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It is well known that martingale difference sequences are very useful in applications and theory. On the other hand, the operator
fractional Brownian motion as an extension of the well-known fractional Brownian motion also plays an important role in both
applications and theory. In this paper, we study the relation between them. We construct an approximation sequence of operator
fractional Brownian motion based on a martingale difference sequence.

1. Introduction

Fractional Brownian motion (FBM) is a continuous Gaussian
process with stationary increments. It is one of the well-
known self-similar processes. Some studies of financial time
series and telecommunication networks have shown that
this kind of processes with long-range dependency memory
might be a better model in some cases than the traditional
standard Brownian motion. Due to its applications in the
real world and its interesting theoretical properties, fractional
Brownian motion has become an object of intense study. One
of those studies concerns obtaining its weak limit theorems;
see, for example, Enriquez [1], Nieminen [2], Sottinen [3], Li
and Dai [4], and the references therein.

Based on the study of FBMs, many authors have proposed
a generalization of it and have obtained many new processes.
An extension of FBMs is the operator fractional Brownian
motion (OFBM). OFBMs are multivariate analogues of one-
dimensional FBMs. They arise in the context of multivariate
time series and long range dependence (see, e.g., Chung [5],
Davidson and de Jong [6], Dolado and Marmol [7], Robinson
[8], and Marinucci and Robinson [9]). Another context is that
of queuing systems, where reflected OFBMs model the size
of multiple queues in particular classes of queuing models.
They are also studied in problems related to, for example,

large deviations (see Delgado [10] and Konstantopoulos and
Lin [11]). Similar to those for FBMs, weak limit theorems
for OFBMs have been studied recently. Some new results
on approximations of OFBMs have been obtained. See Dai
[12, 13] and the references therein.

It is well known that a martingale difference sequence is
extremely useful because it imposes much milder restrictions
on the memory of the sequence than under independence, yet
most limit theorems that hold for an independent sequence
will also hold for a martingale difference sequence. In recent
years, some researchers have used this type of sequences
to construct approximation sequences of some known pro-
cesses. For example, Nieminen [2] studied the limit theorems
for FBMs based on martingale difference sequences. This is a
natural motivation for this paper. The direct motivation is the
recent works by Dai [12, 13], in which, based on a sequence of
IID random variables, the author presented some weak limit
theorems for some special kinds of OFBMs.

In this short paper, we establish a weak limit theorem
for a special case of OFBMs, which comes from Maejima
and Mason [14], however, based on martingale difference
sequences. The rest of this paper is organized as follows.
In Section 2, we recall OFBMs and martingale-difference
sequences and present the main result of this paper. Section 3
is devoted to prove the main result of this paper.
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2. Operator Fractional Brownian Motion and
Martingale Differences

In this section, we first introduce a special type of OFBMs.
Let End(R?) be the set of linear operators on R? (endo-
morphisms) and let Aut([R{d) be the set of invertible linear
operators (automorphisms) in End(IRd). For convenience,
we do not distinguish an operator D € End(R?) from its

associated matrix relative to the standard basis of R%. As
usual, for ¢ > 0,

c® = exp ((logc) D) = Z (logc) D*. (1)

Throughout this paper, we use x| to denote the usual
Euclidean norm of x € R?. Without confusion, for A €
End(Rd), we also let [[A] = max,_,[|Ax| denote the

operator norm of A. It is easy to see that, for A, B € End(IRd),

IABJ < [IA] - IBII, 2)
and, for every A = (A;;)4xq € End(R?),

max [A;] <A <d”* m
1<i,j<d

ax |Ag]. (3)

1<i ]<d
Let 0(A) be the collection of all eigenvalues of A. We let

Ay =min{Red: A € 0 (A)},

(4)
A, =max{Red: A€o (A)}.

Let x” denote the transpose of a vector x € R?%. We now
extend the fractional Brownian motion of Riemann-Liouville
type studied by Lévy [15, page 357] to the multivariate case.

Definition 1. Let D be a linear operator on R with 1/2 < Ap,
Ap < 1.Fort € R, define

Xarzﬂa—uf*“mvwx (5)

where W(u) = {Wl(u),...,Wd(u)}l is a standard d-
dimensional Brownian motion. We call the process X =
{X(#)} an operator fractional Brownian motion of Riemann-
Liouville (RL-OFBM).

Asis standard for the multivariate context, we assume that
RL-OFBM is proper. A random variable in R? is proper if
the support of its distribution is not contained in a proper
hyperplane of RY.

Remark 2. The operator fractional Brownian motion in the
current work is a special case of the operator fractional
Brownian motions in the work of Maejima and Mason [14,
Theorem 3.1].

Remark 3. 'The RL-OFBM X defined by (5) is an operator self-
similar Gaussian process.
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In this short paper, we want to obtain an approximation
of the RL-OFBM X. Inspired by Nieminen [2], we want to
construct an approximation sequence of RL-OFBM X by
martingale differences.

Let £ = (EE"),??)IS,-S,I}%N be a sequence of square
integrable martingale differences such that for every sequence
{i,,} with lim i, = 00, where 1 <i, <n,

n—00"n
2
&
limuzl, a.s., (6)
n— 00 1/1’1
m . €
{rsl’zgg'f 'S\/_ a.s., (7)

for some C > 1.
The following lemma follows from Jacod and Shiryaev
[16].

Lemma 4. Under condition (7) and the condition
Lnt] )
Z (E;")) —t, as., (8)
i=1

the processes

Lnt]
B ()= Y &" )
i=1

converge in distribution to a Brownian motion B, asn — oo.

Remark 5. Such a type of sequences is very useful, since it
is very easy to obtain it in the real world. See, for example,
Nieminen [2].

Below, we extend Lemma 4 to the d-dimensional case.
Define

= (&5

where El.(,’,?, k=12...
Lemma 4. Define

E(ﬂ)) (10)

,d, are independent copies of El.(”) in

|nt]
M, () = Yy, (11)

i=1

Then, we can get that {5}, = {111.("), F'} is still a sequence
of square integrable martingale differences on the probability
space (Q), #,P). Inspired by Lemma 4, we have the following
lemma.

Lemma 6. Under conditions (7) and (8), the sequence of
processes 1,,(t) converges in law to a d-dimensional Brownian
motion W, asn — oo.

Noting that W*(u),i = 1,...,d, are mutually independent
and so are E](:i), we can directly get Lemma 6 from Lemma 4
and Theorem 11.4.4 in Whitt [17, Chapter 12].
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Inspired by Lemma 6 and (5), we construct the approxi-
mation sequence by

[nt] i/n D-(I1/2)
X, (t) = an (M - u) qf")du. (12)
(

i=1 i-1)/n n +

Our main objective in this paper is to explain and prove
the following theorem.

Theorem 7. The sequence of processes {X,,(t),t € [0, 1]} given
by (12), asn — 00, converges weakly to the operator fractional
Brownian motion X given by (5).

In the rest of this paper, most of the estimates contain
unspecified constants. An unspecified positive and finite
constant will be denoted by K, which may not be the same
in each occurrence.

3. Proof of Theorem 7

In order to prove the main result of this paper, we need a
technical lemma. Before we state this technical lemma, we
first introduce the following notation:

K(t,s)= (-7 = (K;(t9)), (13)
D—(I/2)
K" (ts) = (% - s>+ = (K)o )

The technical lemma is as follows.

Lemma 8. Foranyk,j € {1,2,...,d},

n i/n )
o[ K[ K () as(s)
i=1 @i-1)/n (i-1)/n 15)

i/n

1
— .[0 Ky ; (t5) Ky (tq,s) ds, as.
fort;,ty €[0,1], asn — oo.

Before we prove it, we need the following lemma which is
due to Maejima and Mason [14].

Lemma 9. Let D € End(RY). If A, > 0 and r > 0, then, for
any 8 > 0, there exist positive constants K, and K, such that

"rD" < {Klr’\”‘s, forallr<1,

16
K, forall r> 1. as)
Next, we give the detailed proof of Lemma 8.

Proof of Lemma 8. In order to simplify the discussion, we
split the proof into two steps.

Step 1. We claim that, for any t € [0, 1],
n 5 i/n 2 - )
27 I(' g i 945 (&)
i-1 i-1)/n
(17)
1
—>J Klij (t,s)ds, as.,

0
asn — Q.

For convenience, define

i/n l(r]l)
Ky i (ts) ds

1)/n

(va) "

(18)

Gn (t, l/l) = nzl((i—l)/n,i/n] (u) J

i=1 (i-

Therefore, we have
2

1 n i/n N2
Jo Gfl (t,u)du = ZnZ(J-( ” Ky (t,s) ds) (5;(]))

i=1 i-1)
(19)

n i/n 2 n)\2
< ”J (K (t:9)) ds(&7 )
5 Jinm

where we have used the Cauchy-Schwartz inequality and by

7).

Therefore,
1 1
J G2 (t,u)du < I?J' (Kk,j (t, s))zds. (20)
0 0
On the other hand, by (3) and Lemma 9,
|Kij (t.9)] < IK (5,9 < Kt =977,
sincet —s € [0, 1].
By (20) and (21), we have
1 ol 5
J sz (t,u)du < KJ (Kk)j (t, s)) ds
0 0

(22)

1
< KJ (t - s)fr()”f‘s)_1 < 00,
0

since A, — 8 > 1/2. Therefore, {Gﬁ(t, u)} is uniformly inte-
grable.
On the other hand, we have, for any u € (0, 1],

G (tu) — Kp; (tbu),  as, (23)

since, foru € ((i — 1)/n,i/n],

i/n 2
(nj Kkj(t,s)ds> —>Ki.(t,u), as n — 00,
-Dfn ¥
(24)

and condition (6).
By (22) and (23), we get thatasn — oo

1 1
J Gfl (t,u) du—>J K,i]. (t,s)ds, as. (25)
0 0

Therefore, (17) holds.

Step 2. We prove the original claim. In order to simplify the
discussion, we let t; = |nt,|/nand t] = |nt;|/n. By (17), we
can get that, for £, £, € [0, 1],

n iln
an J Ky ; (t,s)ds J
i=1 (i-1)/n

(-1

iln
/n Ky (t5) ds(fi(;))z
(26)

1
— | K. (t,s)K, :(t,s)ds, a.s.
L kd(l ) k,J(q )



asn — 00. In fact, it follows from (17) that

n 5 i/n 2 ,
Zn (L‘—l)/n Ky (5) + K (tg>5) ds) (&)

(27)
1
— L (Kk’j (t,s) + Ky (tq,s))zds.

On the other hand, we have

i/n 2
<J Kk,j (tl’ 5) +Kk,j (tq,s) ds)
(i-1)/n

i/n 2 iln 2
= K, . (t;,s)ds +J K, . (t.,s)ds
(L—n/n ki (63) ) ((i—n/n b ) )
i/n

iln
+2J Kk,j (tl,S) dSJ
(i-1)/n (

o Ky (tq, s) ds.

i-1)/n
(28)

Hence (17), (27), and (28) imply (26).
Therefore, in order to prove (15), it suffices to prove that

n i/n i/n
S ( J K, (t,5) ds j Ky, () ds
i ( n n

-1/

i/n ( " )d i/n ( " )d (E(n))Z
- K, .(t;,s SJ K, .(t,s)ds iy
j(i—l)/n A G TN b
— 0, a.s.
(29)

asn — 0.
For the left-hand side of (29), we have

i/n
J- Ky (t5) dsJ-
(

i-1)/n (i-1)/n

i/n

Ky (tq,s) ds

i/n

i/n
- K. .(ths dsj K, . (t%,s)ds
J(i—l)/n 63 (159) (i-1)/n k’]( 1 )

(Kij (t:5)

i—1)/n
-Ky; (t;,s)) ds

i/n

i/n
= J Kk,j (tl,S) dSJ
(i-1)/n (

/ (30)
- 4[('—1)/ (Kk,j (tln’ S) - Kk,j (tl’ S)) ds

iln
[ (K (59) = K (1)) s
(i-1)/n

iln
+ K, :(t.,s dsJ
J(i—l)/n k’]( q ) (i-1)/n

-Ky; (1], s)) ds.

i/n

(Kk,j (t.s)

By (3), we have

[ (t ) = K (1 5)] < [ (8- 5) = K (5 )] - @D
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On the other hand, using the same method as in the proof
of inequality (76) below, we have

n

2

i/n
[ (tg:5) - K ()] ds

= Ji-1)/n
(32)
! n - n 2H
< [, I (e )~ (e o) s < Ry -1,
where H = A - 6.
By (7) and (30), (29) can be bounded by
1 1
Kn L IK ()| ds L “K (tps)-K (t;,s)" ds
+ B Jl 1K (€)= K (t,5)] ds
' (33)

1
< [ K (59) = K (tgp5)] s

1 1
#Ron | K (tgps)] s | 1K (009) = K (515) .
It follows from (22), (32), and (33) that the left-hand side
of (29) can be bounded by

Kn'2H, (34)

since |tg —t,l < 1/nand It =t < 1/n.
From (29) and (34), we can easily prove the lemma. [

From the proof of Lemma 8 and (3), we can easily get the
following.

Corollary 10. Let H(t,s) = ZZZI akK,ij(tl, s) for any a; € R.
Then

> |

5 Jiom

i/n i/n

H (t;,s)ds L_l)/n H (tq, S) ds(glgz))Z
(35)

— Jl H(t;,s) H(tq,s) ds, as.
0

foranyt;,t, € (0,1].

Next, we prove the main result of this paper. Before we
give the details, we first introduce a technical tool.

Lemmall. Lett € (0,1], O‘tz > 0, and let {5(”)} be a sequence of
martingale differences as in Section 2 and satisfy the following
Lindberg condition: for e > 0

S ()2 n p
Z[E [(Ei ) Lygorpsgy | 971'_1] — 0. (36)
i=1
Then
Lnt]
Sy o @)

i=1
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implies

B' (1) = & ~ N (0,02), (38)
where 2> denotes convergence in distribution.

Lemma 11 can be found in Shiryaev [18, page 511].

Proof of Theorem 7. We will prove this theorem by two steps.

Step 1. First, we show that the finite-dimensional distribu-
tions of X, converge to those of X. It suffices to prove that,

foranyg € N, ay,...,a, € R,and fy,...,1, € [0,1],
q b 4
Zaan (t) — ZQIX (). (39)
=1 =1

By the Cramér-Wold device (see Whitt [17, Chapter 4]), in
order to prove (39), we only need to show

q q
Y abX, (1) - Y abX (1), (40)
=1 P

for any vector b = (b, ..., bP) e RY.
For convenience, define

X, =(X"0,...xP ), (41)
where
X(” N K" P (42)
®=n) J, ), @onas
with
K;.’(t,s):(Kzl(t,s),...,K;d(t,s)),
, (43)
xt)=(xVw,...x70),
where
X9 ¢t) = Jt K; (t,5)dW (s) (44)
0
with
K;(t,s) = (K;, (£,5),....K;4 (t,5)). (45)

By some calculations, we can get that (40) is equivalent to

/ a,b(k)KZ)j (t,5) E;Z)ds
n

(46)

5
In order to simplify the discussion, we define
—n Lnt;] i/n -
. n n
X (Lkj)= Y n J(' K (6 as
i 1— n
= (47)

_ 2} .
X (Lk j) = L Ky, (t5) dW (5).

Hence, (46) can be rewritten as follows:

q d

d
Z bOX Lk ) = Y Y ap

I=1 k,j=1

®OX (1K, j). (48)

N MQ

By the independence of fl.(,’}), j = .»d, it suffices to

show that for every j € {1,...,d}

ZZalb(k)X (Lk,j).  (49)

d
Z vOX" (1K, j) —
k=1 I=1k=1

n [\4_m

We will prove (49) by Lemma 11. We first prove that the

Lindeberg condition holds in our case. For convenience,
define

iln

Zp; (t) = nJ

n (n)
o K ; (t,s) Ei)j ds. (50)

We have
2(¢(n) 2 ifn n ?
=n (fi)j ) Ky (t:5)ds
(i-1)/n
5 i/n
<n(&)’ |,

i—1)/n

(2, 0)
(51)

(KZ,]' (t, 5))2d5,
where we have used the Hélder inequality. By (3), we have
K¢ 9)] < e - 972 (52)
By Lemma 9, we have
H(t — 5P ” < R(t — sy}, (53)

sincet,s € [0, 1].
By (52) and (53),

j [Ke (69 ds < § J " e
VL B o
(54)

=" P
SKJ (1—5)2( 0017,

0

since (1 — s)* Ap=0)-1 with Ap— & > 1/2is decreasing in s. It
follows from (51) and (54) that

(zi,) < Rn(€7)’s,, (55)

l/n

with 8, = [ /"(1 - 5?7145,



On the other hand, from (14), we get, for any s > |nt]/n,
K (t,5) = 0. (56)
Hence, by (56),

d
Yab¥z (6).  (57)

1k=1

d
Za X" (Lk, j) =

T
I
M

1

Finally, we have

<iialb“"zz)i (t) > sﬁii(b“‘ ) (2, (t,))z. (58)

I=1k=1

Combining (54) and (58), we have

d 2
<izazb(k’zﬁ,i (n)) <Rn(g)s, (9

I=1k=1

2
alb(k)ZZ’i (t1)> > 62 N
1
from (59), we have

d
{ iZalb(k)ZZ’i () >e]> {Kn(f ) 8,>¢€ } (61)
Therefore, by (59) and (61),

I=1k=1
d 2
Y ap®zy (1)) 1 | F"
ki N S S ap® 2z (1> |7

1=1k=1

Noting that

1£;

q d
ZZ b Zy ()

{6

(60)

M

ESY

Al

”(521)25n[E (I{En<zzj)26n>e2} | ?—1>

< KO,E (Iigs ey | F1y)-
(62)

Combining (57) and (62), one can easily prove that, as n
approaches oo,

n q d 2
(k) n n
Z[E ((Z 2 Z"’i> Tygs, st avwz o | Fim > 0
i=1 I=1k=1
(63)

Hence, the Lindeberg condition holds.
Next, we show that condition (37) holds. We first study
the right-hand side of (49). We have

d q
Y abX (Lk, j) = YaW (1), (64)

k=1 =1

M=

Il
—
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where

—_ t d . t_ .
W (t) = L [Zb(k)Kk,]- (t, s)] AW/ (s) = L K (t,s)dW/ (s),
k=1

(65)
with
o d
K(t,s)= Y b K (t,5). (66)
k=1
Combining (64) and (65), we have
q d - 2
[
I=1k=1
q 2
=E [ZQIW (tl):| (67)
=1

= Zaalj (j,s)f(tl,s)ds.

Hence, in order to show condition (37), we only need to show
(68)

Now, we focus on the left-hand side of (68). Similar to
(64), we have

e 0 07
ZZalb ZZ,I' = Zalzu, (69)
I=1k=1 =1
where
_ iln
Z=n J K;’ ) Eff})ds, (70)
(i-1)/n

with K?(t,,s) = 22:1 b(k)KZ’j(tl,s). Hence,

= Z 2‘1: ”2‘111‘112 Ji'/n fj (tll,s) ds (71)

e )2
[ R ate

It follows from Corollary 10 that the right-hand side of (71)
converges to

1

1 —_— —_—
Z @, a, L K; (tll, s) K; (tlz, s) ds, as. (72)

Ilp=1
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asn — 00. On the other hand, one can easily get that

memmm=£fm@f@@m. 73)

By (67), (72), and (73), we get condition (37).
Step 2. We need to prove the tightness of the sequence
{X,(0}.

By some calculations,

E ("Xn (t) - Xn (S)HZ)

1 D-(1/2) D-(1/2)|?
SKJ (ﬂ—u> —<@—u> du.
0 n + n +
(74)
In order to simplify the discussion, let
gl g el 75)
n n

Next, we show that
[

2 ~
)?*(1/2)” du < K(t _§)2H, (76)

where H = A, — 6.
In fact,

1
[ JE-w - -
0

:E

i 2
b [ E- 0™
N

2
)?—(1/2) " du

- 2
F-w)” - - w> P au 77)

It follows from (2) and Lemma 9 that

||(?- u)” || < R(F-u)» ", (78)
sinceu <t € [0,1].
Therefore,
T
f—u), <K| (- P u

J:( 1/2||d J'( )A 5)d
_ (79)
R(E -3

T 2(p-0)

Next, we deal with the first term on the right-hand side of
(77). Note that

§

|

_ _ - 2
(f- u)D a2 _ (5 -uw)P 2 " du

s, - 2
- J (f-5+ u)D ) _ p-an) || du
0

51E9)
-,

[(F-5) (1 +w)]” "

(-9 u]” P du @ -5)

<|@-9" 2 -3

(80)

X J-g/([g) "(l + u)Di(I/Z) - Di(l/z)nzdu
0

— 2
<|@-9"" @-9)
<[P P,
R+

where we used the fact that (75)* = 74 - 3.

It follows from Lemma 9 and (2) that

In order to prove our result, it suffices to show that

5 <RE-3"" @

2
J "(1 + )Py o " du < oo. (82)
R+
Then, in order to prove (82), it suffices to show that
2
J IO < o, (8)
u<l
and, for large enough T > 1, that

I . (14 )P0 = P ||2du < 0. (84)
u=

It follows from Lemma 9 and (2) that
2 -
[W> O < R foruzt  (85)

Hence, one can easily see that (83) holds.
Next, we show that (84) holds. We see that

D-(1/2) _ J'Hu <D _ {) DU g
u 2

(86)

(1+uw)> 12

Then

"(1 + u)D—(I/Z) _ uD—(I/Z) “

<[(o- N, b

(87)



It follows from Lemma 4 and (2) that

I+u 1+
[ s sas < |
u

u

uESAD+6—(3/2)dS, (88)

since u > 1.
By (87) and (88),

2 —~
'l(l + u)D—(I/Z) _ (u)D—(I/Z) || < KuZ(ADﬂ?)—?). (89)

By (89), we have that (84) holds, since A, + 6 < 1.
Therefore, we have

H

E (X, ®) - X, 9)]) < RF-39"". (90)
Hence, for any s < t < u € [0, 1], we have
E ["Xn (t) - Xn (5)" "Xn (t) - Xn (u)“]
< [El%, 0 - X, ] [El%, 0 - X, @]
L) _ sl o _ L) o
n n n n
gLl ns] P
n n

If u — s > 1/n, then one can easily see that
E[|X, (t) - X, )] | X,, () = X, @)]]] < K(u - 5)*. (92)

On the other hand, if u — s < 1/n, then either s and t or t and
u belong to the interval [i/n, (i + 1)/n] for some i. Thus, the
left-hand side of (91) is zero. Therefore, (92) still holds for this
case. Hence, it follows from Ethier and Kurtz [19, Chapter 3]
that {X,,(¢)} is tight, since A, — & > 1/2.

By Theorem 7.8 in Ethier and Kurtz [19, Chapter 3], we get
that Theorem 7 holds. This completes the proof. O
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