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In this note we express the norm of composition followed by differentiation DC,, from the logarithmic Bloch and the little
logarithmic Bloch spaces to the weighted space HZO on the unit disk and give an upper and a lower bound for the essential norm

of this operator from the logarithmic Bloch space to H;”.

1. Introduction

Let D = {z : |z| < 1} be the open unit disk in the complex
plane C, H(D) be the space of all analytic functions on D, and
H® be the space of bounded analytic functions on D with the
notm |[fl,, = sup,.p| f(2)].

An analytic function f € H(D) is said to belong to the
logarithmic Bloch space £ % if

)|f’(z)|:zelD}<oo
)

15 =sup{u—|z|>1n(

2e
1-|z|
and to the little logarithmic Bloch space £%,, if

2e
1-|z]

Jim (1 |z|>1n( ) [f'@]=0.  ©

It can be easily proved that £ is a Banach space, under the
norm

Il = 1f @+l (3)

and that 2%, is a closed subspace of Z%. Some sources for
results and references about the logarithmic Bloch functions
are the papers of Yoneda [1], Stevi¢ [2], and the authors of
[3-8].

Let 4 be a weight, that is, a positive continuous function
on D. The weighted space H;’O consists of all f € H(D) such
that

||f”H°° = supy (z) |f (Z)| < 00, (4)
“ zeD

where i is a weight.
Let ¢ be a holomorphic self-map of D. The composition
operator C,, is defined by

C,(f)@=f(p@). feHD). 5)

Let D be the differentiation operator. The product DC,, is
defined by

DC,(f)=(fe9) =f (p)¢, feHD). (6

The operator DC,, is probably studied for the first time by
Hibschweiler and Portnoy in [9], where the boundedness and
compactness of DC,, between Bergman and Hardy spaces
are investigated. In [10], Stevi¢ calculated the norm of the
operator DC,, from the classical Bloch space to H;’O. Recently
there has been some interest in calculating operator norms
and essential norms of composition and related operators
(see, e.g., [11-18] and the references therein). Motivated by
the papers [10, 19], we continue here this line of research by

calculating [|[DC, |l Hee"
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Suppose that X; and X, are Banach spaces and L
X, — X, is abounded linear operator. The essential norm
[ILlle,x,  x, of Lis its distance to the compact operators. More
precisely,

ILllox, —x, = inf {IL-Kllx, _x, :

K a compact operator of X into X,},

(7)

where | - [Ix, _, x, denotes the operator norm. If X, = X, itis
simply denoted by Il - Il,- Since the set of all compact operators
is a closed subset of the set of bounded operators, it follows
that an operator L is compact if and only if |L||, x, _, x, = 0.
Essential norm formulas for composition operators are
known in various settings. When C, acts from the Hardy
space H 2(D) to itself, Shapiro [20] gives a formula for "CfP"e
in terms of the Nevanlinna counting function for ¢. In [21],
Donaway gives upper and lower estimates for [|C, || when C,

maps the Bloch, Dirichlet, or a Besov type space to itself. The
essential norm of the DC,, operator from a-Bloch spaces to

H,” space was estimated recently by Stevi¢ in [10]. In this note

we give upper and lower estimates for ||DC¢||E’ PRI

2. The Operator Norm of DC,, : 3 (or
LBy — H

In this section we prove a nice formula. Namely, we calculate
the norm of the operator DC, : LB (or LB, — H;’O.

Theorem 1. Assume p is a weight on D. Then the following are
equivalent:

(a) DCy: A — HZO is a bounded operator;
(b) DC, : B, — HZO is a bounded operator;

(€) sup,ep (u(2)l¢' (2)1)/(1-1g(2)]) In(2e/ (1-19p(2)]))) <

o0

Moreover, one has

|pc |pc

V)”g@o HH;:O @"Z@HHE"

u@le' @)
= sup
zeb (1= | (2)]) In (2¢/ (1 - |g (2)]))

(8)

Proof. (a) = (b). By the fact %, ¢ £ % and the definition
of operator norm, we easily obtain that DC,, : %, — H;’o
is a bounded operator and

[C,) . = I

fp"yggo—» ° <P||5A%’—>H;;°' )
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(b) = (c). Suppose that DC, is a bounded operator from
LB, to H;jo. Taking the test function f(z) = z € L%, we
easily have

o' @) < '] = [P, @

< "DCv’"g@O - HY Izl (10)

= "DC In 2e,

<P||31%0 —HY

for every w € D. It implies that (c) holds when ¢(z) = 0
Fixing w € D \ {0}, we consider the function

fu(2) =

ln ln< 2e. ) Lz @

1-wz w

Sincer(x) = xIn(2e/x) is increasing on (0, 2] and f,,(0) =

0, we have
2e
wlle =sup(l-|z ln( >

1 1
" In 2¢/ (1 —w2))| |1 - 2]

(12)
< sup (L= 12D e/ (1~ I2D)
~ zen (1 - [wz])In (2¢/ (1 - [wz]))
o (1 - |wzl) In (2¢/ (1 - |wz]))
|1 —wz|In (2e/ (1 — wz))
Moreover, since
2e ’
(=lzhin T |£. @)
(1-1z])In(2¢/ (1 - |2])) 13)

- (1-[wz])In (2¢/ (1 - [wzl))

< (= lz))In(2e/ (1 ~ |2]))
h (1-|w|)In2e

—0,

as|z| — 17, it follows that f,, € %, for every w € D\ {0}.
Thus, for each t € (0, 1) we obtain that

"DC¢'|3%Oer = "DC(p (ft(<p(w)/|<p(W)I))||H§°

ileltg//l @) |(P’ (2) ff’((ﬂ(w)/lfp(w)l) (o (Z))|

§ w) |¢’ (W)
T (1-t|lp)|)In(2e/ (1 -t|pw)]))
(14)
for every ¢(w) #0. Lettingt — 17, we obtain that
p(w) o' w)|
DC > , (15)
IPCollo- > Ty Cer - Tp )

for every @(w) # 0. It implies that (c) also holds when ¢(z) # 0.
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(¢c) = (a). For every f € 3B, we easily obtain that
[DCy £,y < supu@](DC, f) @)
[ zeD

= supu @ ¢’ @ ' (9(2)|

u(@) o' (2)]
< sup

zeD(l - |(P (z)l)ln (Ze/ (] — |(P (z)l)) I|f|l$

(16)

Hence DC,, : % — H;jo is a bounded operator. Also, we
obtain

u@ o' (2)|
2ol o = 2 @R Ger G-y
(17)
Moreover, from (9), (10), (15), and (17), we obtain
"DC‘P"SQOHH[‘A’O = ||DC¢||3<%~>H;°
. u@ o' @)
Tl (- lp @D 2/ (1-p @)
(18)
O

3. Estimates of Essential Norm of
DC,: L% (or R,) — H;O

In this section we will estimate the essential norm of DC(P :
LB (or LB, — Hﬁo. For this purpose we need some
lemmas.

Lemma 2. If f € Z£%, then |f(z)] < (1/2 + In In(e/(1 -
lZD)I Sl -

This can be done in exactly the same way as in the proof
of [3, Lemma 2.1].

Lemma 3. Let ¢ be an analytic self-map of D and u be a
weight on D. Assume that DC,, is a bounded operator from
LB (or LRB,) to HLX’; then DC,, is compact if and only
if for any bounded sequence {f,} in LR (or LB,), which
converges to 0 uniformly on compact subsets of D, one has
||DC¢(fn)||H§o — 0asn — oo.

Proof. Necessity. Suppose that DC,, : Z% (or Z%,,) — Hﬁo
is compact. Let { f,,} be abounded sequence in Z% (or £ %)
with f, — 0 uniformly on compact subsets of D. Assume
that there is a subsequence {f, } and an ¢, > 0 such that
IIDC(ank | > ¢ forallk =1,2,3,.... Since DC,, is compact,
we can find a further subsequence { f"kj} and a function

f € H;? such that liquooIIDC(ankj - fIIHoo = 0. Then we
“

obtain that, for z € D,

[peet, -1,
;

u(z)

|(Dc¢fnkj —f> (z)| < (19)

Hence DC, f, —f — Ouniformly on compact subsets of D.
J

Also, since f,, ~ — 0 uniformly on compact subsets of D,
7

DC, f”k]- — 0 uniformly on compact subsets of D. It follows

that f = 0 and hence lim]-HOOIIDC(P fnk]. ||Hoo = 0, contra-

dicting the fact that ||DC¢fnk | > ¢, for allyk =1,2,3,...
Therefore we must have that lim,, _, ||DC¢( Il oo = 0-
“

Sufficiency. Let {f,} be a bounded sequence in Z% (or
L RB,). Then Lemma 2 and Montel’s Theorem tell us that { f, }
forms a normal family, and hence there exists a subsequence
{fn} converging uniformly on compact sets to some function
f. It is easy to see that f must be in L% (L %AB,). Then
{f,,— f}isabounded sequence in £ % (or £ %,) converging
to 0 uniformly on compact subsets of D and by the hypothesis
guarantees that DC,f, — DC,f in H,°. Thus DC,, is
compact. O

Lemma 4. Let y be a weight on D and ¢ be an analytic self-
map of D with |lgll,, < 1. Suppose that DC, : LB (or
LB, — H;jo is bounded. Then DC,, : LB (or L B,) —

00 ;
H,™ is compact.

Proof. Suppose that {f,} is a bounded sequence in
LB (or L 9B,) which converges to 0 uniformly on compact
subsets of D. By Cauchy’s inequality we easily obtain that
{f!} also converges to 0 uniformly on compact subsets of
D. Since DC,, is bounded, one can take the test function

f(z) = z to see that ¢’ € H,°. Then we obtain that
19l = Il 7100 =0 o

asn — 00, since @(D) is contained in the disk |w| < ||l <
1, which is a compact subset of D. Hence, by Lemma 3, the
operator DC,, : Z% (or %) — H;X’ is compact. O

Lemma 5. Let f € Z%B. Then |fll, < [flg,0 <t < 1,
where f,(z) = f(tz).

Since r(x) = (1 — x) In(2e/(1 — x)) is decreasing on [0, 1),
one may easily prove the result.



Theorem 6. Let y be a weight on D and ¢ be an analytic self-
map of D. Suppose that DC, : LB (or LB,) — H. is
bounded. Then

l lim su # () ICP, (Z)l
2 b (= To @D1n (2e/ (1 - | @)

<Joe,

< "D
e,fﬁ%o—»Hﬁo - Cq’ e,fﬁ%ﬁH[‘f’ (2’1)

<2 limsup #z) 'go' (Z)’ .
o —1- (1= |9 @)]) In (2¢/ (1 = |g (2)]))

Proof. If |lgll,, < 1, by Lemma 4, it follows that DC, :
LB(or LB, — H;’O is compact which is equivalent to
"DC<P"3,3930HH;° = IIDCq,IIe,g(%HHﬁo = 0. On the other

hand, it is clear that in this case the condition |p(z)] — 1
is vacuous, so that it is understood that

lim sup #z) |<p (Z)| 0. (22)

|<p(z)|—>1’(1 - |(P (Z)|)1n (26/ (1 - |§D (Z)l)) B

Now suppose that [l¢[l ., = 1. Assume that {z,} is a
sequence in D such that |¢(z,)] — lasn — oo. Let

2
£(2) = — (ln 1nL>

2¢(z,)a, 1-9¢(z,)z (23)
- ! (In In2e)?,
2¢(z,)a,

where g, = In In(2e/(1 - Igo(zn)lz)). Then we have £,(0) =0,

, B 1
fa(9(z0) = (1- o (z,)]")In(2¢/ (1 - |o(z,)]))

Clearly f,(z) — 0 uniformly on compact subsets of D as
n — oo. It follows that

- (29)

lnlnL
1_

¢ (z,)z

2¢e 1
n

— sup (1 - |21
15l i‘:g( 2D In -— 2| a

1 1
Nl o) [
B supzn +In (27 +1n(2¢/ (1 - |@(2,)])))
" 2D In In (26/ (1 - |(p(zn)|2))
L (-hmee/a-lz) P
R ()
(- ()
ll —leln (26/ ll —MZl)
s In (27 +In (2¢/ (1 - |<p(zn)|)))
- In In (Ze/ (1 - |(p(zn)|2))
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Thus, limsup, , I f.le, < 1. Let g, = f,/lf.ly. Then
lg,ll, = 1and g, — 0uniformly on compact subsets of D as
n — oo0. Since g, € LAB,, then it follows that g, converges
to 0 weakly in Z3,,. Thus, for any compact operator K :
LB, — H;O,limn_)mIIKgnHHﬁo = 0. Therefore

“DC<P - K"yggo . "fsntl;”(Dcw - K) f”H;;o

> lim sup“(DCqJ - K) g””H;o (26)

n—00

> lirrlrlso%p“DC(Pg”“Hﬁ"'
Hence

o,

.7 By — HY

> lirlzll SO%P"DC‘Pg" 1

= lim sup su{g |/4 ()4, ()¢ (z)|
n—00 ze

> limsupr——|u (=) o (9 (2 9 ()] @7
et 1l

. u(2,) o (2]

2 lim sup

= (1-o(z,)[")In (2¢/ (1 - |o(z,)]"))

= llimsup H(Zn) |(P (Zn)| )
2 n=ea (1= (2,)])In (2¢/ (1o (2,)]))

Thus the first inequality in (21) follows. The second inequality
in (21) is obvious. Now we prove the third one.

Lets € (0,1)befixedand p, = 1-1/(n+1), n=1,2,....By
Lemma 4 we obtain that the operator DC, , : Z% — Hjo
is compact for every n. It follows that

e,

e. LB —HY < ”Dcrp -DC

PPl LB — Hﬁo

= sup “(Dcw_DCPnfp)(f)"Hw
[l £1l,< !

= sup sup u(z) |(p' (z)|
Il =1 |e2)|<s

< |f' (9@) = puf' (P9 (2))]

+ sup sup u(2) ¢ (@)
Il <1 lota)]>s

< |f' (9@) = puf' (P9 (@) 2 I + L.
(28)
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By Cauchy’s inequality, we obtain that

Ls sup sup o', [f (9(2) = f (pg @)
Il =1 oto)s

+ sup - sup o'l (1= p) [ (pup ()]

17151 lo@)|<s

IN

P ' sup sup £ )|

Pl s s

+(1=p) '] i |f )|

[wl<s

IN

|wm¢”” i PRI P

+(1=p) '] ha sup | 1" (w)|

|lw|<s
2
|wmﬁff (1+7)

(1-1z)In(2e/ (1 - |2 |f' (2)
(1-lz))In (2¢/ (1 - [2]))

IN

X max
|z|<(1+s)/2

IN

1y 2 2
n+ 1“@ "H;jO (l+ 1—5) (1-s)In(4e/ (1 —S)).

On the other hand, by Lemma 5, we obtain that

u@le' @) |f]
(1l @)])In(2¢/ (1 - ¢ (2)]))

I, < sup sup
I£1l<1 le@]>s

u@ o' @£
(1 = Pn |(P (Z)|)11’1 (26/ (1 = Pn |(P (Z)l))

u@ o' @]y
(1-]p)|)In(2¢/ (1~ g (2)]))

+ sup sup
511,21 pte)]>s

<2 sup sup
17151 lo@)]>s

2¢' )
(1= @)])In(2¢/ (1 - |9 (2)]))’

<2 sup
|(p(z) | >s

(30)

where fpn(z) = f(p,z). Hence, for for all s € (0, 1) and all n,
we have

||DC

Plle,x % — HP

1
< il (14

2 ) 2
1-s/ (1-s)ln(4e/(1-5)) (31)

u(@) ¢’ (2)]

o @D T (- T @)

|o2)]>s

5
Lettingn — oo and then lettings — 17, we obtain that
[ R
o u@le' @) (32)
< 2 limsup
|(p(z)| — 1" (1 - ISD (Z)l) In (26/ (1 - |(P (Z)D)
The proof of the theorem is finished. O

Corollary 7. Let ¢ be an analytic self-map of D, p be a weight
on D, and DC,, be a bounded operator from L 9B (or £ %) to
H;jo. Then DC,, is a compact operator from L% (or ZRB,)) to

H.? if and only if

u(@) o' (2)]
(1-le @) In(2¢/ (1 - o (2)])

lim sup
lp(z)| =17

=0. (33)
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