalent to
x, = A(p)x, + R(p) x; (55)

where x,(0) = x(t+6), 6 € [-1,0]. Fory € €'([0, 1], (%°)"),
define
—%, s€(0,1],
Aty (s) = (56)

0
j an" t,0) y (-t), s=0,
-1

and a bilinear inner product
0

0
W©$@=F090)- | | FEDMO @
(57)

where 7(0) = #5(0,0). Let A = A(0); then A and A"
are adjoint operators. By the discussion in Section 2, we
know that tiwT| are eigenvalues of A. Thus, they are also
eigenvalues of A*. We first need to compute the eigenvector
of A and A™ corresponding to iw7; and —iwT;, respectively.
Suppose that g(0) = (1,a, 8)" e is the eigenvector of A
corresponding to iwT;. Then Aq(0) = iwT;q(6). From the
definition of A,L ,(¢) and (6, u), we can easily obtain q(6) =

(1, ,B)Teie“’ﬁ, where

. iw— bn, B d3’2 (iw - bll') _ (58)
b, b, (zw - b33) en

and g(0) = (1, & B)". Similarly, let g*(s) = D(1,a*, B*)e“™
be the eigenvector of A* corresponding to —iwT;. By the
definition of A*, we can compute

—iw — by, by (—iw = by )

* = = ) * - = 59
: 6 €" P ¢y (iw - b33) en 59

From (57), we have

(q" (s),9(0))
=B(1,a*,ﬁ*)(1,a,/3)T

0o 0 v
- J J D(1a8 ) e Oy 6)
-1 Je=o
x (1, a, ﬁ)TeiwﬁEdf
=D {1 +oa” + BB +cya Te T+ d32(xﬁ*‘rz*e_m;} .
(60)



Thus, we can choose

— - e e eyl
D= {1 +aa” + BB +toua Te N +dpaf 1,e ’“’Tz} ,

(61)

such that (g*(s),q(0)) = 1,{q"(s),g(0)) = 0.

In the remainder of this section, we follow the ideas in
Hassard et al. [23] and use the same notations as there to
compute the coordinates describing the center manifold C,
at y = 0. Let x, be the solution of (48) when y = 0. Define

z()=(q"x),  W(0)=x,(0)-2Re{z(t)q(0)}.

(62)
On the center manifold C,,, we have

W(t,0) =W (z(t),z(t),0)

2 =2
= Wy (6) % + Wy, (6) 2Z + W, (6) % 63)

Z3
+W30(0)E+---,

where z and z are local coordinates for center manifold C; in
the direction of g and g. Note that W is real if x, is real. We
consider only real solutions. For the solution x, € C, of (48),
since 4 = 0, we have

z=iwtz+{(q" (0), f (LW (z(t),Z(t),0)

+2Re{z(t)q(0)}))
=iwTiz+q (0) f (0, W (z(t),Z (t),0) +2Re {z (t) g (0)})

=iwTz+q (0) fy (z,2) £ iwTjz + g(2,2),
(64)

where

2
s _ z _
9(z,z)=q (0) f(z,2) = ey + 91122

(65)
z 'z
+902? +9217 T
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By (62), we have x,(0) = (x,,(0), x,,(0), x3t(9))T =W(t0) +
zq(0) + zq(0), and then

2
xy, (0) =z +z+ W (0) % + W (0) 2z
1 22 3
+ W5, (0) = +o(I(z2)F),
zZ
%y (0) = za + Z& + W2 (0) =
22
+W? (0) 2z + W2 (0) —+o (Iz.2)),

2
> z _
x5 (0) = 2B+ ZB + W (0) > w2 (0) zz

—2
4 —
Wi, 0 5 +o(I2)F)s

2
i — T z
xp (1) = ze " + 2z + Wz(é) (-1) >

=2
_ z —
WY D2z + Wy () 2 +o (I D)),

2
i —— iwF z
Xy (1) = zae ™" + Zae'"™ + Wz(é) (-1) 5

+ W (-1)zz + W2 (1) % +o(1z2)),
X3 (=1) = 2B + ZBeT + WD (-1) =

=2
3 — 3 4 —\ 3
+ W (1) zz+ W) -1 +0(1z2)°);
Tz* —iwT, | — iwT, (1) TZ* Zz
Xyl——=)=ze "2 +ze 2+ W' | —= | —

T10 1

—\3
+o(lz2)l),
* L« Lk * 22
Xy (—T:z> = zae % + Zwe " + WY (— 2 )
1
@0 B\ = wof B\Z
+Wiil-= )zz+ Wy, | -—= | —
T 2
-3
+o(|(z,z)| )
T* . _ . T*
() < s e (5)
T T

o\ _ T
+ Wl(f) <—:2) zzZ + W0(23) <—:2)
B! O

+o(lz2)l).

| N,

0o | N,

(66)
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It follows together with (50) that

9(@2=7 0 f, (=2 =D7 (L& F ) (O 10 £)

_ Dz {[_ (a, +15) 67 0) ~ 1,y (0) b, (0)

— L} (0) ¢, (0) - Is; (0) — 1,7 (0) §, (0)
-

+ @ (I, (0) 5 (0) (I; +ay,) 63 (0)

+1,¢, (1) ¢, (0)
+ L2 (—1) = L3 (0) = L5 (0) 5 (0)
+ 12¢f (-1) ¢2 0) + lﬁb‘;’ (1) +--- ]

F [l (F) w0 ()

T

a2 (0) + I ({%) +” _
(67)

Comparing the coefficients with (65), we have
9x = DT, {[—2 (ay; +13) — 2ad]
+a" [ZZl(xe—iwﬁ + 2L Hn
=2l =2 (1, + ay) ocz]
+ E* [Zléocﬁe”“"; +2(l; + ay) ale Hen
_2“33/32” >
gu = D7 {[_2 (ay, + 1) =1 (o + @)]
+a” [ll (oceiw?l + &eiiw’ﬁ) — I (&ﬁ + ocﬁ)
-2(l, + ay,) o + 213]
+ E* [16 ( ﬁ&eim; + ocﬁe_m; )
+ 2L oo - a33ﬁ3” ,
9oz = 2D7 {[_2 (ay, +15) - 21, ]
+ o [-20ap -2 (I, + ay) @ + 2L @
+213€2iwﬁ]

—x — . S —2
+ B (2B + 2, — 0|}

g = DT {[— (ay, +15) (2W5y) (0) + 4w, (0))
1, (2w (0) + @) (0) + W2 (0)
+ 2w (0))]
+ @ [ (2pW (0) +awgy () + BWS (0)
+ 2aWy (0)) = (I +ay)
x (4aW}? (0) +2aW,3 (0))
w1, (2aW (1) + aw) (-1)
+ WS (0) €T + 2w (0) )

+ 1 (4w (-1 e T 2wy (-1) €97

B |12 (-2 ) e B (-2)
1

1

+ oW (0) e + 22w (0) e“'“”z*)

T* ) *
+1, (406W1(f) <—:2) e "
71

*
T . *
+2aWY (——j )e"‘”z )

T

~ d33 (4ﬁW1(13) (0) +2BWy; (0))” )
(68)

where

i s | 190 - —iwT;0 2iwT;0
W, (0) = =g (0) ™" + —=g(0)e “"7 + E,e™",
20() wﬁQ() 3wﬁQ() 1

; 7 .
Wiy ) = =2 (0) ™ + D15 (0) ™% + B,
1 1

2iw—-b,  -b, o 17
E, =2| -6 e 2iw-by, -by;
0 ~d,e 2% i — by,

-2 (ay; +13) — 2al,
x | 2L ae™ 4 2Le H T 20 — 2 (I, + ay) & |,

ZZéocﬁe_i“’T; +2(I; + ay) ole Hen 2a33[52
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-1

~by -b, 0
E,=2|-¢ —by by
0 -—dy —bs
“2(ay +L) -l (a+@)
x | I (ocei“"~1 + &eii‘ﬁ‘) -1l (&ﬁ + ocB) -

lg ( B + afe ) + 2L — a;, 83

2(L, + ay,) ac + 214

(69)

Thus, we can determine W, (0) and W}, (8). Furthermore,
we can determine each g;; by the parameters and delay in (3).
Thus, we can compute the following values:

1 1
¢ (0) = <920911 2|911|2 - §|902|2> + 5921»
__ Refq (0}
7 Re N @)
I 0 Im |\ (7]
Tz:_m{cl()}wti m { (Tl)}, B, = 2Rele, O],

wT;
(70)

which determine the quantities of bifurcating periodic solu-
tions in the center manifold at the critical value 7;. Suppose
Re{A' (7))} > 0. U, determines the directions of the Hopf
bifurcation: if g, > 0(< 0), then the Hopf bifurcation
is supercritical (subcritical) and the bifurcation exists for
T > T{(< T7); B, determines the stability of the bifurcation
periodic solutions: the bifurcating periodic solutions are
stable (unstable) if 5, < 0(> 0); and T, determines the period
of the bifurcating periodic solutions: the period increases
(decreases) if T, > 0(< 0).

4. Numerical Simulation

We consider system (3) by taking the following coefficients:

a = 03,a, = 58889,4a4, =1, m = 1l,a, =
01, a5, = 27, ay, = 12,053 = 12, my, = 1, a3 =
0.2, a5, = 25, a;3 = 12. We have the unique positive

equilibrium E, = (0.0451, 0.0357, 0.0551).

By computation, we get m;, = —0.0104, w;; = 0.5164,
2z, = 0.2666, hj(z;,) = 03402, 7, = 3.2348. From
Theorem 6, we know that when 7, = 0, the positive
equilibrium E, is locally asymptotically stable for 7, €
[0, 3.2348). When 7, crosses 7, , the equilibrium E, loses its
stability and Hopf bifurcation occurs. From the algorithm in
Section 3, we have y, = 566.46, f3, = —315.83, T, = 54.45,
which means that the bifurcation is supercritical and periodic
solution is stable. The trajectories and the phase graphs are
shown in Figures 1 and 2.

Regarding 7, as a parameter and let 7, = 29 ¢
[0, 3.2348), we can observe that with 7, increasing, the pos-
itive equilibrium E, loses its stability and Hopf bifurcation
occurs (see Figures 3 and 4).
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5. Global Continuation
of Local Hopf Bifurcations

In this section, we study the global continuation of peri-
odic solutions bifurcating from the positive equilibrium
(E,.t)),(k = 1,2,..., 6j = 0,1,...). Throughout this
section, we follow closely the notations in [24] and assume
that 7, = 7, € [0,7, ) regarding 7, as a parameter. For
simplification of notations, setting z,(t) = (X, Xy, X3,) " » We
may rewrite system (3) as the following functional differential
equation:

z(t)=F(z,1,p), (71)

where z,(0) = (xlt(G),th(G),x3t(9))T = (x(t + 0), x,(t +
0), x;5(t + 9))T fort > 0and 0 € [-1;,0]. Since x,(t), x,(t),
and x,(t) denote the densities of the prey, the predator, and
the top predator, respectively; the positive solution of system
(3) is of interest and its periodic solutions only arise in the first
quadrant. Thus, we consider system (3) only in the domain
Ri = {(x}, Xy, X3) € R, x;, > 0,x, > 0,x; > 0}. It is obvious
that (71) has a unique positive equilibrium E, (x}, x5, x3) in
R? under the assumption (H,)-(H,). Following the work of
[24], we need to define

X =C([-1,0],R}),

I =Cl{(z,7,p) e XxRxRY
(@np) -
z is a p-periodic solution of system (71)},
N ={Z7.p);F(z7,p) = 0}
Let ¢ denote the connected component pass-
) is defined by

through (E*, T;{(), 27r/a) )

(B, 79 2/ (j))
ing through (E,, le ,Zn/w ) in T, where T
(43). We know that ¢
is nonempty.

For the benefit of readers, we first state the global Hopf
bifurcation theory due to Wu [24] for functional differential
equations.

(E*,T (J) 2n/w(1

Lemma 9. Assume that (z,, 7, p) is an isolated center satis-
fying the hypotheses (A1)-(A4) in [24]. Denote by e np) the
connected component of (z,, T, p) in I. Then either

(@) €, v.p) is unbounded, or
(ii) ., r,p) is bounded, £, . ., NI is finite and

Z ym (Z*’T>P) = 0’ (73)

(2,T,p)€l;, 7 p)NN

forallm = 1,2,..., where y,,(z,,7, p) is the mth crossing
number of (z,, T, p) ifm € J(z,, T, p), or it is zero if otherwise.

Clearly, if (ii) in Lemma9 is not true, then €, ., is
unbounded. Thus, if the projections of ¢, . ,) onto z-space
and onto p-space are bounded, then the projection of £, .
onto 7-space is unbounded. Further, if we can show that the
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FIGURE 1: The trajectories and the phase graph with 7; = 0,7, = 2.9 < 1, = 3.2348; E, is locally asymptotically stable.

0.05 T

x,(t)

0.04
0 500 1000 0.08
t
0.07
0.06 :
__0.06
= 0.04 K3
< % 0.05
0.02 . 0.04
0 500 1000
t 0.03
0.1 j 0.048
Sﬂ 0.05 i | ) UL UV OY
® !
0
0 500 1000
t

FIGURE 2: The trajectories and the phase graph with 7, = 0,7, = 3.3 > 7, = 3.2348; a periodic orbit bifurcate from E, .
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FIGURE 3: The trajectories and the phase graph with 7, = 0.9, 7, = 2.9; E, is locally asymptotically stable.
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FIGURE 4: The trajectories and the phase graph with 7, = 1.2, 7, = 2.9; a periodic orbit bifurcate from E, .
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projection of €, . onto 7-space is away from zero, then
the projection of ¢, . ,) onto 7-space must include interval
[7, 00). Following this ideal, we can prove our results on the
global continuation of local Hopf bifurcation.

Lemma10. Ifthe conditions (H,)-(H,) hold, then all nontriv-
ial periodic solutions of system (71) with initial conditions

x;(0) =9 (6) 20,
x3(0) =¢(6) 20,
@ (0)>0, w(0)>0,

x,0)=v(0) =20,
0 €[-1,,0); (74)
$(0)>0

are uniformly bounded.

Proof. Suppose that (x,(t), x,(t), x;(t)) are nonconstant peri-
odic solutions of system (3) and define

X1 (’h) = max {xl (t)} >

%, (1) = max {x, (1)},  (75)

X (fl) = min {xl (t)} >
x; (&) = min {x, (1)},

x5 (§;) = min {x3 (t)} > x5 (173) = max {x3 (t)}-

It follows from system (3) that

t
x; () = x; (0) exp {J [al —a;x, (s) - %] ds} ,
11X

0

a1 %X, (5_ Tl)
my+x,(s— 1)

dp3X5 (8) ds
m, + x, (s) ’

a3y, (s - Tz*)

m, +x,(s—15)

x, (t) = x, (0) exp {L [—az +
— ayx, (s) —

t
x5 (t) = x5 (0) exp {L [—a3 +

~ d33X3 (S)] ds}
(76)

which implies that the solutions of system (3) cannot cross
the x;-axis (i = 1, 2, 3). Thus, the nonconstant periodic orbits
must be located in the interior of first quadrant. It follows
from initial data of system (3) that x,(t) > 0, x,(t) >
0, x5(t) > 0fort > 0.

From the first equation of system (3), we can get

ax; (1)
0=a,—a;x (1) - m12+jc (;7 ) <a;—ayx, (m); (77)
1+ X

thus, we have

a
x; (m) < —. (78)
an

13
From the second equation of (3), we obtain
a1 X (’72 - T1)
0= —g,+ =212 1
my +x, (1, —1,) a2% (1)
T3 (m,) )| (ay/ay,) %, ()
my +x; (1)~ my + (a,/ay;) iRy
(79)
therefore, one can get
-a, (a;;m, +a,) +a,a
x, () < , (anmy +ay) + ayay =M, (80)
ay, (a;,m; +ay)
Applying the third equation of system (3), we know
apx, (1, - 1)
0=-a;+ % — 333 (173)
2 7% U1, (81)
a,, M
<-azt ﬁ — a3 (173) -
It follows that
—-ay (m, + M) +a;, M
x3 (’13) < 3 ( 2 1) 32 1 2 Mz- (82)

a3 (my + M)

This shows that the nontrivial periodic solution of system (3)
is uniformly bounded and the proof is complete. O

Lemma 11. If the conditions (H,)-(H,) and

(Hy) ay, (a5, /my) > 0 [(ay — a/may,
(a12a21/m%)]a33 - (an — (a/m)(ay/my)as; +
(‘123‘132/7”%)] >0

hold, then system (3) has no nontrivial T, -periodic solution.

Proof. Suppose for a contradiction that system (3) has non-
trivial periodic solution with period 7,. Then the following
system (83) of ordinary differential equations has nontrivial
periodic solution:

dx, _ [ ap,x; () ]
dr x () _al a2 () my +x; (1) ’
dx, [ ay x; (t) ay3%3 (1) ]
=2 x, () | —ay + 2L f)— B3
dt xz()_ a2+m1+x1(t) 2%z (1) my + x, (1)
dx, Az X, (t - Tz*)
B ok, (t) | —ay  —2 2 O,
dt x3()- a3+m2+x2(t—‘r2*) 537 (1)

(83)

which has the same equilibria to system (3); that is,

E, = (ﬂ,o,o),
%1 (84)

E, =(x],%;5,x3).

E, =(0,0,0),

E; = (%,%,,0),

Note that x;-axis (i = 1,2,3) are the invariable manifold of
system (83) and the orbits of system (83) do not intersect each
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other. Thus, there are no solutions crossing the coordinate
axes. On the other hand, note the fact that if system (83) has
a periodic solution, then there must be the equilibrium in its
interior, and that E,;, E,, E; are located on the coordinate
axis. Thus, we conclude that the periodic orbit of system (83)
must lie in the first quadrant. If (H;) holds, it is well known
that the positive equilibrium E, is globally asymptotically
stable in the first quadrant (see [1]). Thus, there is no periodic
orbit in the first quadrant too. The above discussion means
that (83) does not have any nontrivial periodic solution. It is
a contradiction. Therefore, the lemma is confirmed. O

Theorem 12. Suppose the conditions of Theorem 8 and (H)

hold; let wy, and Tif be defined in Section 2; then when t, > Tf{()
system (3) has at least j — 1 periodic solutions.
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Proof. It is sufficient to prove that the projection of
E(E*,riflﬂ/wk) onto T,-space is [T, +00) for each j > 1, where
T, < Tii).

In following we prove that the hypotheses (A1)-(A4) in
[24] hold.

(1) From system (3) we know easily that the following
conditions hold:
(A1) F € C*(R} xR, xR, ), where F = Flpsxr,xr, =
R},
(A3) F(¢, 1y, p) is differential with respect to ¢.

(2) It follows from system (3) that

r a,m;x ap,x 7
a, - 2ay,x, — -2 22 12X1 0
(m, +x,) my + X
~ D1 X, 21%1 31y X3 D3Xy
D_F(z,1,,p) = — —ay + ———— = 2ayX,; - - 85
(27 p) (m, +x,)’ mp+x (m, + x,) my + X, (85)
a3,My X as,X
0 32 232 L - I YOS
| (my + x,) "y + X i
From (86), we know that the hypothesis (A2) in [24]
) is satisfied.
Then under the assumption (H,)-(H,), we have
det D,F (z°, 7y, p) (3) The characteristic matrix of (71) at a stationary
-—a X4 apX; X, apX) 0 1 solution (z, 7, p,) where z = (z“’,z(z’,z(”) e R
Ty xr ) "y + X7 takes the following form:
a, m,x, 53X, X3 x;
— det 2 122 —ayxl + 3%, 32 9 2*
(my +x7) (m, +x3) m, + X,
: — — = =\ (A
0 %ijz —agx] A(z,7, p) (A) = AMld - DyF (z,7,, p) (e I) ; (87)
L (my, +x3) _
2
a a b x, 1.,
__ 2)’1*)’2*3[_x + A0 J’12:|¢0_
(1+by.) (1+bx,)
(86) that is,
Az, p) (D)
r =(2) =) b
_ a;,mz z
A - a, + 2anz(1) + 12—12 L2 —(1) 0
(m, +2) m +z
=(2) =) =) =(2)
m,z _ a,,z _ y3M,Z 0y3Z
B _"21—126 Aty Aoy - 25y 20,7 + BTE__ S (88)
- (m1 + E(l)) m; +z (m2 + Z(Z)) m, +Z
a2 At ‘1322(2) —(3)
0 e A+a3——_(2)+2a33z
(m2 + z(z)) m, +z
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From (88), we have

det (A (E,, 1, p) (V)
Aty

(89)

=\’ +P2A2+P1/\+P0 +[(r +q) A+ (qo +10)] e

Note that (89) is the same as (20); from the discussion in
Section 2 about the local Hopf bifurcation, it is easy to verify

that (E,, Tl > 271/ wy) is an isolated center, and there exist € >

0,5 > 0 and a smooth curve A : (‘r1 - 8,‘[3{ +0) > €
such that det(A(A(1;))) = 0, [M1)) —wi| < eforall 7; €

(77— 8,77 + 8] and

- dReA (1))
h) (DY _ i 1 0
(ric) = A ey
Let
21
Qe,Zn/wk: (’7’p);0<77<€’ p_w_k <e€r. (91)

It is easy to see that on [Tf‘]i) -0, Tii) + 8] X 0Qc /0,
det(A(E*,Tl,p)(r] + (2n/p)i)) = 0 if and only if, 4 = 0,
T = le p=2nlw,k=123j=0,1,2,...

Therefore, the hypothesis (A4) in [24] is satisfied.

If we define

() 2m
H* (E ST

=)o)
= det< (E*,Tli) + 8,p) <11+ 27;11,))’

then we have the crossing number of isolated center

(E,, 7Y Zn/wk) as follows:

1k

(j) 2m - (j) 2m
(Bt 2 = degy (b (Bn2 ) O,
k k

y 21
o (o0 ) )

=-1.
(93)
Thus, we have
Y ovERBp< o,
@7 ,ﬁ)e%w TU) 27w
where (z,7,,p) has all or parts of the form
(E*,Tfl;),Zﬂ/a)k) (j = 0,1,...). It follows from

Lemma9 that the connected component (f 29 2r/p)
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through (E*,le,Zn/wk) is unbounded for each center
(z., 1, p)>(j = 0,1,...). From the discussion in Section 2,

we have

; 1
-
Wy

X {arccos <((p2wi—Po) (r0+40)
+ W (wz—pl) (7’1+‘11))

x (("0+‘Zo)2 + (”1+‘11)2“)1%)_1) +2j77}>
(95)

wherek = 1,23 j=0,1,.. v

for j > 1.
Now we prove that the projection of £,

.. Thus, one can get 27r/wy, < 7}y

( J) 2r/ey) onto

T,-space is [T;,+00), where T, < Tf{c). Clearly, it follows
from the proof of Lemma 11 that system (3) with 7, = 0
has no nontrivial periodic solution. Hence, the projection of

£ B, /) onto 7, -space is away from zero.

For a contradiction, we suppose that the projection of

E(E*,rf{j,zn /) OO Ty-space is bounded; this means that the

projection of £ onto ;-space is included in a

(E..7D 2m)wy)
interval (0, 7). Noticing 277/, < 7/, and applying Lemma 11

* .
we have p < 7" for (z(t), 7y, p) belonging to €(E*’T§Q,2n/wk).

This implies that the projection of ¢ onto p-

(E..7) 2m/wy)

space is bounded. Then, applying Lemma 10 we get that

the connected component ¢ is bounded. This
(E..7 2 /wy)

contradiction completes the proof. O

6. Conclusion

In this paper, we take our attention to the stability and Hopf
bifurcation analysis of a predator-prey system with Michaelis-
Menten type functional response and two unequal delays.
We obtained some conditions for local stability and Hopf
bifurcation occurring. When 7, # 7,, we derived the explicit
formulas to determine the properties of periodic solutions
by the normal form method and center manifold theorem.
Specially, the global existence results of periodic solutions
bifurcating from Hopf bifurcations are also established by
using a global Hopf bifurcation result due to Wu [24].

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments

The authors are grateful to thank the anonymous referees for
their careful reading and constructive suggestions which lead
to truly significant improvement of the paper. This research
is supported by the National Natural Science Foundation of
China (no. 11061016).



16

References

(1]

(8]

(9]

(10]

(11]

(12]

(13]

(14]

(17]

R. Xu and M. A. J. Chaplain, “Persistence and global stability
in a delayed predator-prey system with Michaelis-Menten type
functional response,” Applied Mathematics and Computation,
vol. 130, no. 2-3, pp. 441-455, 2002.

Y. L. Song, Y. H. Peng, and J. ]. Wei, “Bifurcations for a predator-
prey system with two delays,” Journal of Mathematical Analysis
and Applications, vol. 337, no. 1, pp. 466-479, 2008.

G.-P. Hu, W.-T. Li, and X.-P. Yan, “Hopf bifurcations in a
predator-prey system with multiple delays,” Chaos, Solitons &
Fractals, vol. 42, no. 2, pp. 1273-1285, 2009.

M. Liao, X. Tang, and C. Xu, “Bifurcation analysis for a three-
species predator-prey system with two delays,” Communications
in Nonlinear Science and Numerical Simulation, vol. 17, no. 1, pp.
183-194, 2012.

C. Xu and P. Li, “Dynamical analysis in a delayed predator-
prey model with two delays,” Discrete Dynamics in Nature and
Society, vol. 2012, Article ID 652947, 22 pages, 2012.

J.-E. Zhang, “Stability and bifurcation periodic solutions in
a Lotka-Volterra competition system with multiple delays,
Nonlinear Dynamics, vol. 70, no. 1, pp. 849-860, 2012.

J. Xia, Z. Yu, and R. Yuan, “Stability and Hopf bifurcation in
a symmetric Lotka-Volterra predator-prey system with delays,”
Electronic Journal of Differential Equations, vol. 2013, no. 9, pp.
1-16, 2013.

H. Wan and J. Cui, “A malaria model with two delays,” Discrete
Dynamics in Nature and Society, vol. 2013, Article ID 601265, 8
pages, 2013.

M. Zhao, “Hopf bifurcation analysis for a semiratio-dependent
predator-prey system with two delays,” Abstract and Applied
Analysis, vol. 2013, Article ID 495072, 13 pages, 2013.

S. Feyissa and S. Banerjee, “Delay-induced oscillatory dynamics
in humoral mediated immune response with two time delays,”
Nonlinear Analysis: Real World Applications, vol. 14, no. 1, pp.
35-52, 2013.

G. Zhang, Y. Shen, and B. Chen, “Hopf bifurcation of a predator-
prey system with predator harvesting and two delays,” Nonlinear
Dynamics, vol. 73, no. 4, pp. 2119-2131, 2013.

X.-Y. Meng, H.-E Huo, and H. Xiang, “Hopf bifurcation in a
three-species system with delays,” Journal of Applied Mathemat-
ics and Computing, vol. 35, no. 1-2, pp. 635-661, 2011.

J.-E Zhang, “Global existence of bifurcated periodic solutions in
a commensalism model with delays,” Applied Mathematics and
Computation, vol. 218, no. 23, pp- 11688-11699, 2012.

Y. Wang, W. Jiang, and H. Wang, “Stability and global Hopf
bifurcation in toxic phytoplankton-zooplankton model with
delay and selective harvesting,” Nonlinear Dynamics, vol. 73, no.
1-2, pp. 881-896, 2013.

Y. Ma, “Global Hopf bifurcation in the Leslie-Gower predator-
prey model with two delays,” Nonlinear Analysis: Real World
Applications, vol. 13, no. 1, pp. 370-375, 2012.

X.-Y. Meng, H.-E Huo, and X.-B. Zhang, “Stability and global
Hopf bifurcation in a delayed food web consisting of a prey
and two predators,” Communications in Nonlinear Science and
Numerical Simulation, vol. 16, no. 11, pp. 4335-4348, 2011.

Y. Song, J. Wei, and M. Han, “Local and global Hopf bifurcation
in a delayed hematopoiesis model,” International Journal of

Bifurcation and Chaos in Applied Sciences and Engineering, vol.
14, no. 11, pp. 3909-3919, 2004.

Abstract and Applied Analysis

[18] Y. Song and J. Wei, “Local Hopf bifurcation and global periodic

(19]

(20]

(21]

[22]

(23]

(26]

solutions in a delayed predator-prey system,” Journal of Mathe-
matical Analysis and Applications, vol. 301, no. 1, pp. 1-21, 2005.

J. Wei and M. Y. Li, “Global existence of periodic solutions in a
tri-neuron network model with delays,” Physica D, vol. 198, no.
1-2, pp. 106-119, 2004.

T. Zhao, Y. Kuang, and H. L. Smith, “Global existence of peri-
odic solutions in a class of delayed Gause-type predator-prey
systems,” Nonlinear Analysis: Theory, Methods & Applications,
vol. 28, no. 8, pp. 1373-1394, 1997.

S. J. Gao, L. S. Chen, and Z. D. Teng, “Hopf bifurcation and
global stability for a delayed predator-prey system with stage
structure for predator;” Applied Mathematics and Computation,
vol. 202, no. 2, pp. 721-729, 2008.

J. Hale, Theory of Functional Differential Equations, Springer,
New York, NY, USA, 1977.

B. Hassard, D. Kazarinoff, and Y. Wan, Theory and Applications
of Hopf Bifurcation, Cambridge University Press, Cambridge,
UK, 1981.

J. H. Wu, “Symmetric functional-differential equations and
neural networks with memory;,” Transactions of the American
Mathematical Society, vol. 350, no. 12, pp. 4799-4838, 1998.

V. Hutson, “The existence of an equilibrium for permanent
systems,” The Rocky Mountain Journal of Mathematics, vol. 20,
no. 4, pp. 1033-1040, 1990.

S. G. Ruan and J. J. Wei, “On the zeros of transcendental
functions with applications to stability of delay differential
equations with two delays,” Dynamics of Continuous, Discrete
& Impulsive Systems A, vol. 10, no. 6, pp. 863-874, 2003.



