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This paper is concerned with the existence of quasiperiodic solutions with two frequencies of completely resonant, quasiperiodically
forced nonlinear wave equations subject to periodic spatial boundary conditions. The solutions turn out to be, at the first order,
the superposition of traveling waves, traveling in the opposite or the same directions. The proofs are based on the variational
Lyapunov-Schmidt reduction and the linking theorem, while the bifurcation equations are solved by variational methods.

1. Introduction

This paper is devoted to the study of the existence of small-
amplitude quasiperiodic solutions of completely resonant
forced nonlinear wave equations like

Uy — g + f (0t 0yt x,u) =0, (1)
with periodic boundary conditions
(t,x) € R, )

u(t,x) =u(t,x+2mn),

while the nonlinear forced term f is

f(wyt, wyt, x, 1) = I;sak (w,f + x, w,t + x) ", 3)

when the traveling waves are in the same directions, and f is

f (wt, wyt, x,u) = g;ak (w,t = x, wyt +x) ", (4)

when the traveling waves are in the opposite directions.
Moreover, the nonlinear forced terms are all analytic in a
neighborhood of u = 0.

Periodic or quasiperiodic solutions in nonresonant PDEs
have been obtained, for instance, in [1-12] by the Lyapunov-
Schmidt reduction together with Nash-Moser theory and
KAM theory, while the completely resonant autonomous
PDEs have been originally studied by variational methods
starting from Rabinowitz [13-19]. They obtained the existence
of periodic solutions with period being a rational multiple
of 77, and such solutions correspond to a zero-measure set
of values of the amplitudes. The case with period being
irrational of 7, which in principle could provide a large
measure of values, has been mostly studied under strong Dio-
phantine conditions; see [20-25] and the references therein.
In [26, 27], using the Lindstedt series method, Gentile and
Procesi obtained the existence of periodic solutions for a
large measure set of frequencies for the nonlinear wave
equations and nonlinear Schrédinger equations with periodic
boundary conditions. In [28], Yuan obtained the existence
of quasiperiodic solution for a large measure set of at least
three dimensional rotation vectors by the KAM method. In
[29], under the periodic boundary condition and with the
periodic forced nonlinearities f(w,t,u) = a(wlt)uz‘i_1 +
Ow*), d > 2, Berti and Procesi got the existence of
quasiperiodic solution of nonlinear wave equation in the
form of v(t,x) = u(wt,w,t + x). In [30], Procesi firstly
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obtained the quasiperiodic solutions with two frequencies in
the form of v(t,x) = u(w;t + x,w,t — x) for the specific
nonlinearities f = u® + O(®), where the forced terms do
not depend on the time and the bifurcation equations are
solved by ODE methods. In [31], Baldi proved the existence
of small-amplitude quasiperiodic solutions in the form of
v(t, x) = u(w;t + x, w,t + x) with the general nonlinearities
f= 1> +0O(u*), which also do not depend on the time. In [32],
they considered the existence of quasiperiodic solution of the
forced wave equation, in which the solutions are traveling in
opposite directions. However, they did not give the regularity
of the solutions, and the results are the special case of our
results in Section 4. Moreover, we mention the work [33] of
Bambusi, where a simple proof of an infinite-dimensional
extension of the Lyapunov center theorem is given.

In this paper, for the completely resonant wave equation
(1) subjecting to the quasiperiodic forced terms, we will prove
the existence and regularity of quasiperiodic solutions with
two frequencies, w,, ,, in both of the following two cases.

Case (Al). The first case considers the wave traveling in the
same directions u(t, x) = v(w,t + x, w,t + x).

Case (A2). The second case considers the wave traveling in
opposite directions u(t, x) = v(w;t — x, w,t + X).

2. Main Results

We look for quasiperiodic solutions u(t,x) of (1) of the
following form:

(in the same directions)

u(t,x) = v(wt+xwt+x)=v(@,9,),

v(p9,) = v(py + 2k, 9, + 2kym), Vi, k, € Z,

with frequencies w = (w;,w,) = (1 +¢€,1 + aez),a eR7,or

(in opposite directions)

u(t,x) = v(wt—xwt+x)=v(¢,9,),

v(pn9,) = v(g) + 2k, 9, + 2k,7),  Vk,k, € Z,

with frequencies w = (w,w,) = (1 +€1 +ae), a € R,
imposing the frequencies w = (w;,w,) to be close to linear
frequency 1. Therefore, finding the quasiperiodic solutions of
(1) with frequencies, respectively, (w,,w,) is equivalent to
finding 27 periodic solutions with respect to (¢;, ¢,) for the
following equations:

(in the same directions)
(atzt - aazcx) V= (at - ax) ° (at + ax) v

= [wla‘h + wza‘l’z N a‘Pl N a‘Pz]
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o [wla% +w,d, +0, + a%] v

((wf =1)32 +(w;—1)3;

+2 (w0, — 1) a%a%) v

=~ fp92v),
7)
(in opposite directions)
(0p-0%)v=(3,-9,)°(3,+3,)v
= @9, +w;d, +0, -0, ]
o [w,9,, + w3, — 9, +3,,|v ©

((wf =1)3;, + (w3 -1)3,

+2 (w0, + 1)8%8%) v

~ (@1 927).

We assume that the quasiperiodic forced term f: T> x R —
IR)

fp192v) = a3 (91,9,) V' + O (V4) , )

is analytic in v but has only finite regularity in ¢,, ¢,. More
precisely,

(H) f(@1,9,v) i= Yoy ak((pl,goz)vk, and the coeflicients
a (e, 9,) € Hl(T]'Z) verify, for some r > 0,
Y lagl it < co. The function f(¢,,@,,v) is not
identically constant in (¢;, ¢,).

We look for solutions v of (7)-(8) in the Banach space

x

0,s

L _ ~ iloy ilbp, . ~* o~
=qv(9) = Y T e V1) = Vel L)
(1., ez?

> Paw

(1,.,)ez?

V]s = e (max {0, |,|})" < +oo

(10)

2~ . .
where I = (I},1;) € Z°,V ,, denotes its complex conjugate,
ando >0, s> 0.

The space 7, is a Banach algebra with respect to
multiplications of functions, namely,

Vi Vs € %o,s = V1V, € %O',S’ |V1V2la,s < C|V1|o,s|v2la,s'

(11)

We will prove the following theorems.
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Theorem 1. Assume that the nonlinearity f satisfies (H) and
a3 (@1, 9,) #0, V(py,9,) € T2 Let 2B, be the uncountable
zero-measure Cantor set

By

={(a,e)e[R{’><lR, 1+e+#0, 1+a62¢0, 2+a62¢0,
2+€
<m,a€> € %Vl n (1 — €p» 1 +€0)

1+€

> ¢ Q, foreg, € <0 ;)},

(12)

x@, ﬂ( €0>€0) >

where €, i = 1,2, are sets of badly approximate numbers

defined as
2+e Y
€, = > 2=t
n { 2 + ae? A }

%yz = {ae |l + ael l > |l |}

for Vi, 1, € Z\ {0}, and 0 < y < 1/4. There exist constants
0 >0, 5s>2,and€(R) > 0, such that, for (a,€) € %y, lel/y <
€(R), there exists a solution v(e, ¢, ¢,) € # 55 of (7), having
the form

2+e€
2 + ae?

2t 1

V(€>(P1"P2) (14)

= el (Go +q- (¢,) + G, (@1 + 92) + P(e,01,9,))

with
( Iyl ) 15)

where C is a constant. As a consequence, (1) possesses
the quasiperiodic solutions, traveling in the same directions,
ule, t,x) = v(e, wt + x,wyt + x), with two frequencies
(ww)=(1+e 1+ ae?).

P (e, ‘Pla%)l

Theorem 2. Assume that f satisfies assumption (H) and

a3 (@1, 9,) #0, V(@,,9,) € T Let D, < (=€ €) X (=€, €)
be the uncountable zero-measure Cantor set

ae €
— )e%y,
2+€ 2+ae

P, = {(a,e) cR™ xR, (

1+¢
1+ ae

¢Q, 1+e+#0, 1 +aec+0, 2+ae¢0},
(16)

where &, is a set of badly approximate numbers defined as

&y

ae €
) {(2+€’ 2+ae) = (e16) € (€0 €9) X (€0, o) :

L +¢l|> L +el | > }
| 172 l |12| | 2%1 | |l|
(17)

for Vi, 1, € Z\ {0}, and 0 < y < 1/4, €, € (0,1/2). There
exist positive numbers 0,€,C,s > 2, such that, ¥(a,€) € SZV,
(8) admits solutions in the form of

Va,e (t> x) =V (6’ P15 902)
= Viel (@ +3- (9,) + 3. (1) (18)
+p (6 901’(P2)) as’
satisfying

le]
P (6.01:9,)]55 < C( ; ) (19)

As a consequence, (1) possesses the quasiperiodic solutions,
u, (t,x) = v, ((1+e€)t+x, (1 +ae)t - x), traveling in opposite
directions.

Remark 3. The quasiperiodic solutions of traveling waves we
obtained are different from the ones got by KAM methods
since the quasiperiodic solutions we get depending on x and
t are coupled and in the form of the traveling waves.

Remark 4. We can get the similar result with more general
nonlinearity, such as f(w,t,w,t,x,u) = ay(@,p,)u’ +
O™y, foranyd € N, d > 3.

This paper is organized as follows: we first prove the
existence of quasiperiodic solutions, at the first order, to the
superposition of traveling waves, traveling in the same direc-
tions. In Section 4, we prove the existence of quasiperiodic
solutions traveling in opposite directions.

3. Waves Traveling in the Same Directions

Substituting w, = 1+ €,w, = 1 + a€e” into (7), we can obtain
the equations

Lv+ (@1 9y7) = (20)
where, see (7), we have
Z = ((0} -1)0;, + () -1)0;, +2 (w0, ~1)3,,0,,) v
= €(20; +20,,9,,)
¢’ (95 +(2a+a’e’)0, +2a(1+€)3,39,,),
(21)

and f(@,, ¢y, V) = a3(@;, 9,)v° + O(v*). To prove Theorem 1,
instead of looking for solutions of (7) in a shrinking neigh-
borhood of zero, it is convenient to perform the rescaling
V(g @) — ev(g),9,), enhancing the relation between the
amplitude and the frequencies. Without confusion, we define

Lae = (20, +20,0,,)
+€ (8;1 + (2a + azez) 85)2 +2a(l+e€)o, a%) (22)

=%y +eZL,



so the problem becomes

=?a,e + Ef (q)l’ P2 Vs 6) =0. (23)

To find the solutions of (23), we will apply the Lyapunov-
Schmidt reduction method which leads to solving separately
a “range equation” and a “bifurcation equation.” In order to
solve the range equation (avoiding small divisor problems),
we restrict € to the uncountable zero-measure set %, for
Theorem 1, and we apply the Contraction Mapping Theorem;
similar nonresonance conditions have been employed, for
example, in [21-23, 25, 29, 30].

Equation (23) is the Euler-Lagrange equation of the action
functional ¥, € C'(%,,, R) defined by

2w = [ (00) +(0,) (2,.7)
re( 3@ 20,0

+a (1 +e¢) (aq,l v) (a%v) )

— €F (p1, 9, v,€)
=Y, (v) +eY¥, (v,e),

(24)

where

F (g1, 95 v,€) = va (p1 95,8, €) d&,

B0 = [ @) +(2,4) (3),

'D'Z

22
¥, (v€) = er (%(a%v)z + M%(a%v)z (25)

+a (1l +e) (aq,l v) (a%v) )

—€F (9@ vs€).

To find critical points of ¥,.(v), we perform a variational
Lyapunov-Schmidt reduction inspired by Berti and Bolle [22,
23, 29]; see also Ambrosetti and Badiale [34].

3.1. The Variational Lyapunov-Schmidt Reduction. The oper-
ator £, . is diagonal defined on the Banach space 7, ; under

the Fourier basis e, = ¢/1%1 2% with eigenvalues
-Dy= (21 +2LL) +e(l; + (2a+ a’€®) ; +2a (1 +€) 1, 1,)
= (I, + ael,) ((2 +e)l; +(2+ae?) lz) :
(26)
So, we have

ga)e [V] = Z Dlvll,lz elll(Pl ellz(pz’ Yv € %U,S'

(1,.1,)ez? 27)
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The critical points of the unperturbed functional ¥,
# ;5 — R form an infinite-dimensional linear space Q, and
they are the solutions of the equation

2

Foq = (29, +20,,9,,)q=0. (28)

The space Q can be written as

Q= q= Z Z]ll,lzeill(m eilz(Pz c %o,s | Zl\ll,lz =0,
(11,12)622
(29)
for I, (2, +21,) # 0} .

In view of the variational argument that we will use to solve

the bifurcation equation, we split Q as Q = Q, + Q, + Q_,
where

Q, = {q €Q:qy =0, for (I,,,) ¢ A+}

=l =9, (e}
Q= {g: 400 € R}, (30)
Q = {q€Q:g,, =0, for (I,1,) ¢ A_}

={a =q (p)e 7},

A, = {(ll,lz) ez :1, = O,ZZqEO},

>
I

= b)) e Z L+ L =0, (1,h) # (0,00}, (3D
Ay = {(l,1) € Z%: (I,1,) = (0,0)} .
We will also use in Q the norm

|‘1|1qu = I‘M?{l(v) * ‘I(Z),o + l‘LﬁIl(T)

2 2 2 (32)
~ Z a1, (|11| Ll +1).
(13:1,) €A LUA UA
So, we can decompose the space #, ; = Q + P, where
~ il il ~
P:i=qp= Z by e e e X, 1 py, =0,
I,lL,ez
(33)

for I, (21, +21,) = 0} .

Projecting (23) onto the closed subspaces Q and P, setting
v=q+peH,,withg € Qand p € P, we obtain

Q) % q]+ Hof (@1, 92q+ ps€) =0,
(P) Zoe[p] +€ellpf (91,959 + pi€) =0,

(34)
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where Il : #,; — Q, lp: Z
respectively, onto Q and P.

In order to prove analyticity of the solutions and to high-
light the compactness of the problem, we perform a finite-
dimensional Lyapunov-Schmidt reduction, introducing the
decomposition Q = Q, + Q,, where

~ il il
Ql = q= Z qlplze 1(Ple 292 € Q 5
[L1+lL1<N

_ i .
Q,=49g= Z ‘111,12@1 191,th ¢ Q.
[ 1+lL1<N

— P are the projectors,

0,8

(35)

Setting g = q; + g, with g; € Q, and g, € Q,, we finally get

(Q) Z:[ai] + g, [f (P 00q1 +q,+ p€)] =0

(36)
—d¥.(v)[h] =0, VheQ;

(Q) Z1 (4] + g, [f (19201 + @2 + pr€)] =0 -
= d¥.(v)[h] =0, VheQy

(P) Z,c[p]+€llp [f (91,9201 + 95 + pr€)] = 0 (38)

= d¥.(v)[h] =0, VhelP,

where Il : #,; — Q; are the projectors onto Q; (i = 1,2),
and Il : #,, — Pistheprojector onto P. We will solve first
the (Q,)-(P)-equations forall |g, | < 2R, provided e belongs
to a suitable Cantor-like set, |€|] < €,(R) is sufficiently small,
and N > Ny(R) is large enough (see Lemma 7). Next, we
will solve the Q,-equation by means of a variational linking
argument; see Section 3.4.

3.2. The (Q,)-(P)-Equations. We first prove that &£, _ restrict-
ed to P has a bounded inverse when (g, €) belongs to the
uncountable zero-measure set

By

={(a,e)e[R7><lR, 1+€40, 1+ae’#0, 2+ ae” #0,
2+
(—i,ae) €%, N(1-¢,1+¢)

2+ ae
> ¢ Q, for € (0 1)}
0 € 5]

(39)

l1+¢
1+a

x€,, N (~€p€) >

where €, i = 1,2, is a set of badly approximate numbers
defined by
1l
> >
Inl

2+e€
Gy e = {2+a62 :|12+

€., : {ae |l+ael|>|l|}

2+€
2 + ae?

1

Y2

forVvi,,l, € Z\{0},and 0 < y < 1/4. €,,i=12, accumulate
at 1 and zero, respectively, from both the right and the left;
see 21, 31, 35].

The operator &, is diagonal in the Fourier basis
{eh91e% (1,1,) € 7%} with eigenvalues

Dy =~ (1) + aely) ((2 +e)l + (2 + aez) lz)
(41)
2+e

- (2 + GEZ) (ll + aell) (12 + mh) .
Lemma 5. For (a,€) € %y,
restricted to P satisfy

the eigenvalues Dy ; of £,

|Dll,lz' = |(l1 + ael,) ((2 +e)l + (2 + aez) lz)' >, )
VI, 1, 0.

Asa consequence, the operator &, : P — P has a bounded

inverse £Z . and satisfies

-1 |h|a,s
| Zac | < =5 VheP (43)

Proof. Denote by [x] the nearest integer close to x and by
{x} = x — [x] its fractional part. If both I, # — [ael,] and
L#-[(2+e)/2+ aez))ll], we have

_ . 2 2te )
'D,l)l2 = |(1; + ael,)| |(2 +ae ) <l2 *3 +aezll > 1.
(44)
If I, = —[ael,], then |I;| < (1/2)|L,], so that |, + (2 + €)/(2 +
aez))lll > (1/2)|1,]. This implies that
|Dzl,zz
2+e€
= |I, + ael,| - |2 + a62| mh +1
> ll | 2+e)
ae €
x(e{2+€lz} +212+ae<1— 2+€>lz> > y.
(45)

—[((2 + €)/(2 + ae*))1, ], we have

2+¢€a 2 —2ae
_|ll ‘(2+a62)<e{2+aezll}+ 211) >

2 +ae
So, the operator &, restricted to P has a bounded inverse
and satisfies

In the same way, if [, =

'Dll 12

y.
(46)

|Ell,lz| el (max {0, |1, [})

—1
|z, = Y Do
(1,l,)ez? 1k
Dl (47)
h
< Hﬁ Vh e P.
Y
O



Lemma 6. The operator &,
inverse £\, satisfying

: Q, — Q, has a bounded

h
|z | < o I\ll‘; (48)
Proof. &, is diagonal in the Fourier basis of Q : e"1%1¢™%2

with (1;,1,) € A, UA,UA_ with eigenvalues

_[(1+e(-2a+a%))B, ifl,+1,=0,
D, = {a (2 + aez) L, ifl; =0. (49)

The eigenvalues of Z; restricted to Q,(N) verify |d; ; | >

N?/C, where the constant C depends on (€,a), and (48)
holds. O

Fixed points of the nonlinear operator % : Q, & P —
Q, @ P defined by

B (g pa1) = (‘gianzf((Pl’S"zﬂh +q, + p€), (50)
50

_e‘g;,lenpf (P1 9291 + G + P, e))

are solutions of the (Q,)-(P)-equations. Using the Contrac-
tion Mapping Theorem, we can prove the following lemma.

Lemma 7. For any R > 0, there exist an integer Ny(R) € N*
and positive constants €,(R) > 0, Cy(R) > 0 such that

V|ay|p 2R, Vee B, lely < R),

(51)
VN >N, (R):0< No <1,

and there exists a unique solution (q,(q;),p(q,)) =
(g2(6, N, qy), p(e, N, q,)) € Q, ® P of the (Q,)-(P)-equations
satisfying
Co (R)

N? (52)
Co(R) lely ™.

|q2 (e’ N’ q1)|g,s S
Ip (€> N’ ql)la,s =

(92(q1), p(qy)) is Cl(BzR> Q,®P)

Moreover, the map q; —
and

C R
< @R,

a,s

|4, (q1) [1]
(53)

P (@) [h]| < Co (R) el y_1|h|H1 VheQ,.

Proof. Let us consider the ball

B:= {(qZ’p) € Q2 GBP’ |q2|o,s < P1> Iplo,s S PZ} (54)

with norm [(g,, P)lys = |92lss + |Plos- We can claim that,
under assumptions (51), there exist p;, p, € (0,1) such that
the map (g,, p) — P(g»> p; ;) is a contraction mapping in
B, that is, we have to prove

Abstract and Applied Analysis

(i) (95> ) € B= P(q p3q1) € B;
(ii) 1B(q2> 3 41) = B> P3 @) c < 71l(Ga5 P) =
(g, p),(@,, ) € B,
where the constant # € (0,1). In the following, x; (i =

1,2,...,5) denote different constants. By (48) and the Banach
property of 7 ,

@2 Pl

1 (22> p5 ql)la,s = |311HQ2JC(‘P1’4’2"11 T4t p 6)'
Ky 3 3 3 (55)
= W (lq1|a,s + |q2|¢7,s * |p|¢7,s) .

Similarly, for (a, €) € B, by (43), we have

B> (92, 5 ql)lo‘,s = '63;,15pr (P1> P21 + G2 + P, €)|
(56)
K, |€
< 5l + el + 1oL

For all g, € Q;(N), setting [x]

= max{0, |x[}, we can get

|q1|a,s

-y

|L|<N., =0

No —~
se < Z 'qll,z2

|L|<N.L =0

lhlo Lo ;18
|‘10 'e ’ Z 2[-1,]

|L|<NJL +1,=0

([-=-2])

[‘lz]s>

@1, e

)

|| <N +1,=0

1/2 1/2
1
S K3 < Z '%,122[2 > <Z_>
|L|<N =0 ez (L]
31,1,

1/2
- 2 2
+< Z L] >
|| <N +1,=0

1/2
1
" <Z [zznz“‘”)

< K4|Q1|Hl

"1712,12

(57)

whenever 0 < No < 1, 0 < s < 1/2. Thus, V|‘I1|Hl <
ZR) |Q2|05 = Pp |p|05 _P2, we get

|s‘B1 (QPP;‘]I)L;,S = N_S(R +p1 +p2)

(58)
5 el

K
|sn2(q2’f);ql)|a,sS (R3+pf+p23)

Now, set Cy(R) := K5R3, and we define p, := ZCO(R)/N3/2,
p, = 2C,(R)(lel/y). By the inequality above, there exist
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Ny(R) € N" and €y(R) > 0 such that YN > N,(R) and
Vlely™ < €(R),

1 (0 p5 ql)la,s < Po B> (42 ps ql)la,s <p (59)

So, we get the proof of (i). Item (ii) can be obtained with the
same estimates.
By the Contraction Mapping Theorem, there exists

a unique fixed point (g,(q,), p(q;)) = (q(e,N,q,),
p(e,N,q,)) of B in B. The bounds of (52) follow by the
definition of p; and p,.

Since the map P ¢ C'(Q, ® P x Q;;Q, ® P x Q)),
the Implicit Function Theorem implies that the map q, —
(q,(,N,q,), p(e, N, q,)) is C'. Differentiating both sides of
(42(q1) P(q1)) = B(q2(91)> P(q1) q), we can get

a0, (q,) [h]
= -L'Mg, 0,1) (91,9091 + 42 (@) + p(a1) - €)
x (h+d)(q)) [h] + p' (ar) [R]),
p'(a) 1]
=2, (3,) (91921 + 42 (@) + (1) 5 €)
x (h+ gy (q,) [+ p' (qy) [H]).

Using (43)-(48) and the Banach property of 7, ;, we get

(60)

|, (a,) (1],

C(R ,
£ ]\(72) (|h|a,s + l‘b (ql) [h]

P (@) h],

L CWd

))
g,s

P (@)

))
g,s

(61)

Ihlos + |, (1) Th| + [p' (2) 1h]

which implies the bounds (53), since when C(R)(|e|/y+ 1/N?)
is small enough, we can get

CR  CE®
1- _
G| N N>l (62)
C®I | C®|T Y
Y y
0

3.3. The (Q,)-Equation. Once the (Q,)-(P)-equations have
been solved by (g,(q,), p(q;)) € Q, & P, there remains the
finite-dimensional Q, -equation

Z1 [ai1] +HQ1f((P1’(P2’QI +q,(q,) +p(q,).€) =0. (63)

The geometric interpretation of the construction of
(4>(q1), p(q,)) is that, on the finite-dimensional submanifold

Z = 1{q, + q,(q,) + p(q;) : 1g;| < 2R}, diffeomorphic to the
ball

Byr:=1{q € Q: : |qi|pp < 2R}, (64)

the partial derivatives of the action functional ¥, with respect
to the variables (¢,, p) vanish. We claim that, at a critical point
of W, restricted to Z, also the partial derivative of ¥, with
respect to the variable g, vanishes, and therefore such a point
is critical also for the nonrestricted functional ¥, : &, —
R.

Actually, the bifurcation equation (63) is the Euler-
Lagrange equation of the reduced action functional

@e,N :Br Q; — R,
(65)
DN (@1) =Y (@ + g2 (@1 + p (@)

Lemma 8. @ € C'(B,g, R) and a critical point q, € B,y of
O,  is a solution of the bifurcation (63). Moreover, Oy can
be written as

Dy (q1) = const +e(T(q) + Ren (@), (66)

where
1 ) (2a+a262) 2
[ (q,) = er E(afmql) + T(awqu)
4
+a(l+e) (a<pﬂ1) (a(pqu) - a; (91, 9,) Zl»
Ren (%) = LZ F(§01>§02>CI1’€ =0)
~F (91, 92.0, + 5 + ps€)
1
+ Ef (P1s 955 v5€) (@2 + p) s
(67)

and for some positive constant C,(R) > C,(R), we can get

|mé,N (a1) [h]| <G, (R) <e + liy' + %) g, (68)

Vh e Q.

Proof. By (37) and (38), we have that, at v := q; + q,(q;) +
(q1),

d¥.(v)[h] =0, VheQ,,

(69)
d¥.(v)[h] =0, VheP.
Since q;(ql)[h] € Q, and p'(ql)[h] € P,Yh € Q,, we deduce

that
Ao, (q,) [h] = d¥, (v) [[h] + g5 (q,) (1] + p' (q,) [h]]

= d¥, () [h], VheQ,

(70)



and therefore v := q; + q,(q;) + p(q,) solves also the (Q,)-
equation (36). Write ¥, (v) := ‘I’e(2>(v) —€ Jwrz F(¢@,,v,€), where

. (1 + %e) (8%1/)2 + €2a+Tazez<a%v)2

(2) _
oW = Lr
+(1+ea(l+eg)) (aq,lv) (a%v)

is a homogeneous functional of degree two. By homogeneity,

L0 =300 -e [ Fluone, (2
'I]'Z
and, according to (69), we have

d\Pe(Z) (a1 + a2 (q1) + p(a1)) [ (@1) + p(a1)]
(73)
—¢| F@renne) @ (a)+ pla).

Substituting the above equality into (72), we obtain, at v :=
4 + 2(q1) + p(qy),

Qe (q1) = Ye (91 + 92 (q1) + P (q1))
. %d‘l’é” W) [+, (@) + p(a)]
- Lz F (91,95, v€)
= 344 (a) ]
v 3¢] F@nenno @)+ pla)

—€ Lz E (1,95, v5€)

B er (a‘/’lql)z + (a¢1q1) (aq;z%)

1 (2a + azez)
ve([5@ua) + = @)

ta (1 + 6) (a‘qul) (a‘qul)
#5029 (02 (0) + (@)
—F (@195 7> 6))

=Y (q1)

1 (2a + azez)
ve( [ @y + 5 )
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ta (1 + 6) (a(qul) (a‘qul)

+ 2 F (010 1.€) (@2 (41) + P (41)

— F (91,92 v:€) ) :
(74)

Because ¥,(q,) = const, by (52), we can get the bounds of
(68). O

The problem of finding nontrivial solutions of the Q;-
equation is reduced to finding nontrivial critical points of
the reduced action functional ®_y in Byg. By (66), this is
equivalent to finding critical points of the rescaled functional

6e,N = r(ql) + 2RE,N (ql)

q4 (75)
= (Q (a1) - LZ as (@1, 9,) Zl) +Ren (q1)
where the quadratic form
1 2 (Za + azez) 2
2@ = | 5@a) (@) 6

+ a(l + 6) (a%ql) (a‘qul)

is positive definite on Q,, negative definite on Q_, and zero
definite on Q,. Forq; = q, +q_+¢, € Q, and a < 0, we have

2a + a*e?
Q (q+) = LTZ %(aq)l q+)2 + %(a%%r)z

+a(l+e) (a‘l’lq+) (a‘l’zq+)

22
2 a’e . . .
E 12 (_a _ )ql . elll‘Ple’lz(Pz
2 vl

ks (I,h)ez?
a, (@), o 77
= =1l 77)
Q (%) =0,
2
Q (q_) = J Z l; (1 + ae) qll’lzelll(plellz(pz
" (hh)ez 2
_ a_(a) 2
T |q—|H1’

where the positive constants «, (a), a_(a) are bounded away
from zero and independent of €. We will prove the existence
of critical point of @, in B, of linking type.

3.4. Linking Critical Points of the Reduced Action Functional
@, . We cannot directly apply the linking theorem because

@,  is defined only in the ball B, . Therefore, we first extend
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@, to the whole space Q;. We define the extended action
function @ € C'(Q;, R) as

T'(q,) +§{e,N (a1) (78)

where Fﬂie,N(ql) :Q, — Ris

6e,N (‘11) =

2
Rop(q)) = A ( il ) Ro(a). (9

R2

and A : [0, +00) —
function such that

[0, 1] is a smooth, nonincreasing, cut-off

Alx)=1, if |x|<1;
(80)

A(x)=0, if |x| >4, '/\'(x)|<1.

By definition, @, \(q,) = D n(g;) on By = {g;, € Q; :
Iq\l;p < R} and @, (q,) = T(q,) outside B,z. Moreover,
by (68), there is a constant C5(R) > C,(R) > 0 such that
Vlgly < 2R, and

[T (@) <G (eviely ), @D

T () 1] < Cy ) (e el v+ 5 ) Wil o

Vh e Q.

Second, we will verify that @, (q;) satisfies the geometrical
hypotheses of the linking theorem.

Lemma 9. There exist positive constants P> [5’, r,1r, > p, and
0 < €(R) < €(R), N{(R) = Ny(R), which are independent of
(€, N,y), such that, V(|e|/y) < €, and VN > N,(R),

(i) inf, 5+ P n(q1) = >0, Vg, € S* = {gq, € QNQ, :
191l = pb,

(i) Y, cow- Pen(q)) < B/2,Vgq, € W,
where W™ is the rectangle in Q_ & Q,,
W= {q,=qy+q, +re’, |go+q_|<r, - €Q nQ,

94 €R, re [0,1’2]},
(83)

and e, is the unit vector in Q; & Q.
Proof. (i) Vgq, € Q, N Q, with |g,|;» = p < R, we have

ass,N (Q+) = 6e,N (q+)

4

q.
-20a)- | alone) 2

a, (a) 5 4 € 1
2+Tp —Kp —C3(R)<6+;+ﬁ>

+Ren (4+) (84)

Now, we fix p > 0 small such that (oc+(a)/2)p2 - K1p4 >
(a,(a)/4)p*. Since C5(R)(e + €/y + 1/N?) < (e, (a)/8)p?, by
(84), we can get

(q+)> _ﬁ>0 VQ+€Q10Q+’
8 (85)
with lQJrlHl =P
(ii) Let
B, = {q, = qo +q_+re, with |gy+q_|;p <7y,
(86)
g-€Q,nNQ_}cow,
B, = {q, = qy +q_ +re, with |gy +q_|;p =7y,
(87)
q-€Q, NQ_,re[0,n]}cow,
with r,7, > 2R. Forq, =q,+q_ +re, € ByUB,,
D (a1) = v (a)
(90 +4q-+re,)’
-2@) - [ o (g PTET
T
[ (a)
s- lq |Hl tr Q(€+)
88
(q0+4q+re,)’ (%)
- J ] (91-92) -1
.
o (a)
£- lq |H1 tr Q(e+)

4
—chZ (90 +4q- +re,)

because a;(¢;, ¢,)/4 > a > 0. Now, by Holder inequality and
orthogonality,

2
4 2
Lz (40 +4q-+re,) 2 KZ(Lz (90 +4q- +re,) )

(@ + g + %) (89)

> K3(qg + r2)2 > K, (qé + r4) ,
and by (88) we deduce that

D,y (g0 +q- +re,) < (K4T2 - K37’4)
90)
o (a) (
- ( |9 |H1 + K3‘10>

Now, we fix r, large such that x,r; —

x;7r5 < 0,and therefore

65,}\7 (q1) < K4T§ - K3r;1 <0, Vg, €B. (91)

Next, setting M := maxy, Kkyr* — 131, we fix 7, large such
that

o (a)

|- |H1 +H3qp = M, Y|q_+qo| =11, (92)
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and therefore

Dy (q) <M~ ((x,;a) |Q—|§Jl + qug> <0, Vg, €B,.
(93)
Finally, if ¢, = q_ + q,»
4
Fon (@) =200 ) - | apng) B+ Few (@)
" (94)

R a1
= 'me,N (q1)| <G (R) <€+ |€|y 1 + ﬁ)

So, ifC3(R)(\/E+|e|y_1+(l/N2)) < /2, we can get 5€)N(q1) <
BJ2, Vg, € OW". O

We introduce the minimax class & = {y € cW ,Q) |
y = Id on OW_}. According to Proposition 5.9 of [19], the
maps of § have an important intersection property as follows.

Proposition 10. (S* and W™ link with respect to y). Consider

veS=y(W)nS 0. (95)
One defines the minimax linking level as follows:
G = llpgg max @y (v (q,)) - (96)

Obviously, by Proposition 10 and Lemma 9,
>B>0, Vyed,

(97)

max @y (v (q,)) 2 min®, y (q,)
9 EW Q€S

and, therefore, ¢, > > 0.
Since Id € &, so

g < ) < r R
¢ < max@,x () < max (T (a1) + Ren (@)

«, (a) o (a) 4) (98

< gg&,’f( +2 |9 [ + |9- |H1 + J- , *d %8)
+1<¢, £ +o0o,

where ¢, is independent of N, ¢, y. By the linking theorem,

we deduce the existence of a Palais-Smale sequence (g,,) € Q,
at the level ¢, namely,

55,1\, (g,) —¢ 6£,N (g,) — 0 when n — co. (99)

Third, we will prove that the Palais-Smale sequence (g,,) (up
to subsequence) converges to some nontrivial critical point
g, #0in some open ball of Q,, where @, and 65)1\, coincide.
Because the space Q, is finite dimensional, we only need to
prove that the sequence (g,,) is bounded.

Lemma 11. There is a constant M > 0 independent of
R,e,N,y, such that, for all |e|/y small enough and N large
enough, the Palais-Smale sequence (q,) is bounded; that is,
|qnl e < M. So, there exists a subsequence of the P-S sequence
that converges to some critical point g, + 0, and the functional
@, \ possesses a nontrivial critical point §, € Q, with critical

value @, \(q,) = €.

Abstract and Applied Analysis

Proof. In the sequel, we will always assume that (e + [e|]y ™" +
1/N?) < 1. Writing @, 5(q) = T(q) + R.n(q). by (81)-(82),
we can get

eN (qn) eN (qn) [qn]
—FMJ—%V@»MA

+(Ren (0 - 3Rn 40,) [4,)

(100)
/1 .
= (5 - Z) .Lﬂ as (9"1)‘11‘
+(Row (@) - 3Rn (@) 0]
1 1 1
cold (e )
Then, by ¢, < &, < +0o and 6,’;,1\1(%) — 0 (n — o0),
Goo + 1+ gl = %6 Jwrz g = wg|qul - (101)

By Hoélder inequality and orthogonality,

2
~ 2
Coo T I+ lqanl 2 K7<IT2 (qO,n + q—,n + q+,n) )

2
4
= K7<Lz Gon+ @+ qi,n) > 5(don) >
(102)

and therefore |g,,| < (1+ an|H1)1/4. In the same way, by

Holder inequality and (82),
~ 2
cDé,N (qn) [q+,n] = oy (a) |q+,n|Hl

- LZ a5 (91) 4 + R (4) (4]

2 a, (a) |q+,n|;1 - K9|q+,an1 JW |qn|3

=Gy ) (VE+ 1y s ) el

3
2 K10|‘1+,n|H1 (|q+,n|Hl - l%ly - 1) .

(103)
By (101) and the above inequalities, using 521\,(%) -
0(n — 00), we conclude that IqmlH < x;(1 + g, 3/4)
Estimating analogously, we derive |g_,|,, H, < k,(1+1g, 5/ 4)
Finally, we deduce that

(@ulrs, = 1900l + 1G]y, + 19l
(104)

S K3 (1 + lqn o + 14, 3/4)
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So, we can conclude that |q,|;; < M for a suitable constant
M > 0, which is independent of R, €, N, y. Since Q is finite
dimensional, {g,} converges, up to subsequence, to some
critical point g of @y, with | u, <M. Since D N@) =2 >
B > 0, we conclude that §# 0.

O

Proof of Theorem 1. Let us fix R := M + 1 and take |e|y™"
€,(R) := & According to Lemma 7, we can get, for 0
oN(R) < 1,0 < s < 1/2, a solution (92(q1)> P(q1))
(Q,(N)eP)n Z , ; of the (Q,)-(P)-equations with Vg, |Hl
2R. By Lemma 11, the extended functional @, 5 (q,) possesses

INm A A

a nontrivial critical point g with |g,[;; <M < R. Since 55 N
coincides with @, ,; on the ball By by Lemma 8, there exists
a nontrivial Weak solution g, + qz(ql) +p(q,) € # 5 of (23).
Finally, u = €[q;, + q,(q,) + p(§1)] = €lq. + p(q;)] solves (7).

According to Lemma 6, by the regularizing property of
the operator &, the solution g, := 4, + q,(g,) of the (Q)-
equation belongs to %, ;,, N Q. By the P-equation

((2 +€) aj,l +2 (1 +a (e + 62)) a(,,la%) p
(105)
= —¢ ((2a + azez) 8;2 + 1, f (91,959, + P, e)) D

where p = p(g,), we can get that

€ ((Za + 5‘262) aiaz + o f (1,92 G + P> 6)) PEH s
(106)

for 0 < o' < o, satisfying |e(2a + azez)lgle”””, < elo For
(a,e) € Lz the eigenvalues of operator (2+e)a2 +2(1+ale+

€2))o a restrlcted toPsatlsfy|(2+e)12+2(1+ae+ae W1 =
|2+e|(y|l [/1L1), VI, #0,1; +l #0, and, thus, we deduce that

Ll

P € Hynypforall0 < o < o (satisfying Cll,le <
e:1"), and 19,, B, . = O(lel/y). By (105),
2~
2+e) a%p
=-2 (1 +a (e + 62)) 0y, 0,, P
—-€ ((2“ + azez) aiz +10pf (91,9254, + p,e)) D
(107)

we get p € # 5., and |pls ., = O(|e|y_1), with0 <7 < o
Thus, (15) follows withs = s+2,0 <o < ¢". By (5), u(t, x) =
ev((1+€)t+x, (1+ae)t+x) is the solution of (1), for all (a, €) €
A, To show that u(t, x) is quasiperiodic, it remains to prove
that v depends on both variables (¢,,¢,) independently.
According to Lemma 9, V|g,[;; < R, @, \(3,) > B On the
other hand, ®, \(G_ + §y) < B/2, VIg_ + Qoly, < R, so that
4, ¢ Q_ @ Q,, and, therefore, v depends on ¢,. In fact, any

solution v of (23) depending only on ¢,, that is, the solutions
of

(108)

v ()
(261 + (ZZGZ) d(p22 + £ (P12 v(92).€) =0,
2

1

is v(¢,) = 0. Indeed, by the homogeneity of f(¢,,p,,v,€), we
have

Ef(@rpn1€) = f (91,02 6v) = Y a (91,9,) (0.
k=3

(109)
Now consider a smooth function h(¢,) with zero mean, ant

it satisfies '[T a (@1, @,)h(@,)de, #0 for some k. Multiplying
(108) by h(¢,) and integrating over [0, 7], we have

(2a+ae)

o d*v(¢,)
22 2
hip)d
L = (¢1) do,

(110)
2m
t [ £y (). hip)de, =0,

According to h(gp;, ) that has zero mean and multiplying above
equation by €, we get

2n
|, flongner o) hip)dg,
(111)

00 2
Z ev(p,)) L a (¢1,9,) b (9) dop; = 0.

The function G(z(¢,)) = Z,fisbk(goz)(z(gpz))k, with b, =
2m

jo (¢, 9,)h(@,)de,, is a nontrivial analytic function.

Thus, the equation G(ev(¢,)) = 0 cannot have a sequence of

zeros accumulating to zero. So, for € small enough, v(¢,) =

0.

4. Waves Traveling in Opposite Directions
Substituting w, = 1 + €, w, = 1 + ae into (8), we get

ga,ev + f ((pl’ P25 V) =0, (112)
where (see (8))

L= [1+e+1)0, +(ae)d,, | o [ed, +(2+ae)d, ]

= 48(,,18% +€ [(2 +€) 8;1 + (2(1 + aze) a;z

+2(a+1+ae) a%a%] =%, +eZ,.
(113)

We rescale (112) in order to highlight the relationship between
the amplitude and the variation in frequency: v(¢,,¢,) —

Vlelv(@;, 9,), and, for convenience, we assume € > 0. In the
following, we consider the scaled equation

LoV +ef (1,92 v,€) =0, (114)

where f(¢,,@,,v,€) = a5(¢;, (pz)v3 + 1/eO(vh).
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Equation (114) is the Euler-Lagrange equation of the
Lagrange action functional ¥, € C'(%, ., R) defined by

0,s?

w0 = [ 2@, @)+ <52 @)
2
. € (Za; a e) (a%v)z
+e(a+1+ae) (84,1 v) (a%v) —€eF (¢, v,9)

=Y, (v) +e¥ (v,6),
(115)

where F(@,, 9, v,€) IOV [, 95, 8,€)dE and Yy(v) =

-[TZ 2(9,,v)(9,,v),
(2+¢) 2 +a’

0= [ 0200, 215,
+(a+1+ae) (9, v)(8,v) - F(p1, 95 v:€).

(116)

In order to find critical points of ¥.(v), we use the same
method as in Section 3. The operator £, _ is diagonal defined
on the Banach space #,; under the Fourier basis ¢, ; =
el1?1¢h: with eigenvalue Dy, = -[2 + e, + ael][el; +
(2 + ae)l,]. So, we have

~ il il
ga,e [v] = Z Dll,lzvll,lze 191, z#’z’
()€

VveT,, (117)

The unperturbed functional ¥, : #,; — R possesses an
infinite-dimensional linear space Q of critical points, which
are the solutions of the equation

Zoq =49, 9,9 = 0. (118)

The space Q can be written as

il il ~ _
eh leZZE%G,Slqlplz_O,

Q:{q: Z @l,zz

(I,l)ez?

for L1, %0} .

We split Q as

(119)

Q=Q,+Qy+Q., (120)

Abstract and Applied Analysis

where
Q, = {q €Q:q,y, =0, for (I,,) ¢ A+}

{9, =q. (p) e 77},

Qo= {9: qo0 € R},

Q = {q€Q:q,, =0 for (I,l,) ¢ A_} (121)
={q-=aq (p) e 70},

s L) € 2211, = 0,(1,1) # (0,0)),
= {(,1,) € Z* : 1, = 0,(1,,1,) # (0,0)}.

We decompose the space &, ; = Q + P, where

il il ~
e 1‘(’16 292 ¢ %a,s | plplz =0,

= {P: Z 1511,12

(L) ez?

for 1, = 0} .

Projecting (114) onto the closed subspaces Q and P, setting
v=q+peH, withqg € Qand p € P, we obtain

(122)

Q) 2 [q]+ Hof (@1, 92,9+ pr€e) =0,
(P) Z,c[p]+ellpf (91,029 + pr€) =0,

where Il : #,, — Q,Ilp : #,, — P are the projectors,

respectively, onto Q and P; moreover, they are continuous.
In the same way, we decompose the space Q = Q; + Q,.

Setting g = g, + q, with q; € Q, and g, € Q,, we finally get

(123)

(Q) Zi (4] +1g, [f (¢1,02.0, + 5 + pr€)] =0

(124)
e d¥.(v)[h] =0, VheQ,
(Q) 1] +1g, [f (91,9201 + g, + p,8)] =0 3)
e d¥.([h] =0, YheQ,
(P) Zpe [p] +€llp [ f (91,921 + G2 + ps€)] = 0
(126)

& d¥.(v)[h] =0, VheP.

The operator %,  is diagonal in the Fourier basis
{91 ehaP2 (1,,1,) € Z*} with eigenvalues Dy, =-12+e)l+
ael][el} + (2 + ae)l,]. We first prove that #,  restricted to P
has a bounded inverse when (g, €) belongs to the uncountable
zero-measure set

ae €
, )e%y,
2+€ 2+ae

QZY = {(a,e) cR xR, <

l+e

¢Q, 1+e+0, 1+ae+0, 2+ae¢0},
(127)

1+ ae
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where &, is a set of badly approximate numbers defined as

ae €
&y = { <2+€’ 5 +a€> = (€1, €,) € (€5, €0) X (€, €9)

I +eb|> L |L + el > l}
1| 1]

(128)
for Vi, I, € Z\{0},and 0 < y < 1/4, ¢, € (0,1/2).

Lemma 12. For (a,e) € D,, the eigenvalues Dy ; of £,
restricted to P satisfy

|Dll’lz| = [(2+e)l, +aely) (el, + 2 +ae) )| > y, 19)
VI, 1, #0.

As a consequence, the operator £, : P — P has a bounded
inverse 3;16 and satisfies

(130)

0,S

|Z.e[h)] < 'h% Vh e P.

Proof. Denote by [x] the nearest integer close to x and {x} =
x—[x].Ifbothl, # — [(ae/(2+€)),,] and I, # — [(e/(2+ae)),;],
then we have

|D11,lz
ae €
|(2 +€) <ll t5 +€lz> : |(2 + ae) <12 *5 +a€ll> > 1.
(131)
If ], = —[(ae/(2 + €))L,], then
D,
ae
= l(z +¢€) <l1 + i 6lz>
ae ae
. e(ll+—2+€lz>+(2+ae)lz— 2+€el2 (132)
ae
> ll—zl-l(2+e)<e{ +elz}+2l2
€
+ae<1 - 2—+€)l2) > .
In the same way, if [, = —[(e/(2 + ae))l, ], then we have
|Dzl,12
Zl-(2+ae) ae{ ll}>+211
I (133)
a’e
1- .
+€( 2+ae>ll) =Y
O
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Lemma 13. The operator &, : Q, — Q, has a bounded
. —1 . .
inverse & which satisfies

|l s

s STNE (134)

i

Proof. &, is diagonal in the Fourier basis of Q : e1?1¢™#2
with (1;,1,) € A, U{(0,0)} U A _ with eigenvalues

-Q2+e)l, ifl,=0,

= 135

ol {—a (2+ae)l3, ifl, =0. (135)

The eigenvalues of &, restricted to Q,(N) verity Idll,lzl >

N?/C, where the constant C depends on (€,a), and (134)
holds. -

Similarly, the solution of Q,-equation (124) is the Euler-
Lagrange equation of the reduced Lagrangian action func-
tional:

(De,N :Br cQ — R,
(136)
O, N (@) =Y (@ + g5 (a1 + p(@1)))-

Lemmal4. @, € C'(Byg, R) and a critical point q; € B,y of
O,  is a solution of the bifurcation equation (124). Moreover,
@, can be written as

D n (q1) = const +e(T(q1) + Ren (01)) (137)
where
2+¢€) 2
['(q,):= Lz > (aq;l%)
+ (1 +a+ae) (a(qul) (aq,qu)
2a + a’e 2 q4
+ P (aqoﬂ1) — a3 ((Pl’(PZ) Zl)
(138)

4

q
Ren (@) = JTZ a3 (91, 9,) Zl
~F(@1, 920, + 5 + ps€)
1
+ Ef (P1> 925 v:€) (g5 + p)

and, for some positive constant C,(R) > C,(R), we can get

- 1
|m€,N (Q1)| < Cz (R) (\/E+ey 1 + ﬁ) )

- 1
IRy (@) ()] < C, (B) <\/5+e,, - ﬁ) e, (139
Vh € Q.
The problem of finding nontrivial solutions of the Q-

equation is reduced to finding nontrivial critical points of
the reduced action functional ®_y in B,y. By (137), this is
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equivalent to finding critical points of the rescaled functional
denoted by 55,1\} and called the reduced action functional

66,N (1) =T (q1) + R (01)
= (2@~ [ ol Lo ma)).

(140)

where the quadratic form

(g - [ H2

N 2 (a¢1q1 )2 + (1 ta+t ae) (a‘qul) (a¢2q1)

2a + a’e 2
+ 2 (a<l’zq1)
(141)

is positive definite on Q,, negative definite on Q_, and zero
definite on Q. For q; = q, +q_ + q, € Q, we have

2 +
Q (q+) = J"H'Z ( ;’6) (a¢1q+)2 = a?l‘ﬂ—li(l’
Q(q0) = 0, (142)
Q (q_) _ JTZ (61 ';ae) (a(qu_)Z _ —%lq_';l,

where the positive constants «,, ««_ are bounded away from
zero and independent of e. The following steps of finding the
nontrivial solutions of the Q, -equation are similar to Lemmas
9 and 11 in Section 3.4.

Proof of Theorem 2. We can get the solution of (8) as follows:

v= \/H[‘% +q,(q,)+p(@)] = \/H[Qe +p ()] (143)

According to Lemma 13, by the regularizing property of the
operator £, the solution g, := 4, +¢,(g,) of the (Q)-equation
belongs to %, ;,, N Q. By the P-equation

(e 2+e) 8;1 + (4 + 2ae + 2¢ + 2a62)8¢18¢2)p

(144)
=—€ ((Za + 1126) 3;2 +1pf (91, 92,4 + Ps 6)) 2

where p = p(g;), we can get that

—€ ((Za + aze) aj,z +pf (91,953, + p,e)) pPeHys

(145)
for 0 < o' < o, satisfying |e(2a + aze)l§|e|12|”’ < €9 For
(a,¢€) € QZy, the eigenvalues of operator

e2+e) aj,l + (4 + 2a€ + 2¢ + 2a62) a(,,la% (146)
restricted to P satisfy
l
|e(2+e)lf + (4+2ae+e+a62)lll2| > 2 +¢€| m,
Ll (147)

Vi, #0, 1, #0,

Abstract and Applied Analysis

and, thus, we deduce that p € %, forall 0 < 0"’ < o'

(satisfying Cll, e/ < ¢":), and 19, Bl ,, . = O(lel/y). By
(144),

e(2+e)8;113

=- (4 + 2a€ + 2€ + Zaez) 9y, a%p‘ (148)

—€ ((Za + “2"7) azfzz +10pf (91,92 G + P 6)) j2

we get p € # 5,5, and [Pl ., = O(lel/y), with 0 < 7 < a.
Thus, (19) follows withs =s+2,0< o < a". By (6), u(t, x) =
VIeM(( + )t — x, (1 + ae)t + x) is the solution of (1), for all
(a,e) € 9y. Obviously, v depends on both variables (¢,, ¢,)
independently. So, u(t, x) is a quasiperiodic solution of (1),
with frequencies (w;, w,) = (1 +¢€,1 + ae). O

5. Conclusion

In this paper, for the completely resonant nonlinear wave
equations, under periodic boundary conditions, we obtain
the existence and regularity of quasiperiodic solutions. The
forced terms we consider are quasiperiodic, and, according
to the linking theorem, the bifurcation equations are solved
by variational method. Moreover, the solutions depending
on the the spatial and time variables are coupled and in the
form of traveling waves. In [28], Yuan got the existence of
quasiperiodic solutions with n € N (n > 3) frequencies by
KAM theory, in which the form of the solutions is u(t, x) =
v(wit, w,t, ..., w,t, x). In the future work, we will investigate
the existence of quasiperiodic solutions with the traveling
wave form as u(t, x) = v(w,t + X, w, + X, ..., W,t + X).
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