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We investigate the bilinear Hilbert transform with oscillatory factors and the truncated bilinear Hilbert transform. The main result
is that the L x L2 — L1-boundedness of the two operators is equivalent with 1 < p,, p, < 00,and 1/q = 1/p, +1/p,. In addition,
we also discuss the boundedness of a variant operator of bilinear Hilbert transform with a nontrivial polynomial phase.

1. Introduction

In this paper, we mainly discuss the following operator
defined by

7 (f,9) (%) = p. jR PN £ (1) g (x4 1) % )

where P(, -) is a real-valued polynomial defined on R xR and
£, g are smooth functions with compact support.

Clearly, when P = 0, the operator  becomes the normal
bilinear Hilbert transform defined as

T(f.9)(x)=pv. JRf(x—t)g(x+t)%. 2)

If P(x,t) = Pi(x —t) + Py(x +t) + P;(x) for some
one-variable polynomials P;, P,, and P;, then clearly the
boundedness of I and T is equivalent. For this case, we
introduce the following definitions.

Definition 1. For a polynomial P(:,-) defined on R x R, one
calls P degenerate, if

P(x,t) =P (x—t)+ P, (x+1) + Py (x) (3)
holds with three one-variable polynomials P,, P,, and P;.

In fact, a simple verification shows that if the degree of
P(.,) is less than 3, then P is degenerate. However, when

d > 3, there exist nondegenerate polynomials with the degree
d. We will prove this in Section 2. It should be pointed out that
Definition 1 may be extended to such polynomials defined
on R" x R" (see [1]). We will give a characterization of
nondegenerate polynomials by Ind in Section 2. Now we
first give the definition of Indy.

Definition 2. Let P(-,-) be a polynomial with the degree d > 3.
For 1 < 8 < d -2, denote Indg by

2 9a\(o 2\"Fo
Indﬁ(P)(x,t)=<a+§) (a-a) aP(x,t)
4)

For the operator 7 defined by (1), the following result has
been obtained in [1].

Theorem A. Let P(,-) be a real-valued polynomial. Then the
operator I extends as a bounded operator from LP'(R) x
LP2(R) to LY(R) with 1 < p,, p, < oo, and q > 2/3 such
that 1/q = 1/p, + 1/ p,; furthermore, the operator norm || ||
depends only on the degree of P.

In the study of oscillatory singular integrals, the bounded-
ness of the original operator without oscillatory factors may
imply the boundedness of the corresponding truncated oper-
ator. For the Calderén-Zygmund singular integral operators
of convolution type, one can see Ricci and Stein [2]. For the
multilinear singular operators, one may refer to [1]. In [3]
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Lu and Zhang established a criterion for the boundedness of
the following operator:

K f (x) = p.v. JRn P K (x=y) f(y)dy, (5)

where P(:,-) is a real-valued polynomial defined on R" x R",
f e CP(R"), and K(x) = Q(x")/|x|" satisfies

(1) Q is homogeneous of the degree 0 on N

(2) Q has mean value zero on §*';

(3) Q e L(S"™") for some 1 < g < oo.

For the sake of clarity, we also present the theorem obtained
by Lu and Zhang as follows.

Theorem B. Suppose that % is defined by (5) and 1 < p < 00.
Each of the following statements implies the other two.

(i) If P(,-) is not of the form P(x, y) = P,(x) + P,(y) for
some polynomials P, and P, in R", then the operator

Hf(x)=pv. JW "R (x-y) f(y)dy  (6)

is bounded on LP (R™).

(ii) IfQ(.,-) satisfies Q(x + h, y + h) = Q(x, y) + R, (x, h) +
R, (y, h) for some polynomials R, R,, and h € R”, then
the operator

1@ =pr | CIKE-NFOdy O

extends as a bounded operator from LP(R") to itself.

(iil) The following truncated operator

Sf(x) = p.v. J

|x—yl<

IK(x—y)f(y)dy (8)

is bounded on LP(R").

For the bilinear Hilbert transform and the corresponding
truncated operator, we can formulate some analogous results
as Theorem B.

Theorem 3. Suppose that 0 < p;, p,,q < oo satisfy 1/q =
1/p, + 1/ p,. If the truncated operator

S =pr| fu-nge0f )

tl<1
is bounded from L*(R) x LF*(R) to LY(R), then the bilinear
Hilbert transform

T(f,g)(x):p.V.JRf(x—t)g(x+t)% (10)

is bounded from LP'(R) x LP*(R) to L1(R). Moreover, when
1 < p1, Py < 00, the converse also holds; that is, if T extends
to a bounded operator from LP*(R) x LP2(R) to L1(R), then so
does S.
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Theorem 4. Let P(-,-) be a real-valued polynomial and let 1 <

P> Py < 00, and q > 1/2 satisfy 1/q = 1/p, + 1/ p,. If P(x +
h,t) — P(x,t) is degenerate with respect to x, t for allh € R in
the sense of Definition 1 and the following operator

T (f.9) () = pv. jR PO f g0

is bounded from LP(R) x LP2(R) to L1(R), then the truncated
operator

S(f,9) () = p. le Flx-Dg(x+t) ? (12)

is bounded from LP'(R) x LP2(R) to L(R).
We summarize the above two theorems as follows.

Theorem 5. Suppose that 1 < p,, p, < 00, and q > 1/2
satisfy 1/q = 1/ p,+1/ p,. Each of the following three statements
implies the other two.

(i) The bilinear Hilbert transform
T(f,g)(x)=p.v.JRf(x—t)g(x+t)% (13)

is bounded from L' (R) x LP2(R) to L1(R).

(ii) The oscillatory bilinear Hilbert transform
iP(x,t) dt
T (f.9) (x) = p.». LT g (4)

is bounded from L' (R) x LP2(R) to L(R) for any real-
valued polynomial P.

(iii) The truncated operator
SUhe)@=pr| fe-ngern a5
Itl<1 t

is bounded from L¥'(R) x LP2(R) to L1(R).

Next, we will consider a variant operator of bilinear
Hilbert transform defined by

T, (f,9) (x) = JR eip(x’t)f (x—t)g(x+1) L (16)

(1+1t)°
for 0 > 1. Clearly, the operator T,(f,g) has no singular
property at origin, so it is the key at co.
We will use the power decay property of a bilinear
functional to obtain the following theorem.

Theorem 6. Suppose that P(:, ) is a real-valued nondegenerate
polynomial with the degree d > 3 and |Indg(P)| > 1 for some
1<B<d-21I1<p,p, <00, andq > 1/2 satisfy
1/q = 1/p, + 1/p,, then the operator T, defined by (16) is
bounded from L' (R) x LF2(R) to LY(R); that is,

I7o(f 9, < Clflp, ol )

where C is a positive constant.
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2. Some Lemmas

Throughout the paper, we always assume that 1 < p;, p, < 0o,
and 1/q = 1/p, + 1/ p,, unless the contrary is explicitly stated.
We first introduce some lemmas which are useful in the proof
of the main theorems.

Lemma 7. Suppose that P defined on R x R is a homogeneous
polynomial of the degree d with d > 3. Then P is degenerate if
and only if Indg(P) = 0 forall1 < B < d - 2.
Proof. By Definition 1, if P is degenerate, then

P(x,t)=P (x—-t)+ P, (x+1) + Q(x), (18)

where P}, P,, and Q are homogeneous single-variable poly-
nomials of the degree d. Observe that

0
hd =0,
52
0o 0
<a—g>PZ(X+t)—O, (19)
o 0
<$+E>Pl(x—t)—0
This implies that
Indg (P) = (20)

foralll1 < f<d-2.
Now we assume that Indg(P) = O forall 1 < 8 <d-2.
Make changes of variables

u=x+t
(21)
v=x-—t.
By the chain rule, we have that
ARV AN
ouf ~ 2P\ox ot)’
(22)

otk 1 (3 o\"7'F
dvd1iop  d-1op <$ - E) '

Since P is a homogeneous polynomial with the degree d,

(0/0t)P is a homogeneous polynomial of the degree d — 1.

There, therefore, exists a homogeneous polynomial R of the
degree d — 1 such that

0
R(u,v) = =P (x,t). 23
(u,v) 5 (x,1) (23)
It follows from (23) that

Ind, (P) = 279007 ' FR.

(24)

The assumption Indﬁ(P) =0, forall 1 < <d -2, implies
that

R(u,v) = clud_1 + cgvd_l (25)

for some constants ¢; and c,. Integrating both sides of the
equality (25) with respect to t gives that

Pxt)= 2x+t) - 2x -t +ex?,  (26)
d d
for some constant ¢;. Hence P is degenerate. O

Remark 8. Ford >3and1 <k<d-1,(x— t)k(x + t)d_k and
t4 are nondegenerate polynomials. Furthermore, when P is a
general polynomial of the degree d, we can write P as sums
of homogeneous polynomials,

d
P(x,t) = ) P (%), (27)
k=0

where P, is a homogeneous polynomial with the degree k. If P
is degenerate, then each Py is degenerate for 3 < k < d. In fact,
if P is degenerate, then P(x,t) = P(x —t) + P,(x + 1) + Q(x).
It follows that Py (x,t) = P (x —t) + Py (x + t) + Qu(x) for
each 0 < k < d. Consequently, each P, is degenerate.

Lemma 9. Let P be a polynomial with the degree d > 3. For

any T € R, set
Q, (u,v) = P(”;V,u;v +T>
(28)
_P<u+v’u—v>‘
2 2
Then, one has
o607 PQ, (w,v) = 2" rIndy (P) (29)

foreach1 < B <d-2.

Proof. By the same change of variables as in the proof of
Lemma 7, we obtain

Q, (u,v) =P(x,t +1)— P(x,1)

1 (30)
=T J 0,P (x,t + sT) ds.
0

We can use the chain rule as in (22) to differentiate both sides
of (28) by the differential operator 9°9%'* and easily yield
the desired result. O

Lemma 10. Suppose that k and n are two positive integers and

e S5 ooty
1 |
s o
If the linear mapping A: R™ — R™ defined by
Alxy) = (x+L (), x+1,(y)) (32)
is onto for x € R¥, y € R™"™VX, then one has



L(fiseeos fa)

q 1/q
i} (JR (JRW-W [T G 0)) Iﬂ(y)ldy> dx)

n
=c[ I,
j=1

(33)

where 1 is a bounded measurable function with compact sup-
portand f; € LPi(RF) for1 < j<n

Proof. For the case q > 1, applying generalized Minkowski’s
and Holder’s inequality gives that

I(freeos fo)
q 1/q
J"‘”O (H)f] (x+1;( ))||’7()’)|> dX> dy
SIRWI (»)|dy

1/p;

X §<JRk |f1 (x +1 (y))'dex>
- TTIsA,,

(34)

Now we deal with the case 0 < g < 1. We first show that the
following estimate

Jlx—hlsl<j nl)kH'f](X+l y))||’7(y|dy>

(35)
< Cl—[||f;||m (et

holds uniformly for h € R*, where N will be decided by the
supp(r7) and the norm of [;, 1 < j < n.

Since 0 < g < 1, by Holder’s inequality, it is clear that we
have that

J|x—h|£1 (J‘R(n—l)k ﬁ |f] (x * lj (y))| |’7 ()/)l dy) dx
) C(Lxhlsl J'[R(nfl)k f[ |f] (x + lj (J’))' |’7 (y)l dy dx> .

(36)
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Since the linear mapping A: R™ — R is onto, we can make
change of variables uj = x+lj(y), 1 < j <m,andthen (x, y) =

AN uy, ..

me JRW ]_[ 15 (x+ 1) In ()l dy dx

., u,). We also have

Sleu —hI<N,...lu, hI<NH| J( j)|d“1"'d“n (37)

< (V)" Hllffllm eohizny

where wy, is the volume of the unit ball in R* and N is a fixed
number such that Ilj(y)l +1< Nforall y € supp(),1<j<
n.

Note the following fact. For any F € L'(RF) and r > 0, it

follows that
J (J F(x) dx> dh
Rk |x—h|<r

- ij (F * xs ) () dh (38)

= rkwk J F(x)dx,
Rk

where x; is the characteristic function of the ball centered at
0 with radius r.

In view of the equality (38), taking integration on both
sides of (35) with respect to h over R¥, we conclude that

“ JR" (L{(m» f[ |f] (x * (y))| )l dy> dx

J “fJ"LPJux h|<N)dh
(39)
Py dh alp
< .
H(J J|x _hl<N |f] (x)| * >
~ N T
j=1
The proof is therefore concluded. 0

As a special case of Lemma 10, we immediately obtain
Corollary 11.

Corollary 11. Let f € LP'(R) and g € L*(R). If1 < p,,
p, < oo satisfy 1/q = 1/ p; + 1/ p,, then there exists a constant
C = C(py, py>q) such that

q
IR <J-It|<1 |f (x=1)g(x+1)] dt) dx
<Cl£17 1417,

(40)
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Actually, the estimate of Corollary 11 may also be found
in [4, 5].

Generally speaking, the power decay estimates of oscilla-
tory integrals are necessary to investigate the boundedness of
oscillatory integral operators. The following lemma to appear
in [5] is just an oscillatory integral and will be used to prove
Lemma 14.

Lemma 12. Suppose that P(-,-) is a real-valued polynomial
with the degree d > 2 and that there exists a positive integer
number 1 < 3 < d — 1 such that

|ofa P (x, y)| 2 1. (41)

Define the functional

Ay (fr9) = ”Re””’“’”f x) g (»)n(x, y)dxdy, (42)

where 1 is a smooth function with compact support, f,g €
L*(R), and A € R. Then there exists some constant & > 0 such
that the following power decay estimate

A5 (£ 9)] = €+ DI £ gl (43)
holds, where the constant C is independent of f, g and A.

Remark 13. Tt should be pointed out how the constant C
depends on the cut-off function #, provided that other
conditions are not changed. Indeed, if, for the collection ® =
{n}, every function # is uniformly supported in a bounded set
and |7l o» has an upper bound independent of # € ® for each
positive integer m, then the constant C can be chosen such
that the estimate (43) holds uniformly for # € ®. The decay
estimate (43) and its other variants have been systematically
investigated by many scholars. For certain polynomials with
some other conditions, the power exponent § can be explicitly
given. One may refer to [6] and other references appearing in
this paper.

Many oscillatory integral operators have power decay
estimates which are indispensable to study mapping proper-
ties. The following lemma is significant and will be useful in
the next section.

Lemma 14. Suppose that P(:,-) is a real-valued nondegenerate
polynomial with the degree d and that there is some 3,1 < 3 <
d - 2, such that |Indﬁ(P)| > 1. Let

$:(f,9) () = jR D £ (1) g (et ()t (44)

where € Cy° has support contained in [-1,1]. If 1 < p,,
p, <00, and q > 1/2 satisfy

1 1 1

—=—+—, 45
9 P P (45)

then there exists some € > 0 such that
ISyl <ca+a=|fl, lal,, 6

for f € LP(R), g € LP*(R), and A € R.

5
Proof. Choose a nonnegative function ¢ € C;” such that
supp @ C [-2,2],
Z(p(x—k)zl (47)
kez

for every x € R.
To obtain the decay estimate (46), it suffices to show that
the following estimate

J |°9A (fig) x) e (x- k)|qu
§ (48)

<C(+ |/\|)7q€||f"%m <Bs<k)>||£7||§m (Bs(K))

holds uniformly in k € Z, where Bs(k) denotes an interval
with the center at k and the radius 5.

If inequality (48) has been established, we may use
Holder’s inequality to obtain (46).

In fact, since supp ¢ C [-2,2], at most five terms are not
zero in the summation for any fixed x. Thus, if 0 < g < 1,
then we have

q
<Z|<p(x—k)|> < Yo (x-R), (49)
k k

and if g > 1, then it follows that

q
<Z|(p(x—k)|> <57 o (x - k)|, (50)
k k

Taking the summations of both sides of the inequality
(48) with respect to k over Z and using the two inequalities
(49) and (50), we notice that the summation of the left side of
(48) is greater than C||S, (f, g)IIZ.

For the summation of the right side of (48), using
Holder’s inequality, we obtain that

;"fuzm (Bs(K)) ”g”?ﬂ (Bs(K))

a/p
< (% L«Hgs |f (x)|P‘dx>
a/p,
x (; L_klss 9 (x)|P2dx>

< 10|13, 1915,

Next let us turn to the proof of the inequality (48). By
Lemma 10 or Corollary 11, we know that & is bounded from
LP* x L2 to L7 and its norm is independent of A. By the
multilinear interpolation of Riesz-Thérin, it is enough to
show that the estimate (46) holds for p; = p, =2and g = 1.
Thus we merely need to show that the inequality (48) holds
with the case p; = p, = 2 and g = 1. Furthermore, since ¢
has a compact support, it suffices to prove that (48) holds for

p=p=9=2

(51)



This is equivalent to proving the following inequality:

IS (f9) e -0,

. (52)
< C(1+]AD ”f"LZ(BS(k))"g“Lz(Bs(k))'

By the change of variables, we can easily deduce that

|| 152 0 - R

_ ” I APEH)PU)) £ (o
R

xg(x+t)g(x+1t,)

-t)) fx—t,)

x 1 (t,) 1 (t2)9 (x = k) @ (x — k)dt, dt,dx

_ ” J G MPCt+T)=P(x0)
R (53)

X f(x—t—1) f(x—1)
xg(x+t+r)g(x+t)11(t+r)m

x@(x—k)o(x—-k)dtdrdx
=5, I, | 06w
2 Jp, Jp, Jp,

x v (u,v)dudydr,

where

Qr(u,v):P<k+”;V,”;”+T)
),
FE W= flk+v-1)fk+v),
- (54)
G (u)=glk+u+7)gk+u),
=0 (M2 o) o (70
stn-o(£32)5(55).

Consequently, for some p > 0, we can rewrite the above
integral as

JR |53 (f,9) (%) @ (x - B)| dx

2l ),

x 1, (U, v) v (u,v)dudvdr

MUUIE (1) G, (1)

v
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1 .
+—J J J NUUIE (1) G, ()
2 |t|zp JD, JD

X1, (u,v) v (u,v) dudvdr

=1, +1,
(55)
Observe that integrals I; and I, are taken in the domain
{(u,v,7) : lu| <3,|v| <3,|7] < 2}. (56)

Recall supp(¢p) ¢ [-2,2] and supp() C [-1, 1], respectively.
We clearly conclude that

L

< CJ J J |FT (v) G, (u)| dudvdr
[tl<min{p,2} Jlul<3 J|v|<3

¢ LTlSmin{p,z} Lulss JMQ |f k+v-1) f(k+v)g

x (k + u+1)m'dudvdr
1/2
scj (j |f(v+k—T)|2dv>
|t]<min{p,2} |v|<3 (57)

12
2
« <JMS3 If v+ B)| dv)

1/2
X (J lg (u+k+ T)|2du)
|u|<3

12
x <J g (u + k)lzdu) dr
|u|<3

< Cmin {p, 2} "f"iZ(BS(k))"9“22(35(@)'

For |7] > p, by Lemma 9, it is easily verified that

500 FQ, (u,v) = 2" 7Ind, (P) (58)

holds foreach 1 < S < d - 2.
Thus we have that

0500 Q, (w,v)| = 2 Irl [Ind (P)] 2 c|p| . (59)

forsome 1 < f<d-2.
Invoking Lemma 12, we obtain, for |7] > p, that

J J’ e XUIE ()G, (), () @ (u,v) dudy

5 5 1/2
<C(1+]|Ap|)” <Lvl<3 |F, ()] dV) (60)

" <J|u|g3 |G, (u)|2du>1/2’

since the cut-oft function #,y is uniformly supported in
{(u,v) : |lul < 3,]v] < 3} and its C™ norms have bounds
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independent of 7 for each positive m, and the constant C is
independent of 7. Therefore, the Cauchy-Schwartz inequality
implies that

L] <C(1+ e

2 \2 , A\
d d d
oot

12
<C(1+ |/\p|)_5<‘|'| J|v|<3 |F, (v)|2dvdr>

7|<2

1/2
X <J J |GT (u)|2dud‘r>
|r]<2 Ju|<3

= C(1+]Ap])
2 2 1/2
X (J'lrl<2 ngs lf v+k=7)|f (v+ k) dvd-r)

1/2
<([ ] otk ol ofdude)
[7]<2 Jlul<3

<C(i+ap))”

* <J|x—k|§5 lf (x)|2dx> (Lx—klss |g (x)|2dx> ’

where we use the Fubini theorem in the proof of the above
inequality.

Consequently, choosing p = [A| /1% < 2for|A| > 1and
combining the above estimates for I; and I,, we immediately
obtain that

[$:(£9) 9 (=R,

<C1+ |)‘|)7e||f"L2(B5(k))||g||L2(B5(k))’
where & = (=§/2(1 + §)). This is just the inequality (52). [

(61)

(62)

Lemma 15. Suppose that P(-,-) is a real-valued polynomial
and 1 < py, p, < 00, and q > 1/2 satisfy

1 1 1
-=—+—. (63)
9 P P
If the operator T defined by (1) satisfies
|7 9, < Uil gl (64)

forall f, g € CZ°(R), then the truncated operator
; dt
S (f.9) (x) = pv. Jm 1 N fx-1) glx+1) - (63
<
is also bounded from L' x LP2 to L1,

Proof. To prove Lemma 15, we will show that

j |S (f.9) (x)|"dx
|x—h|<1/4 (66)

= C"fnzm([h—s/4,h+5/4])||g||‘11}’2([h—5/4,h+5/4])
holds uniformly with respect to h € R.

7
Fix h € R and set
fi= fX{I-—hIgl/z}’ f= fX{1/2<|~—h|§5/4}>
(67)
f3= fX{|~—h|>5/4}-
Itis clear that f = f, + f, + f5.
Now for fixed h € R, set
xe(h—l,h+l). (68)
4 4

If |[x — h — t] < 1/2, then |t| < 3/4. We hence obtain that

S (f1,9)(x) =T (f1,9) (x). (69)
For |x — h| < 1/4, when 1/2 < |x — h — t| < 5/4, we have
1/4 < |t| < 3/2. It immediately follows that

|§(fz>g) (?C)|SCJ| 1|fz (X—t)g(x+t)|dt. (70)

|t

Finally, both |x — h| < 1/4 and |x — h — t| > 5/4 imply
[t| > 1. We clearly have

S (f39)(x)=0. (71)

Similarly, we also have that

S (f1-9) = S (f1 9Xgni<sjay) = T (fi IXgp-i<sya) » (72)

provided that [x — h| < 1/4 and |t| < 1.
Therefore, if |x — h| < 1/4, then the equalities (69), (71),
and (72) together with (70) imply that

|$ (f, 9) ()]

<|$(fi,9) )| +C Jm« |fo (x—1t) g (x +1)| dt

(73)
=T (f1> 9Xy1—ni<s/ap) ()]

+C J|t|<1 |f2 (x—-1) (gX{|~—h|g5/4}) (x+ t)| dt.

Clearly the inequality (66) is easily obtained by combing
(73) together with Corollary 11. We conclude the proof by
integrating both sides of (66) with respect to h. O

Lemma 16. Suppose that 1 < p,, p, < 00, and q > 1/2 satisfy
1 1 1
—=—+—. (74)
9 P P

Define the truncated operator as

S, (f,9) (x) =pv. «[Itl f(x—t)g(x+t)%. (75)
If the operator S defined by (9) satisfies
Iscr o, < Clrl, gl (76)

forall f,g € CZ(R), then the truncated operator S, is also
bounded from L' x L2 to L1 for every r > 0; moreover, the
operator norm of S, is independent of r.



Proof. Clearly it implies from the definitions of S, and S that
S, = S. By asimple dilation argument, we will prove that ||S, |,
the norm of the operator S, defined by (75), is independent
of r > 0 and equals ||S, ||.

Indeed, a simple computation implies that

S, (f:9) (rx)

:p.V.J f(rx—t)g(rx+t)£

Itl<r t

= p.v. J frx—rt)g(rx +rt) dt (77)
lt<1 t

=p.v. J (0,f) (x—1)(8,9) (x +1) dt
t]<1 t

= 5(5,£.8,9) ().

It follows that
IS.(f: ), 1186, 16,9,
NN

_ < 1 >1/q "S((Srf’ (Srg)”q
o, f1, 18:4ll,,”

where the dilation operator is defined by

(0:f) (x) = f (1) (79)

forallT > 0and x € R.
Denote the norm of the operator S by ||S| as follows:

It 9,
[ISII = —_— (80
ey ol Tl :

(78)

r

Taking supremum over all f, g € CZ° for (78), we have

(2) " 1s= (1) s, (3)

and naturally ||S, || = [IS]. O

Lemma 17. Suppose that P(-,-) is a real-valued polynomial
and 1 < py, p, < 00, and q > 1/2 satisfy

1 1 1
—-=—+—. (82)
9 P P
If the operator T defined by (1) satisfies
|7 ol < Clfl, gl (83)

forall f, g € CZ°(R), then the following operator

T, (f,9) (x) = IR P f (x — 1) g (x + 1) % (84)

is also bounded from LP* x L2 to L1 for every r > 0; moreover,
the operator norm of 7, is independent of r.
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Proof. By asimple dilation argument, we will prove that ||,
the norm of the operator 7 ,, is independent of » > 0 and
equals |77, || and naturally equals [|T|.

Indeed, a simple computation implies that

7,(£0)(3) =7 0 (61 (@)@, )
|17, (f.9) 10,
7T, I,
_ |l‘67(6r’1 (f) ’5r’1 (g))”q
7T, Isll.

T 6 0.0 ),
”(Sr'l (f)”pl l 6,1 (g)“pz '

(86)

Taking supremum over all f,g € CZ° for (86), we immedi-
ately have

T =g, (87)

and hence |7, | = |T]. O

Remark 18. Lemma 17 shows that, for the oscillatory integral
operator, the operator norm only depends on the degree of
the polynomial but is independent of the coefficient of the
polynomial.

3. Proof of the Main Results

Proof of Theorem 3. Associated with each positive r, denote
the operator S, by

s,(f,g)(x)=p.v.j Fx-Dg(x+t) %, (88)

|t|<r

where f, g € C2°(R); hence, we have S = S, by the definition
of § in Theorem 3. By the dilation argument as in the proof of
Lemma 16, we can easily conclude that if S can be extended to
abounded operator from L' x L2 to L1, then so is S, and the
operator norm is independent of » > 0. Observe that CZ°(R)
is dense in all L?(R) for 0 < p < co. For 0 < p < 1, we regard
LP(R) as a complete metric space. Since we can approximate
f € LP(R) by finite linear combinations of characteristic
function of intervals, we may assume that f = y; for some
finite open interval I. By the Lusin theorem, for any closed
interval O c [ there exists a function # € C° such that
supp(y) € I, 0 < n < 1,and n(x) = 1 for x € O. Hence
we obviously have

|f =l <11-o0l'". (89)

Fix f, g € C°(R) temporarily and choose a large N > 0
such that both supp(f) and supp(g) are contained in [-N,
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N]. If [t|] > N, we see that either x — ¢ ¢ supp(f) or x + ¢t ¢
supp(g) must hold for every x. Hence we conclude that

Sv(£,9)(x) =T (f.9) (%),
IT (£, = ISn(F )l < IS8l Al llall,,  90)
= ISt 71,19,

where ||Sy || and ||S|| are operator norms of Sy, and S from L' x
LP2 to L9, respectively.
Obviously it follows that

ITH < 1ISI- (91)

The validity of the converse follows from Lemma 15.
This finishes the proof of Theorem 3. O

Proof of Theorem 4. We assume that

|7 9l < <l Nl (92)

holds for some polynomial P(x,t) with P(x + h,t) — P(x,t)
being degenerate for all 1 € R. We wish to obtain

J IS (£, g) (x)|"dx
|x—h|<1 (93)
< C|f]3x (Bz(h>)||9||fmsz(h)y

where the constant C is independent of h and B,(h) = (h -
2,h+2).

Since P(x+h,t)—P(x, t) is degenerate with respect to x, t,
we can rewrite P as

P(x,t) = P(x—h,t)
94
+Qy(x—-t,h)+Q, (x+t,h)+R(x,h), O

for some polynomials Q;, Q,, and R.
For h € R, it follows that

S(f9)(x)
d
_ J fx-ngx+n
tl<1 t
= ¢ KON I PO f (x = 1) gy (x + 1)
|tl<1

(e—iP(x—h,t) B e—iP(x—h,O)) % (95)

X

+ o RGN —iP(x-h0)

iP(x. dt
xj eP(’t)fh(x—t)gh(x+t)—
t]<1 t

=8, (f,9) () +S; (f.9) (x),

where

S () = AEN £ (),
(96)

—iQ, (x,h)

gn(x)=e g(x).

For the polynomial P, when |x — k| < 1 and |¢| < 1, we
immediately have

|e—iP(x—h,t) _ e—iP(X—h,O)' < C |t| ) (97)
It is easy to drive that
55 (£9) ()] < CJH |fx=ngGeoldn  ©9)
t|<

for |x —h| < 1.
It follows from Corollary 11 and the inequality (98) that

J |8, (£, 9) (0)["dx
lx—hl<1

(99)
< C|flin (Bz<h>>||9||3pz (B,(h)"
If |x — h| < 1 and |t| < 1, then we have
fx=1) = (fXp-2mez) x=1),
(100)

g +1) = (fXpanen) (x +1).
By the definition of S, we thus obtain

Sy (£,9) (%) = Si (fXth-aes2) TXin22)) (%) (101)

for|x - h| < 1.
On the other hand, by Lemma 15, S;, is bounded from
LP' x LP2 to L% that is,

”Si(f’ 9)“;(31(;1))

- Jl hlet [Si(f X<h—2,h+2>’9X<h—z,h+z>)(x)'qu
(102)

q
< JR |Si(f X(h-2,n+2)> gX(h—z,h+2))(x)| dx

< C|flz~ (B,() ”g"zPZ(BZ(h))'

Hence the inequality (93) is also valid for Si. The theorem is
a consequence of (93) by taking integration with respect to h
over R and an application of Hélder’s inequality. O

Proof of Theorem 5. The implication (i) = (ii) is contained
in [1]. The implication (ii) = (iii) is a direct consequence of
Theorem 4, and (iii) = (i) can attribute to Theorem 3. O

Proof of Theorem 6. We first prove Theorem 6 for the case 0 >
1. One will see that the oscillatory factor is not necessary in
this case.

It follows that

|Ta (f’ g) (x)|

SJ |f (x—1t)g(x+1)|dt
|tl<1

+2J;

f(x—t)g<x+t)||f—|f, (103)

J<|t]<2/+!

= s(f1.lah o+ ST (.9 o).
j=0
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If we can show that
ITis 9, < 21, lall,, (104)
holds for some ¢ > 0 and each j = 1,2,..., then our desired
result follows immediately. .
Now let us consider the operator T.(f, g).
We conclude that
T;(f.9) ()
dt
[ Dol
2i<t|<2i |£]
< 2—j(a—1)+1 (105)

_ HJjtl j+1
meJﬂxzﬁﬂmzﬂw

< 9ilo-D+1 J’
|t|<1

|f (x - 2j+1t) g (x + 2j+1t)| dt.

Therefore, it follows that

ITis 9

< 2(—j(0—1)+1)q

X JR (J|t|<1 'f (x - 2j+1t) g (x + 2j+1t)' dt>qu

< 2(—j(o—l)+1)q2j+1

x JR (qu £ (27 (x-8) g (27 (x4 1) dt)qu

— pie-1+Dg, j+1 J
R

(J |f(x —1)F(x + t)| dt)qu,
|t|<1
(106)

where f(-) = f(27*'(-)) and g() = g2"*'(-)).
Clearly, f € LP(R) implies f € L(R).
It implies from Corollary 11 that

JR <J|t|<1 |flx = D)g(x +1) dt>qu

<c{J o ax)"" ([ laopa)"™

=2 f2 gl -
(107)

Thus we have

[Tics 9|, = 271, Nall,,- (108)

Abstract and Applied Analysis

It remains to consider the case 0 = 1. By Lemma 14,
we can reduce the theorem to boundedness of the following
operator defined as

T, (f,9)(x) = JR TN f(x—1) g(x+1)

dt
1+t

(109)
x(1-¢ ()

where ¢ is a smooth function with compact support con-
tained in [-1, 1] and equals 1 near the origin. Hence it suffices
to show that T, is bounded from L” x L to LY.

Since ¢ is smooth with compact support and equals 1 near
the origin, it is not hard to have that

i(‘P(%)—M%))ﬂﬂp(@- (110)

j=0

We rewrite the integral (109) as

T, (f.9) ()
= iP(x,t dt
:JZOJ.ReP( )f(x—t)g(x+t)wj(t)m
an)
+ W (f’ g) (x) >
= YTI(f,9) ) + W (f,9) (),
=0
where
x x
o0-s(55)-+(3)
W (f.9) (x)
_ iP(x,t) _ 3 L
= jRe flx-t)gx+t)(1-¢(1) e
j _ iP(x,t) dt
T (h9) )= | I =g Gy 0T
(112)
forj=0,1,2,....
It is clear that we have
dt
Wl 1fE-nge ol 7o )

which implies that W is bounded from L' x L2 to L1 as
shown for ¢ > 1. Hence it is enough to prove that

I35 9], < c27171, Mol (114)

for some € > 0.
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Let
j P2 x2it d
Ty (f,9) (x) = IR PR £ (x — 1) g (x + 1) Wy (1) ITI;
(115)

forj=0,1,2,....

By the dilation argument as in the proof of Lemma 17, we
easily conclude that the operator norms, ||T(£ |and | T é |, from
LPr x P2 to L1, are equal.

Observe that

Indg (P(2/(),27())) = 2Indg (P). (116)

We can now apply Lemma 14 to obtain that the decay estimate
(114) holds, since IIndﬁ(P)I >1forsomel <f<d-2.
This finishes the proof of Theorem 6. O

Remark 19. It should be pointed out that if the polynomial
P(.,) is degenerate, then the operator T, defined by (16) may
not be bounded from L” (R) x L”2(R) to LI(R).
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