Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2014, Article ID 809528, 6 pages
http://dx.doi.org/10.1155/2014/809528

Research Article

Strong Convergence Theorems for
Common Fixed Points of an Infinite Family of
Asymptotically Nonexpansive Mappings

Yuanheng Wang

Department of Mathematics, Zhejiang Normal University, Zhejiang 321004, China

Correspondence should be addressed to Yuanheng Wang; wangyuanhengmath@163.com

Received 13 March 2014; Accepted 31 May 2014; Published 16 June 2014

Academic Editor: Chong Li

Copyright © 2014 Yuanheng Wang. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

In the framework of a real Banach space with uniformly Gateaux differentiable norm, some new viscosity iterative sequences {x,,} are

introduced for an infinite family of asymptotically nonexpansive mappings {T’}

[ee]

., in this paper. Under some appropriate conditions,

we prove that the iterative sequences {x, } converge strongly to a common fixed point of the mappings {T;}",, which is also a solution
of a variational inequality. Our results extend and improve some recent results of other authors.

1. Introduction

Let E be a real Banach space, C a nonempty subset of E, and
T : C — C anonlinear mapping. Denote by F(T') the set of
fixed points of T. Recall that T is said to be nonexpansive, if

ITx-Ty| <|x-y|, Vx,yeC. @
T is said to be contraction, if there exists a constant a € (0, 1),
such that

IT)-T)| <alx-y], vxyeC. (2

We use [ ] to denote the collection of all contractions on C.
T is said to be asymptotically nonexpansive, if there exists

a sequence h, € [1,00) with h, — lasn — oo such that
[T"x-T"y| <h,|x-y|, Vx,yeC. (3)

{T;}:2, is said to be uniform Lipschitzian with the coefficient
L,ifforanyi = 1,2,..., there holds

ITx - Ty| < L||x - y|

, VYx,yeC. (4)

It is clear that the class of contraction mappings must
be included in the class of nonexpansive mappings and the

class of nonexpansive mappings in that of asymptotically
nonexpansive mappings.

The class of asymptotically nonexpansive mappings was
introduced by Goebel and Kirk [1] in 1972. They proved
that if C is a nonempty bounded closed convex subset of a
uniformly convex Banach space E, then every asymptotically
nonexpansive self-mapping T has a fixed point in C. Further,
the set F(T') of fixed points of T'is closed and convex.

In 2001, Khan and Takahasi [2] used the modified
Ishikawa process to approximate common fixed points of
two asymptotically nonexpansive mappings. In 2003, Sun [3]
studied an implicit iterative scheme initiated by Xu and Ori
[4] for a finite family of asymptotically quasi-nonexpansive
mappings. Shahzad and Udomene [5], in 2006, proved some
convergence theorems for the modified Ishikawa iterative
process of two asymptotically quasi-nonexpansive mappings
to a common fixed point. Shahzad and Zegeye [6] introduced
a new concept of generalized asymptotically nonexpansive
mappings and proved some strong convergence theorems for
fixed points of finite family of this class. In 2008, Khan et
al. [7] introduced an iterative sequence for a finite family
of asymptotically quasi-nonexpansive mappings in Banach
spaces. Meanwhile, Zhao [8] proved the following conclusion.

Let E be a uniformly smooth Banach space, f € [], and
letT,,T,,..., Ty beafinite family of nonexpansive mappings
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from C into itself, such that the set ﬂf\:rl F(T;) is nonempty.
Under some sufficient conditions, the iterative sequence {x,,}
defined by (5) converges strongly to a common fixed point of
T,,T,...,Ty. Consider

Yn = ﬁn+1xn + (1 - ﬁn+1)Tn+1xn’ nz 0’

©)

Xn1 = (xn+1f (xn) + (1 - ‘xn+l) Tn+1yn, n > 0.

Common fixed points of nonlinear mappings play an
important role in solving systems of equations and inequal-
ities. Many researchers [9-19] are interested in studying
approximation method for finding common fixed points of
nonlinear mapping in recent years.

Motivated and inspired by the above results, in this
paper, for an infinite family of asymptotically nonexpansive
mappings {T;};°, from C into itself, we introduce a new
viscosity iterative process {x,,} defined by

Yn = ﬁnxn + (1 - ;Bn) Tinxn’

Xn1 = (xnf (xn) + (1 - (Xn) Y

Under appropriate conditions on C, T}, {e,,}, and {3} in (0, 1),
we prove that the {x,} converges strongly to X € F, which is
also a solution of the following variational inequality:

(- f(x),](x-p)) <0, VpeF. (7)

Our results extend and improve some results of other authors
(e.g., see [8,17,19]) from nonexpansive mappings to the more
general class of asymptotically nonexpansive mappings and
from finite family mappings to infinite family mappings.

n=>0,

(6)

n=0.

2. Preliminaries

In order to prove our results, we need the following defini-
tions and lemmas.

Assume that E is a real Banach space and E* is the dual
space of E.

J:E — 2% is the normalized duality mapping defined

by
J) ={feE : (xf)=IxI=|f|"}, xe€E

The space E is said to be with Gateaux differentiable norm, if
the limit

lim ||x + ty" — llxIl )
t—0 t

exists for each y and any x in its unit sphere U = {x € E :
llll = 1}.

In a Banach space E whose norm is uniformly Gateaux
differentiable, the duality mapping ] is single-valued and
norm-to-weak” uniformly continuous on any bounded sets
of E.

Lemma 1 (see [18]). In a Banach space E, there holds the
inequality

Ix+ 3 < Ixl> +2(y.j(x + ¥)), Vx,yeC, w0

where j(x+y) €] (x+y).
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Lemma 2 (see [20]). Let {a,},°, be a sequence of nonnegative
real numbers satisfying the property

Kup1 S (1 - YH) o, t Ynam n =0, (11)
where {y,} ¢ (0,1) and {8,,} are two sequences such that
D ¥ =00

(2) limsupd, < (or Z|‘un8n| < oo)

(1) lim y, =0,
(12)

Then lim, _, o, = 0.
In order to prove the main results of this paper, the following
lemmas should be used.

Lemma 3 (see [21]). Let {x,}, {y,} be bounded sequences in a
Banach space X, {«,} < [0, 1], satisfying 0 < liminf, , . «, <
limsup,, _, &, < 1, and suppose

(1) X1 = 0%, + (1= ) Vs
| (13)
@) timsup ([y1 =yl = [xer = xa])) < 0.

Then lim x,l = 0.

n—»oo"yn -

3. Main Results
Now, we are ready to give the main results.

Theorem 4. Let K be a nonempty closed convex subset of a real
Banach space E with uniformly Gateaux differentiable norm.
Let {T;};2, be an infinite family of asymptotically nonexpansive
mappings with the coefficients h;, : lim,_,  h;,, = 1 and
uniform Lipschitzian with the coefficient L from K into itself,
F =2, F(T;) #+Qand f € [ with the coefficient o.. Assume
that the sequences {a,},{,} € (0,1) satisfy the following
conditions:

(CH Y2, o, = 00,lim, _, a, = 0;

(C2) 0 <liminf, , B, <limsup,_ B, <L

(C3) h;, — 1 = o(av,,).

Then the sequence {x,,} defined by (6) converges strongly to
X € Fifand only if, for any i, lim,, _, |IT;x,, — x,|l = 0 holds.
And X is a solution of the following variational inequality:

(X-f(®,](x-p)) <0, VpeF. (14)

Proof.
Sufficiency. The sufficient proof is divided into five steps.
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Step 1. We observe that {x,} is bounded. Indeed, let a, = 3, +
(1-B,)h;,,a = supia,}, b = inf{a,} = 1. Taking a fixed point
p of F, we have
Iy, - pl
< By "xn —P“ +
< a, "xn - P”’

(1 - ﬁn) "Tinxn - P"

"xn+1 - P”
<a, | f (x,) = f ()| + e |1 f () - Pl
+(1=a,) |y, - 2l
< ayex|x, = pll+ (1 - a,) a, |x, - p| + o, | f () - P
:(an_(an_“)“n)"xn_P”+‘xn( "fa _“P"
- {"xn ke “pn }
(15)

Using an introduction, we have

(16)

b~ ol < ama - 1. I/ ) pu}_

Hence, {x,} is bounded so are the sets {y,}, {f(x,)} and
{T!'x,}.

Step 2. We claim that lim,, , lIx,,,; — x,l = 0. Setting [, =
(1-wa,)B,> n=1,itfollows from (CI) and (C2) that

0< hm 1nfl <limsupl, < 1. 17)

n— 00

Define x,,,, =[x, + (1 - 1,)z,, and observe that

Zpt1 ~ Rn

ntl — lnxn

1-1

X, X

n+2 ln+1xn+1 _

1-1

n+1

= [(‘xnﬂf (%11

n

+ (1 - 06n+1) (ﬁn+1xn+1 + (1 - ﬁn+1) Tin+1xn+1) >

X (1 - ln+1)_1
_ln+1xn+l :|
1-1

n+1

‘xnf (xn) + (1 B “n) (:ann + (1 B ﬁn) Tinxn) B lnxn

1-1,

‘xn+1f (xn+l) ‘xnf (xn)

l_ln+1 - l_ln

+ (1 - (xn+1) (1 - ﬁn+l)Tin+1xn+1
1-1

n+1

_ (l_an)(l_ﬁn)Tinxn
1-1,

= n+1 (f(xn+1) Tz'n+1xn+1)

n+

- "ln (f () = T7%,)

n+1 n
+ (Tz Xn+1 — T; xn) .

1
(18)
We have
- ||xn+1 - xn"

||Zn+1 - Zn"

n+1 n+1
1 _ l ||f n+1 Tz Xp+1 "
n+l

n) - Tinxn “

1

N LA He B (L Y I

- "xn+1 - xn"
Xy
= "_‘*’1 (”f (xn+1)|| + '|Tn+1 Xn+1 |) + T_7
1- 1-1,
X (||f xn)ll [T ]) + (Bair = 1) [lxner = %]
+ hy | Tixy = x|

Using the conclusion of step 1, by (CI), lim,,_, (IT;x, —
x,l = 0 and lim,_ h, = 1, and we obtain that
lim Supn—»oo(llzrwl - zn" - "xn+1 - xn”) <0.
Hence, by Lemma 3, we have lim

Consequently,

n—»oo”zn - xn" = 0.

- xn“ =0.
20)

- x| = lim, o, (1-1,) |2,

limn — 00 "xn+1

Step 3. We prove lim,, _,  llx,,—T; x|l = 0. From (6), we arrive
at

”yn - xn” < "xn - xn+1“ + “xn+1 - yn”

= "xn - xn+1“ +a, "f (xn) - yn” :

Since {f(x,)} and {y,} are bounded, by (CI) and
lim, _, %, — x,I = 0, we getlim,, , Ily, — x,ll = 0. As
Vo = Bux, + (1= BT 'x,, thenlim, _, lx, — T:'x,|| = 0.

Step 4. We show that (X - f(X), J(X— p)) < 0. Same as [15], let
X =lim, _, yx, with x, being the fixed point of the contraction



x — tf(x)+(1-t)T!'x, wheret € (0,1). Thatis, x, = tf(x,)+
(1 —t)T!x,. Thanks to Lemma 1, we have

e - x|
= |1 = O(Tx, - x,) + (f(x,) = x|
< (=70 =+ 26 (F () =0 ] (= )
< (1= Oyl = ,|* + g ®)
+20(f () = x0 ] (3, - x,))

+2t (X, = X, ] (3, = %)) 5
(22)

where g,(t) = Qh,llx, — x| + IT'x, — x,DIT'x,, — x,|I. It
follows from step 2 that lim,, , ,g,,(t) = 0. Then from

(%0 = f (%) T () = x,,)
(1-t)*h, —1+2t

< > [, = x,]| + =

(23)

we see that
. t
h;llsolip (x = f(x0) 5T (3, = x,)) < EMI’ (24)

where M, > 0, such that

M, 2 |x, - x|, Vte(0,1), n>1 (25)
Then
lim sup lim sup (x, — f (x,),J (x; — x,,)) < 0. (26)
t—0 n— 00

So for any € > 0, there exists §; > 0. When t € (0, 4,), we get
. - €

limsup (x, — f (%),] (x, — x,)) < =. (27)
n— 00 2

On the other hand, because x, — X and ] is norm-to-norm
uniformly continuous on bounded subsets of K, there exists
8, > 0, such that when ¢ € (0, §,), we have

I(f (R) = %7 (3, = %)) = (% = £(R), ] (% = x,))]
<[{f @) =%T (x, = %)) = (f ®) =% T (x, —x))|
+[{(f®) =% (x, - x,))
= (% = [ R, (x, = %)
<|(f @ - %T (x, = %) =T (x,— x,))]

+{x, =% T (x, - x,)) < §

(28)
Choosing § = min{d,, §,}, Vt € (0, 6), we have
<1/l - E’I(xn - 55)> < <xt - u)](-xt - xn)> + %,
linmﬁs.gp (f®-%](x, - X)) (29)
< lim sup (x, - £ (%), ] (%, — x,,)) + g <€
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Since € is chosen arbitrarily, we get
lim sup (u - %, (x, - X)) <0. (30)
n—00
Hence, we have

(X-f®,J(x-p)) <0,

limsup (f (%) - X, ] (x,,, — X)) <0. (31

Step 5. We prove that lim,,_, . [lx, — X]| = 0. Setting &, =
max{(f(x) - X, J(x,,,; — X))}, we have limsup,,_, . ,§,,; <0

B
= Jlog, (f () = %) + (1 - )
x (B, (x, = %) + (1= B,) (T7'x, - )|’

< (1= 0,)*[By |, = | + (1= B,) By ||, — %]
+ 20, (f (x,) = £ (®),] (%41 — X))
+ 20, (f (%) = %] (%41 — X))

< (1= a,) K lx, - &I + 20,0, = 7] 01 - 2]
+ 20, (f () = %] (x4, - X))

< (1), = %" + (1= ) (= 1) |, - 2|
([, = 2]+ 00 - 2[°)

+ 20£n <f (55) -x] (xn+1 - 56)> .
(32)

So,
(1= 0 @) |01 — [
< (1-20, + ) |x, - &|* + (K2 - 1) |x, - x|
+ o, = %+ 20, (f () = %] (3,0, - X)) (33)
< (1-2a, + a,a) |x, - %[
+ (a1 = 1) e, = = + 20,80,

which implies that

s - 217
< (1_ 2(1—oc)ocn>"xn_£”2+ 21-a)a,
1-a,a 1-a,a
(h,~ 1)/ o
o, +(h,-1)/a, 1
X( 2(1-a) M2+1—<xf““)

= (1 - Yn) “xn - 55“2 + YHan’
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where
N 2(1-a)«
M, =sup(h, +1 xn—xz, = "
2 p( )| I 1-
(35)
o, + (h, - 1) /o, L] £
T 2(1-a) 2t

Since {x,,} is bounded, by (CI), (C3), and step 3, we have

> Yy = 00,

According to Lemma 2, we deduce thatlim,, , . [lx,,—X| =

lim y, =0,

n— o0

limsupd, <0.  (36)

0.

Necessity. Since X € F, lim, _, . llx, — Xl = 0, T; is uniform
Lipschitzian,

lim,, _, o, [|Tix, — x,|
< hmn—»oo ["Ttxn - Tt55” + ”Tlf - 55” + “55 - xn”]

<lim,_, o, |T;% - %[| + lim (L+1)|x-x,| <o0.

(37)

n— 00

Hence, the proof of Theorem 4 is completed. O

Theorem 5. Under the same conditions as those in Theorem 4,
then the sequence {x,} defined by

Yn = ﬁnxn + (1 - ﬁn) T::xn’

Xn+1 = “nf (xn) + (1 - “n) Y

n=0,
(38)
n=0,

converges strongly to X € F, if and only if lim, _, T, x, —
x|l = 0 holds. And X is a solution of the following variational
inequality:

(x-f(®,](x-p)) =<0,

Proof. The proofis the same as that of Theorem 4. We can just
use T,,, h,,, to take the place of T}, h;,. O

Vp e F. (39)

Theorem 6. Let {Ti}f\zr1 be a finite family of asymptotically non-
expansive mappings with the coefficients h;,, : lim, _,  h;, =1
and {T,;} = {T,( moa ny}- The rest of the conditions are the same
as those in Theorem 4. Then the sequence {x,} defined by (38)
converges strongly to X € F, if and only if lim, _, |T,x, —
x,ll = 0 holds. And X is a solution of the following variational
inequality:

(- f®),](x-p)) <0,
Proof. This is a special case of Theorem 5. O

Vp e F. (40)

Remark 7. If {T;}Y, is a finite family of nonexpansive map-
pings in Theorem 6, then it is the main result in reference
[8]. So our results in this paper extend and improve the
recent results of many other authors (e.g., see [1, 8,17, 19]) in
different ways, such as from nonexpansive mappings to the
more general class of asymptotically nonexpansive mappings
and from finite family mappings to infinite family mappings.
And the methods here are different from the previous ones.
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