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We first introduce I'-function and Riemann {-function to characterize the constant factor jointly. A Hilbert-type integral inequality
with multiparameters and a nonhomogeneous kernel is given using the way of weight function and the technique of real analysis.
The equivalent form is considered and its constant factors are proved to be the best possible. Some meaningful results are obtained

by taking the special parameter values.

1. Introduction

If 8(x)(> 0) is a measurable function and p is a positive
number, set the function spaces as follows:

I ._{ Al = ““’ 2 }1/2 }
(0,00) :=1h = 0; ||Al, := h™ (x)dx <00y,
0

Lj (0, 00)
= {h > 05l = {JOOG(x) W (x) dx}l/p < oo} .
0 @)
If f,g9 € L*(0,00), [ fll, lgll, > 0, then we have [1]
[T Y gty <alpblel, @

where the constant factor 7 is the best possible. Inequality (2)
is the famous Hilbert integral inequality, which is important
in analysis and its applications [I, 2]. We note that the
kernel of (2) is homogeneous of —1-degree, and the methods
and results about Hilbert-type inequality with the negative
homogeneous kernel and multiparameters are summarized
systematically in the paper in [3]. In recent years, Hilbert-type
inequality was researched from homogeneous kernel turn

to nonhomogeneous kernel [4-10], such that two integral
inequalities with the best constant factor are obtained in [6, 7]
as follows:

”O eV f ) g(y)dxdy < Valfllal, O

Ifp(x) = %, y(y) = ¢, f € L2(0,00), g € L}, (0,00),
11,45 1115, > O, then

[[TL299) heay nlfl, hol, @

0 1+exty

In this paper, a Hilbert-type integral inequality with
nonhomogeneous kernel is given using the way of weight
function and the technique of real analysis as follows.

o) = x> y(y) = y7°, f € Li(0,00), g € L3,(0,00),
1£llp» 1, > 0. then

”:Oew coth (xy) f (x) g (y) dxdy

S (5)
<(% 1)1k lols,
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2. Some Lemmas

Lemma 1. Let a > -1, Re(s) > O; then, the Laplace integral
transform of the power function x” is as follows [11]:

IF'(a+1)

F(s) = L x"e ¥ dx = o (6)

where [(z) is the T-function (I'(z) = IOOO e Y du(z > 0)).

Lemma 2. Let m be a positive integer; then, one has the
summation formula [12]

0 1 22m ln,Zm
k;k_ = "y P @
and [8]
0 (22m _ 1) ﬂszm
= 8
g 2k + 1)2’” 202m) ®

where the B, are the Bernoulli numbers, namely, B, = 1/6,
B, = 1/30, B, = 1/42, B, = 1/30, By = 5/66, B, = 691/2730,
=7/6, and so forth.

Lemma3. Ifp>1,1/p+1/q=1, &, > 0, define the weight
function as follows:

wfaf) = [ com (By) Ldy e 000
(o, y) :=J " coth (Bxy) q;Pd, y € (0,+00);
)
then, one has
(@ fx) = C (o ) ¥ 7,
(o fry) = Cla ) y 7, "
where
Clauf) = st (6+1)
. Y
i)
particularly.

(1) When o = 23, by (11), we find that

Clef)=CB) = ST (B D[C(B+1)- 3], @2

1
2B ﬁﬁﬂ

where {(x) is Riemann {-function ({(x) = Y, (1/k) (x >
1)).
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(2) Whenoa =2f,=2m-1 (m=1,2,...)
(12), we find that

, from (8) and

"B
Cla,B) = n -
(@ p) 2m(Q2m - 1)*"

2m-1)!

[22m-1)]"" )

where the B, are the Bernoulli numbers, namely, B, = 1/6,
B, = 1/30, B, = 1/42, B, = 1/30, B = 5/66, B, = 691/2730,
B, =7/6, and so forth.

Proof. Setting Bxy = u, then, by (6), we have

w(a, B, x) = JOO ~* coth (ﬁxy) Pﬁ/q

co g-(@/p | g-(ralPu
= —pp-1 J ¢ ¢ > uWPdu
0 1-¢

/,’ﬁ+1 —2u
1 5
= Wx pp-1
xi{ r(p+1) r(g+1) }
(k+a/p)™ 20+ 1) +a/p]™
1 —pp—
"2 P (B+1)
m_;_“1§“}
" [kZo(k +a/2B)! 2< « )
=C(o, f)x PP
(14)
By the same way, we obtain w(a, 8, y) = C(a, f)y 7', O

Lemmad4. Ifp > 1,1/p+1/q =1L af > 0,0 < &<
min{qp, pB}, and € is small enough, define the real functions
as follows:

N 0, x €(0,1),
[ = ‘]x(pﬁe)/p, x € [1,00),
(15)
B ~ 0, VAS (1, OO) >
g0y = { YaBAIGye (0,1];
then, one finds that
o= [} w7 s
0
1/q 1
[Ty o] e
Te = ” e coth (Bxy) f (x) §(y) dxdy
o (17)

Cla,f)(1-0(1)) (e—0").
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Proof. We easily get
_ © 1/pr (oo o 1/q
e[ enn] ([ o o]

0 1/pr r1 1/q
— |:J x—(1+s)dx] [J y—l+sdy] e=1.
1 0

(18)

Since F(u) = uP2e™ P coth u is continuous on (0, co) and
lim, , F(u) = 0, lim, _, ., F(u) = 0, there exists M > 0, such
that F(u) < M. From Fubini theorem [13], we have

Ie = U e coth (Bxy) f (x) g (y) dxdy
) 1
=& J x(Pﬁ*S)/pdx [J eiaxy COth (ﬁxy) y(qﬁ+£)/qdy:|
0

= ﬂ[&+1+s/q

o PBx
X J- x odx “ e P (coth u) uﬁ“/qdu]
0

1

&€ 0 (
= uPrelag=@PY coth u du
ﬁﬁ+1+£/q 0

£ e, [ relg ~@/pu
iy J x fdx J uPrelde cothudu
‘Bﬁ+ +elq | ax

1 £

S
= Lk a/p)f [2(k+ 1) +a/p)

l (oe] 1 (o)
iy J x fdx J uPrelag= @B otk du
‘Bﬁ+ +elq | ax

1 £
>Wr<ﬁ+l+a>

()

Me o ©
- m j X 1dxj u 2+s/qdu
,B 1 ax

1 €

()

3
o Me 1
B (1-elq)’
=C(a,B)(1-0(1) (¢—0").
(19)
O

3. Main Results and Applications

Theorem 5. If p > 1,1/p+1/q=1, a8 > 0, p(x) = x PP,

y(y) = y 47, f € 12(0,00), g € LL,(0,00), I £, Igll,, >
0, then one has

”:oe—ocxy coth (Bxy) f (x) g (y)dxdy

< C(a, ) ||f||p,<p“g||q»<l”

where the constant factor C(w, [3) (with (11)) is the best possible.

(20)

Proof. By Holder’s inequality [14], Fubini theorem, and
Lemma 4, we obtain

I:= ” :O e coth (Bxy) f (x) g () dxdy
- I I :O e coth (Bxy) f (x) g ()
Blp Bla
y X
) [ | xa

00 B 1/p
[ ” ¢ coth (Bxy) £2(x) 2 —dx dy]
0

xPPBla

IN

(21)

. B 1/q
—Qxy q X
X [JJO e 7 coth (Bxy)g (y)yqﬁ/pdxdy]

1/p

= “000 w(a, B, x) fF (x)dX}

0 1/q
x U w(a, B, y)gq(y)dy}

0

= C(aB) | £l 9l

If inequality (21) keeps the form of equality, then there
exist constants A and B [14], which are not all zeroes, such that
A(yP|xPPI9) £P(x) = B(xPyPP!P) g9(y) a.e.in (0, 00)x(0, 00).
It follows that Ax_PBfP(x) = By_‘”;gq(y) a.e. on (0,00) x
(0,00). Assuming that A #0, there exists y > 0, such that
x PP fP(x) = [By P g(y)](1/ Ax) a.e. in x € (0, 00), which
contradicts the fact that 0 < | f]| pgp < 0O Then, inequality
(21) keeps the strict form.

If the constant factor C(a, ) of (20) is not the best
possible, then there exists a positiveK < C(a, f3), such that
inequality (20) is still valid if we replace C(w, f8) by K; then,
by (16) and (17), we have

C(a,B)(1-0(1)) <K. (22)



Letting e — 0", we get K > C(a, ), which contradicts the
fact that K < C(a, f3), so the constant factor C(«, ) of (20) is
the best possible. O

Theorem 6. If p > 1, 1/p+1/q = 1, a,3 > 0, p(x) =
x PP f e L{;)(O, o), [If1,, > 0, then one has

® apnian g [ (7 e P
y 'y e " coth (Bxy) f(x)dx
0 0 (23)

<CP (@ B) £l

where the constant factor CP(w, f8) is the best possible, and
inequality (23) is equivalent to inequality (20).

Proof. Setting a bounded measurable function as

f(x), for f(x)<n,

n, for f (x) > n, @4

[f (x)], :=min{n, f (x)} = {

since 0 < || fll,, < oo, there exists #, € N, such that 0 <
[ @p( F()]ldx < 00 (n 2 ny). Setting

n /
00 (0) = V[ o ot () [ )]

1/n

1

—<y<nnz >

(n y<nn n0>
(25)

when n > n, from (20), we find that

0< L/nw(y) g (v)dy
n n P
- L/ B/ Hu e coth (Bxy) [ f (x)]ndx] dy

= [ e ot (B 1 ()0 () dvdy

1/n

<C(ap) {f/nwx) [f <x>];’idx}”p

x “1/ v () g5 (») dy} l/q,

0< L/nllf(y)gﬁ (»)dy < C* (. B) L ¢ (x) fF (x)dx

- () I, < co.
(26)

It follows that 0 < "f”pxp < co. Forn — oo, by (20), (26)
still keep the forms of strict inequality. Hence, we have (23).
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On the other hand, from Hélder inequality, we find that

I= ”:Oe_axy coth (Bxy) f (x) g(y)dxdy

= JOO [}’(qﬁﬂ)/‘p(q_l) J'OO e coth (Bxy) f (x) dx]
0

0
« [y(—qﬁ-l)/p(q-l)g (y)] dy

00 o PP
j y(qﬁ+1>/(q—1)dyH e ™ coth (Bxy) f(x) dx] }
0

0

|

gl

<CloB) | flppllglye
(27)

The inequality is (20), which is equivalent to (23).

If the constant factor of (23) is not the best, by (23), then
we obtain that the constant factor of (20) is not the best
too, which contradicts Theorem 5. Thus, the constant factor
CP(a, B) in (23) is the best possible. O

By taking the special parameter values in (20) and (23),
some meaningful inequalities are obtained as follows.

Example 7. Leta = 3 = 1, p = q = 2; by (8) and (11), we get
C(1,1) = 232,(1/2k + 1)*) =1 = n*/4 - L. If p(x) = x°,
v(y) =y, f € L3 (0,00), g € L2,(0,00), | fl, 0 lgll,,,, > O,
then we have (5) and its equivalent form as

o o 2 2 2
J. y3dy[J e Ycoth (xy) f(x) dx] < (n_ - 1) ||f||§¢,
0 0 4 ’
(28)
where the constant factor (7%/4 — 1)2 is the best possible.

Example 8. Letax = 1, B = 1/2, p = q = 2; by (12), we get
C(1,1/2) = Va[{(3/2) - 1/2] = 1.87204391". If p(x) = x 2,

y(y) =y f € L2(0,00), g € L2(0,00), [ fl, gl > O,
then we have the following equivalent inequalities:

ije—xy coth (%xy) f(x)g(y)dxdy

<Va[t(3) - 3] 1lylalsy
(29)

JOO yzdy[-[:o e ™ coth (%3@/) f(x) dx]2

0
3y 172
<n¢(3)-3] ks
where the constant factors 7 [{(3/2)-1/2], 7[((3/2) — 1/2]*

in (29) are the best possible.

Example 9. Let « = 2,3 = 1, p = q = 2; by (13), we
get C(2,1) = (1/4)(n*/3 - 1). If p(x) = x>, w(y) = y~3,
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fe LEP(O, 00),g € pr(O, 00), ||f||2)(p, IIgIIZ’w > 0, then we have
the following equivalent inequalities:

szoe—ny coth (xy) f (x) g (y)dxdy

1

2
(5 -1) 1k lol,
roff e
ydy e Y coth (xy) f (x)dx
0 0
WE A
<x(Z-1) v,

where the constant factors (1/4)(7?/3 = 1), (1/16)(7%/3 - 1)2
in (30) are the best possible.

,  (0)
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