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We first introduce the concept of manageable functions and then prove some new existence theorems related to approximate fixed
point property for manageable functions and a-admissible multivalued maps. As applications of our results, some new fixed point
theorems which generalize and improve Du’s fixed point theorem, Berinde-Berinde’s fixed point theorem, Mizoguchi-Takahashi’s
fixed point theorem, and Nadler’s fixed point theorem and some well-known results in the literature are given.

1. Introduction and Preliminaries

In 1922, Banach established the most famous fundamental
fixed point theorem (so-called the Banach contraction prin-
ciple [1]) which has played an important role in various fields
of applied mathematical analysis. It is known that the Banach
contraction principle has been extended and generalized in
many various different directions by several authors; see
[2-40] and references therein. An interesting direction of
research is the extension of the Banach contraction principle
to multivalued maps, known as Nadler’s fixed point theo-
rem [2], Mizoguchi-Takahashi’s fixed point theorem [3], and
Berinde-Berinde’s fixed point theorem [5] and references
therein.

Let us recall some basic notations, definitions, and well-
known results needed in this paper. Throughout this paper,
we denote by N and R the sets of positive integers and real
numbers, respectively. Let (X, d) be a metric space. For each
x € Xand A € X, letd(x,A) = infyeAd(x, y). Denote by
W(X) the class of all nonempty subsets of X, € (X) the family
of all nonempty closed subsets of X, and €RB(X) the family
of all nonempty closed and bounded subsets of X. A function

K CRB(X) x €RB(X) — [0,00) defined by

# (A, B) = max {sup d(x,A),supd (x, B)} 1)

x€B x€A

is said to be the Hausdorff metric on € %(X) induced by the
metric d on X. A point v in X is a fixed point of a map T, if
v=Tv(whenT: X — X isasingle-valued map) or v € Tv
(whenT: X — #(X)isamultivalued map). The set of fixed
points of T' is denoted by F(T'). The map T is said to have
the approximate fixed point property [29-34] on X provided
inf, . xd(x, Tx) = 0. It is obvious that F(T') # 0 implies that T
has the approximate fixed point property, but the converse is
not always true.

Definition 1 (see [6, 13]). A function ¢ [0,00) —
[0,1) is said to be an AT - function (or K- function) if
lim sup,_, ,+ ¢(s) < Lforallt € [0, 00).

It is evident that if ¢ [0,00) — [0,1) is a
nondecreasing function or a nonincreasing function, then ¢
isa /T -function. So the set of /4 J -functions is a rich class.
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Recently, Du [6] first proved the following characteriza-
tions of # J -functions which are quite useful for proving our
main results.

Theorem 2 (see [6]). Let ¢ : [0,00) — [0, 1) be a function.
Then the following statements are equivalent.

(a) ¢ is an MT -function.

(b) Foreacht € [0, 00), there existrt(l) € [0,1) and sgl) >0
such that ¢(s) < rt(l)for all s € (t,t + sﬁl)).

(c) Foreacht € [0, 00), there existrt(z) € [0,1) and sﬁz) >0
such that ¢(s) < rt(z) foralls e [t,t+ eﬁz)].

(d) Foreacht € [0, 00), there existrt@) € [0,1) and s§3) >0
such that ¢(s) < rt(3)for all s € (t,t + 853)].

(e) Foreacht € [0, 00), there existrt(4) € [0,1) and £§4) >0
such that ¢(s) < rf4) foralls e [t,t+ 854)).

(f) For any nonincreasing sequence {x,},cy in [0, 00), one
has 0 < sup,\@(x,) < 1.

(8) ¢ is a function of contractive factor [15]; that is, for any
strictly decreasing sequence {x,},cn in [0, 00), one has
0 < sup,no(x,) < 1.

In 1989, Mizoguchi and Takahashi [3] proved a famous
generalization of Nadler’s fixed point theorem which gives a
partial answer of Problem 9 in Reich [4].

Theorem 3 (Mizoguchi and Takahashi [3]). Let (X,d) be a
complete metric space, let ¢ : [0,00) — [0,1) be an MT -
function, and let T : X — GB(X) be a multivalued map.
Assume that

X (Tx,Ty) < ¢ (d(x.y))d (x. ), )
forallx,y € X. Then F(T) #0.

In 2007, M. Berinde and V. Berinde [5] proved the
following interesting fixed point theorem which generalized
and extended Mizoguchi-Takahashi’s fixed point theorem.

Theorem 4 (M. Berinde and V. Berinde [5]). Let (X,d) be a
complete metric space, let ¢ : [0,00) — [0,1) bean MT -
function, let T : X — €B(X) be a multivalued map, and
L > 0. Assume that

# (Tx,Ty) < ¢ (d(x,y))d (x y) +Ld (y,Tx), (3)

forall x,y € X. Then F(T) #0.

In 2012, Du [6] established the following fixed point
theorem which is an extension of Berinde-Berindes fixed
point theorem and hence Mizoguchi-Takahashi’s fixed point
theorem.

Theorem 5 (Du [6]). Let (X, d) be a complete metric space, let
T:X — GRB(X) be a multivalued map, let ¢ : [0,00) —
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[0,1) be a MT -function, and let h : X — [0,00) be
a function. Assume that
 (Tx,Ty) < ¢(d (x,y))d (x, ) W
+h(y)d(y,Tx) Vx,ye€X.

Then T has a fixed point in X.

The paper is organized as follows. In Section 2, we first
introduce the concept of manageable function and give
some examples of it. Section 3 is dedicated to the study of
some new existence theorems related to approximate fixed
point property for manageable functions and a-admissible
multivalued maps. As applications of our results, some new
fixed point theorems which generalize and improve Du’s
fixed point theorem, Berinde-Berinde’s fixed point theorem,
Mizoguchi-Takahashi’s fixed point theorem, and Nadler’s
fixed point theorem and some well-known results in the
literature are given in Section 4. Consequently, some of our
results in this paper are original in the literature, and we
obtain many results in the literature as special cases.

2. Manageable Functions

In this paper, we first introduce the concept of manageable
functions.

Definition 6. A functionn: RxR — Ris called manageable
if the following conditions hold:

(nl) y(t,s) <s—tforalls,t > 0;

(n2) for any bounded sequence {t,} < (0,+00) and any
nonincreasing sequence {s,,} C (0, +00), it holds that

l- tVl + ’1 (tVl’ Sfl)
im sup————

n— 0o S,

<1. (5)

We denote the set of all manageable functions by Mm).
Here, we give simple examples of manageable function.
Example A. Lety € [0,1). Thenz, : Rx R — R defined by
n,(ts) =ys—t (6)
is a manageable function.

Example B. Let f : R x R — R be any function. Then the
functionz : R x R — R defined by

n(ts)

{L In(s+10)— £, if(t,s) € [0,+00) X [0, +00) ,
=4s+9

f(ts), otherwise,
7)
is a manageable function. Indeed, let
g =210y (8)

+9



Abstract and Applied Analysis

Then g(s) < 1 forall s > 0, and

sg(s)—t, if(t,s) € [0,+00) x [0, +00),
t,s) = 9
(&) {f(t, s), otherwise. ©)
For any s,t > 0, we have
n(t,s)=sg(s)—t<s—t, (10)

so (1) holds. Let {t,} < (0,+00) be a bounded sequence
and let {s,} < (0,+00) be a nonincreasing sequence. Then
lim, , s, = inf,\s, = a for some a € [0, +00). Since g is
continuous, we get

= lim g(s,) =g(@ <1, (1)

which means that (#2) holds. Hence, # € MEl(TR).

Example C. Let f : R x R — R be any function and let

¢ : [0,00) — [0,1)bean AT -function. Define 17 : R x
s (s)—t, if(t,s) € [0,+00) x [0, +00),

b= 12

16 {f (t,s),  otherwise. (12)

Then # is a manageable function. Indeed, one can verify easily
that (1) holds. Next, we verify that # satisfies (#2). Let {t,} C
(0, +00) be a bounded sequence and let {s,} ¢ (0,+00) be a
nonincreasing sequence. Then lim,, _, s, = inf, s, = a for
somea € [0, +00). Since ¢ is an 4 T -function, by Theorem 2,
there exist r, € [0,1) and &, > 0 such that ¢(s) < r, for all
s € [a,a +¢,). Since lim,,_, s, = inf,\s, = a, there exists
n, € N, such that

a<s,<a+e, VneNwithn>n, (13)
Hence, we have

im sup———"~

n— 00 n

=lim supg(s,) <r, <1,  (14)

n— 00
which means that (#2) holds. So we prove 7 € Man(R).
The following result is quite obvious.

Proposition 7. Let { : R x R — R be a function. If there
exists § € Man (R) such that {(t,s) < y(t,s) for all s,t > 0,
then { € Man (R).

Proposition 8. Let {1;};cny C Man (R). Then the following

statements hold.

(a) For each k € N, the function nmm
defined by

RxR — R,

My (t5) = min {n, (t,5),17, (6:5),.... 1 (69}, (15)

is a manageable function (i.e. 11“““ € Man (R) for

any k € N).

(b) Foreachk € N, the function 7],
by

:RxR — R, defined

k
o (9 = £ 21 (6, (16)
i=1

is a manageable function (i.e. 7y, € Man (R) for

any k € N).

min

Proof. Since Mk (t,s) < ny(t,s) forallt,s > 0, the conclusion
(a) is a direct consequence of Proposition 7. Next, we prove
the conclusion (b). Let k € N be given. It is obvious that
N (t,s) < s—tforalls,t > 0. Let {t,} ¢ (0,+co)beabounded
sequence and let {s,} C (0, +00) be a nonincreasing sequence.
For any n € N, we have

ty T (B sn) 1 1
e [ i A (N
» Sn n+k;’71( S)

s
17)

_ litn 1 (tn’ Sn)
k& s '

n

Because each #; satisfies (12), we get

k
1 tn + Hi (tn’ Sn)
i sup (Z— )
k t,+;(t,
_Z <hm sup n + 771 ( n sn))
i=1

n— 00 Sy

li t, + % (tn’ Sn)
im sup——————- =

n— 0o Sy

»»—-

< 1.
(18)

Hence, for each k € N, the function 7, is a manageable
function. O

3. New Existence Results for
Manageable Functions and Approximate
Fixed Point Property

Recall that a multivalued map T': X — € RB(X) is called

(1) a Nadlers type contraction (or a multivalued k-
contraction [3, 33]), if there exists anumber 0 < k < 1
such that

 (Tx,Ty) <kd(x,y) Vx,y€X; (19)

(2) a Mizoguchi-Takahashi’s type contraction [33], if
there exists an 4T -function « : [0,00) — [0,1)
such that

 (ITx,Ty) <a(d(x,y))d(xy) Vx,yeX; (20)

(3) A multivalued (6, L)-almost contraction [28, 29, 33],
if there exist two constants 6 € (0,1) and L > 0 such
that

F (Tx,Ty) <6d(x,y)+Ld(y,Tx) Vx,y€X; (21)



(4) aBerinde-Berinde’s type contraction [33] (or a gener-
alized multivalued almost contraction [28, 29, 33]), if

there exists an .4 -function « : [0,00) — [0,1)
and L > 0 such that
H (Tx,Ty) < a(d(x,y))d (x, y) o)

+Ld(y,Tx) Vx,yeX;

(5) a Du’s strong type contraction, if there exist an 4T -
function « : [0,00) — [0,1) and a function & :
X — [0, 00) such that

# (Tx, Ty) < a(d (%, 7)) d (x, y)

+h(y)d(y,Tx)

(23)
Vx,y € X;

(6) a Du’s weak type contraction, if there exist an AT -
function & : [0,00) — [0,1) and a function h :
X — [0, 00) such that

d(yTy)<a(d(x,y))d(xy) VyeTx. (24)

Definition 9 (see [36-39]). Let (X, d) be a metric space and
let T: X — W(X) be amultivalued map. One says that T is
a-admissible, if there exists a functiona : X x X — [0, +00)
such that for each x € X and y € Tx with a(x, y) > 1, one
hasa(y,z) > 1forallz € Ty.

The following existence theorem is one of the main results
of this paper.

Theorem 10. Let (X, d) be a metric space, let T : X — N (X)
be an a-admissible multivalued map, and y € Man (R). Let

Q= {(a(x,y)d(y,Ty),d (x,y)) € [0,+00)

x[0,400) : x € X, y € Tx}.

(25)

Ifn(t,s) > 0 forall (t,s) € Q and there exist x, € X and
x, € Txy such that a(x,, x,) > 1, then the following statements
hold.

(a) There exists a Cauchy sequence {w,}, o in X such that
(i) wy,,, € Tw, foralln e N,
(ii) a(w,, w,, ;) = 1 foralln e N,
(iii) lim,, _,  d(w,, w,,,) = inf,\d(w,, w,,;) = 0.
(b) inf . xd(x,Tx) = 0; that is, T has the approximate
fixed point property on X.

Proof. By our assumption, there exist x, € X and x; € Tx,
such that a(xy, x;) > 1. If x; = x, then x;, € Tx, and

in}t;d (x,Tx) < d (%, Txg) < d (x5, %) =0, (26)
X€

which implies inf . xd(x, Tx) = 0. Let w, = x, for alln € N.
Then {w, },,cy is @ Cauchy sequence in X and

lim d (wn’ wn+1) = lnéd (wn’wn+1) =d (xO’xO) =0. (27)
n— 00 ne
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Clearly, a(w,,, w,,,;) = alxy, x;) = 1 for all n € N. Hence, the
conclusions (a) and (b) hold in this case. Assume x; ¢ x, or
d(xy, x;) > 0.If x; € Tx,, then, following a similar argument
as above, we can prove the conclusions (a) and (b) by taking
a Cauchy sequence {w,}, With w; = x, and w,, = x, for
all n > 2. Suppose x; ¢ Tx;. Thus d(x;,Tx;) > 0. Define
A:RxR — Rby

At,s) = t++(t’5)’ if (t,5) € Q\{(0,0)}, (28)
0, otherwise.
By (11), we know that
0<A(ts)<1 VY(ts)eQ\{(0,0)}. (29)

Since 7 € Mm) and y(t,s) > 0 for all (¢, s) € Q, we have
0<t<sA(t,s) V(ts) e Q\{(0,0)}. (30)

Clearly, (a(xy, x,)d(xy, Txy), d(xy, x;)) € Q\ {(0,0)}. So, by
(29), we obtain

0 < A(a(xg,x;)d (x1,Txy),d (x9,x;)) < 1. (31)
Let

a (%9, x;) 1

A\ el don ) dpm) ) G

€

xd(x;,Tx,).

Taking into account a(xy, x;) > 1, d(x;,Tx;) > 0, and the
last inequality, we get €, > 0. Since

d(x;,Tx;) <d(x,Tx;) + ¢

_ a (X, x;)
- (33)
VM (@ (g xy) (3, Ty ) (g, x,))
xd (x;,Tx,),
there exists x, € Tx; such that x, # x; and
d(xl,xz) < (X(XO’xl)
M e G2 (1, T) o (1)) (34
x d(x;,Tx,).

If x, € Tx,, then the proof can be finished by a similar
argument as above. Otherwise, we have d(x,, Tx,) > 0. Since
T is o -admissible, we obtain «(x,, x,) > 1. By taking

a(x1,%,) -1

N\ A elrm)d(omtn)dEr) ) 69

€

xd(xy,Tx,),
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then there exists x; € Tx, with x; # x, such that

‘x(xl’XZ)
VM@ (x1,3,) d (3, Tx,) o d (31, %,)) - (36)
xd(xy,Tx,).

d (x5, x3) <

By induction, if x;_;, x4, X3,; € X is known satisfying x;_, €
TXp, Xiey1 € TXpynr d(x3, Txg) > 0, a(x4_q> X5) = 1, and

0 < d (%4> Xpe11)

a (%15 %)
© (37)
VA (@ (s ) d (%10 T) (311 5,)
Xd(xk, Txk), k € N,
then, by taking
€ = o (X1 %) -
VA (@ (s 20) d (0 Txi) (515 %))
X d (.xk, Txk) 5
(38)
one can obtain x;.,, € Tx;,; with x;.,, # x;.,; such that
d (xk+1’ xk+2)
o (%> X11)
< (39)

\//\ (0t (ot 21) d (K1 Ty ) » A (%0 X))
x d (xk+1’ Txk+1) .

Hence, by induction, we can establish sequences {x,} in X
satisfying, for each n € N,

x, € Tx,_;,
d(x,_1,x,) >0,
d(x,,Tx,) >0,
a(x,_1,x,) =1,
) < a (%1, %,)
VA (o1 %,) d (6 T%,) o (3,,1,%,))

x d(x,,Tx,).

d ('xn’ Xn+1

(40)

By (30), we have
o (x,-1,%,) d (x,, Tx,,)
< d (%1, %,) e (3,015 %) d (% Tx,) o d (%015 X))
foreachn € N.
(41)

Hence, for each n € N, by combining (40) and (41), we get

d (X Xpe1) < YA (@ (61 2,) d (50 Tx,) 1 d (%,1..%,,))

X d (xn—l’ xn) 4
(42)

which means that the sequence {d(x,_;,x,)},ey is strictly
decreasing in (0, +00). So

V= nllr%od (xn, xn+1) = ’ifeléd (x,,,xnﬂ) > (0 exists. (43)
By (41), we have
o (xnfl’ xn) d (xn’ Txn) <d (xnfl’ xn)

VnelN, (44)

which means that {a(x,_;, x,)d(x,, Tx,)},ey is @ bounded
sequence. By (12), we have

hm Sup /l ((X ('xn—l’ xn) d ('xn’ Txn) > d (xn—l’ xn)) <L (45)

Now, we claim y = 0. Suppose y > 0. Then, by (45) and taking
lim sup in (42), we get

ysJmnamkmcaﬂwadumrm»dump%»y<%

(46)
a contradiction. Hence we prove
nlhngod (Xn, xn+1) = illgéd (xn’ xn+1) =0. (47)

To complete the proof of (a), it suffices to show that {x,},.cx
is a Cauchy sequence in X. For each n € N, let

pui= M@ (5 10%,) d (5,0 Tx,) o d (%)) (48)
Then p, € (0,1) for all n € N. By (42), we obtain
d (x> Xps1) < pud (x,-1,%,) VYneN. (49)

From (45), we have lim sup, _, ., p, < 1, so there exist ¢ €
[0,1) and n,, € N, such that

P, <c VneN with n>n,. (50)



For any n > n,, since p, € (0,1) foralln € Nand ¢ € [0,1),
taking into account (49) and (50) concludes that

d (%, X11) < o (%415 %)
< < PuPuiPrz Py (%0>%1) (51)
< " (x50, 1)
Put o, = (""" /(1 = ¢)) d(x, x,), 1 € N. For m,n € N with
m > n > n,, we have from the last inequality that

m—1

d(x,,x,,) < Zd(xj,xj+1) <a,. (52)
j=n

Since ¢ € [0, 1), lim «, = 0. Hence

Jim sup {d (x,,, x,,) : m > n} = 0. (53)
So {x,} is a Cauchy sequence in X. Letw, = x,,_; foralln € N.
Then {w, },,cy is the desired Cauchy sequence in (a).

To see (b), since x,, € Tx,,_, for each n € N, we have

infd(x,Tx) <d (%, Tx,) < d (X0 %,01)  VHEN. (54)
X€

Combining (47) and (54) yields

irel)f(d(x, Tx) = 0. (55)
The proof is completed. 0

Applying Theorem 10, we can establish the following
new existence theorem related to approximate fixed point
property for a-admissible multivalued maps.

Theorem 11. Let (X,d) be a metric space and let T : X —
N (X) be an a-admissible multivalued map. Suppose that there
exists an M T -function ¢ : [0,00) — [0, 1) such that

a(x,y)d(y.Ty) <@ (d(x,y))d(x, y)

If there exist x, € X and x, € Tx, such that a(xy, x,) = 1,
then the following statements hold.

Vy eTx. (56)

(a) There exists 1 € MM) such that y(t, s) > 0 for all
(t,s) € Q, where

Q= {(a(xy)d(y.Ty),d(x,y)) € [0,+00)

x[0,+00) : x € X,y € Tx}.

(57)

(b) There exists a Cauchy sequence {w,},,cn in X such that

(i) wy,,, € Tw, foralln e N,
(ii) a(w,, w,,,) = 1 foralln € N,

(iii) lim,, _, ( d(w,, w,,,,) = inf, \d(w,, w,,,) = 0.

(c) inf, xd(x,Tx) = 0; that is, T has the approximate
fixed point property on X.
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Proof. Definerj: RxR — R by

sp(s)—t, if(t,s) € [0,+00) x [0, +00),

58
0, otherwise. (58)

1’](t,$) = {

By Example C, we know # ¢ Mm). By (56), we obtain
n(t,s) > 0 for all (t,s) € Q. Therefore (a) is proved. It is
obvious that the desired conclusions (b) and (c) follow from
Theorem 10 immediately. O

The following interesting results are immediate from
Theorem 11.

Corollary 12. Let (X, d) be a metric space and let T : X —
G B(X) be an a-admissible multivalued map. Assume that one
of the following conditions holds.

(L1) there exist an M T -function ¢ : [0,00) — [0,1)
and a functionh : X — [0, 00) such that
a(x,y) # (Tx, Ty) < ¢ (d (x, y)) d (x. ) 59)

+h(y)d(y,Tx) Vx,y€X;

(L2) there exist an MT -function ¢ : [0,00) — [0,1)

and L > 0 such that

a(x,y) ¥ (Tx,Ty) < ¢ (d(x,y))d (x, y)
+Ld (y,Tx)

(60)
Vx,y € X;

(L3) there exist two constants 0 € (0,1) and L > 0 such that

a(x,y)# (Tx,Ty) <0d(x,y)+ Ld (y,Tx) Vx,y€X;

(61)

(L4) there exists an MT -function ¢ : [0,00) —
such that

a(x,y)# (Tx, Ty) < ¢(d (x,y))d (x, y)

(0,1)

Vx,y € X;
(62)

(L5) there exists a number 0 < k < 1 such that

a(x,y)# (Tx,Ty) <kd(x,y) Vx,yeX. (63)

If there exist x, € X and x, € Tx, such that a(xy, x,) > 1,
then the following statements hold.

(a) There exists n € Mm) such that n(t,s) > 0 for all
(t,s) € Q, where

Q={(a(x,y)d(y,Ty),d (x,y)) € [0,+00)

(64)
x[0,+00) : x € X, y € Tx}.

(b) There exists a Cauchy sequence {w, },,cn in X such that

(i) w,,, € Tw, foralln e N,
(if) a(w,, w,,,) = 1 foralln e N,
(iii) lim,, _,  d(w,, w,,,) = inf,\d(w,, w,,;) = 0.



Abstract and Applied Analysis

(c) inf xd(x,Tx) = 0; that is, T has the approximate
fixed point property on X.

Proof. It suffices to verify the conclusion under (L1). Note first
that, for each x € X, d(y,Tx) = 0 for all y € Tx. So, for each
x € X, by (L1), we obtain

a(x,y)d(y.Ty)<¢e(d(x,y))d(xy) VyeTx, (65)

which means (56) holds. Therefore, the conclusion follows
from Theorem 11. ]

In Corollary 12, if we take ¢ : X x X — [0,+00) by
a(x,y) = 1forall x,y € X, then we obtain the following
existence theorem.

Corollary 13. Let (X,d) be a metric space and let T
X — BRB(X) be a multivalued map. Assume that one of the
following conditions holds.

(1) T is a Du’s weak type contraction;

(2) T is a Du’s strong type contraction;

(3) T is a Berinde-Berinde’s type contraction;

(4) T is a multivalued (0, L)-almost contraction;
(5) T is a Mizoguchi-Takahashi’s type contraction;
(6) T is a Nadler’s type contraction.

Then the following statements hold.

(a) There exists n € MM) such that n(t,s) > 0 for all
(t,s) € D, where

2 ={(d(y.Ty).d (x.y)) € [0,+00)

x[0,+00) : x € X, y € Tx}.

(66)

(b) There exists a Cauchy sequence {w,},,cn in X such that

(i) w,,, € Tw, foralln e N,
(ii) lim dw,, w,,,) = inf, d(w,, w,,;) = 0.

n— 00

(c) inf xd(x,Tx) = 0; that is, T has the approximate
fixed point property on X.

4. Some Applications to Fixed Point Theory

Definition 14 (see [36-39]). Let (X, d) be a metric space and
leta : X x X — [0, +00) be a function. « is said to have the
property (B) if any sequence {x,} in X with a(x,, x,,;) > 1
foralln € N and lim x, = v, we have a(x,,,v) > 1 for all
neN.

n— 00

Theorem 15. Let (X, d) be a complete metric space and let T :
X — BRB(X) be an a-admissible multivalued map. Suppose

that there exists an M T -function ¢ : [0,00) — [0, 1) such
that
a(x,y)d(y.Ty)<¢(d(x,y))d(x.y) VyeTx. (67)

Ifthere exist x, € X and x, € Tx, such that a(x,, x;) = 1, and
one of the following conditions is satisfied:

(H1) T is & -continuous (i.e., x, — v implies #(Tx,,Tv)
— 0asn — o0);

(H2) T is closed (i.e., GrT := {(x, y) € Xx X : y € Tx}; the
graph of T is a closed subset of X x X);

(H3) the map g : X — [0, 00) defined by g(x) = d(x,Tx)
isLs.c;

(H4) for any sequence {z,} in X with «(z,,z,,,) = 1,
Zpe1 € Tz, n € N, and lim z, = ¢, one has
lim, , d(z,,Tc) =0,

n— 00

then T admits a fixed point in X.

Proof. Applying Theorem 11, there exists a Cauchy sequence
{w, },.en in X such that

wn+1 € Twn’

68
Vn € N. (68)

o (wn’ wn+1) =1

By the completeness of X, there exists v € X such that w, —
vasn — 0o.

Now, we verify v € F(T). If (H1) holds, since T is #-
continuous on X, w,; € Tw, foreachn € N,andw, — v
asn — 00, we get

d(v,Tv) = lim d (W, TY) < lim 7 (Tw,,Tv) =0,

(69)
which implies d(v, Tv) = 0. By the closeness of T'v, we have
v € Tv. If (H2) holds, since T is closed, w,,,; € Tw, for each

neN,andw, — vasn — 00, we have v € F(T). Suppose
that (H3) holds. Since {w, },,cy is convergent in X, we have

nlhngod (wn’ er—l) =0. (70)
Since
d(»Tv) = g(v) <liminf g(w,) < lim d (w,, w,,,) =0,
(71)

we obtain d(v, Tv) = 0, and hence v € & (T). Finally, assume
(H4) holds. Then we obtain

d(v,Tv) = nangod (w,, Tv) = 0. (72)

Hence v € Tv. Therefore, in any case, we prove v € F(T).
This completes the proof. O

Theorem 16. Let (X, d) be a complete metric space and let T :
X — BRB(X) be an a-admissible multivalued map. Suppose
that there exist an M T -function ¢ : [0,00) — [0,1) anda
functionh: X — [0, 00) such that

a(x,y)# (Tx,Ty) < ¢ (d(x,y))d (x. y)
+h(y)d(y,Tx)

Ifthere exist x, € X and x, € Tx, such that a(xy, x;) > 1, and
one of the following conditions is satisfied:

73
Vx,y € X. 73)

(S1) T is I -continuous;



(S2) T is closed;

(S3) the map g : X — [0, 00) defined by g(x) = d(x,Tx)
isLs.c;

(S4) the function « has the property (B),
then T admits a fixed point in X.

Proof. 1t is obvious that (73) implies (67). If one of the
conditions (S1), (S2), and (S3) is satisfied, then the desired
conclusion follows from Theorem 15 immediately. Suppose
that (S4) holds. We claim that (H4) as in Theorem 15 is
satisfied. Let {z,,} be in X with «(z,,z,,,) = 1, z,,, € Tz,
n € N, and lim z, = c. Since « has the property (B),

n—00%n

a(z,,c) = 1forall n € N. So, it follows from (73) that
Jim d (z,,,,,Tc) < lim % (Tz,, Tc)

< lim a(z,,¢) # (Tz,, Tc)
n— 00 (74)
< lim {¢(d(z,¢))d(z,¢)

n— 00

+h(c)d(c,z,1)} =0,

which implies lim,, , . d(z,, Tc) = 0. Hence (H4) holds. By
Theorem 15, we also prove & (T') # 0. The proof is completed.
O

Applying Theorem 16, we can give a short proof of Du’s
fixed point theorem.

Corollary 17 (Du [[6]). Let (X, d) be a complete metric space,
letT: X — €RB(X) be amultivalued map, let ¢ : [0,00) —
[0,1) be a MT -function, let and h : X — [0,00) be a
function. Assume that

# (Tx, Ty) < ¢ (d (x, y))d (x,y)
+h(y)d(y,Tx) Vx,ye€X.

(75)

Then F(T) + 0.

Proof. Take o X x X — [0,+00) by a(x,y) = 1
for all x,y € X. Then (75) implies (73). Moreover, T is
an a-admissible multivalued map and the function « has
the property (B). Therefore the conclusion follows from
Theorem 16. O

Remark 18. Theorems 15 and 16 and Corollary17 all gen-
eralize and improve Berinde-Berinde’s fixed point theorem,
Mizoguchi-Takahashi’s fixed point theorem, Nadler’s fixed
point theorem, and Banach contraction principle.
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