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We study the existence of periodic solutions to a discrete p-Laplacian system. By using the Clark duality method and computing the
critical groups, we find a simple condition that is sufficient to ensure the existence of nonconstant periodic solutions to the system.

1. Introduction

LetN, Z, and R denote the respective sets of natural numbers,
integers, and real numbers. For m,n € Z with m < n, write
Zm,n) = ZN[mmn] = {mm+1,...,n}. Let T € N. We
are concerned with the existence of nonconstant T-periodic
solutions to the following discrete p-Laplacian system:

A(¢, (Ax(n—1))) + VF (n,x () =0, neZ(1,T),
¢y

where A is the forward difference operator defined by Ax(n) =
x(n+ 1) — x(n) and ¢, is the p-Laplace operator defined by

¢,(x) = |x|Px (p > 1). Consider F € C*(Z x RY,R), and
VF(n, x) denotes the gradient of F with respect to x € R™.
We assume that F is T-periodic in the first variable #; that is,
Fn+T,-) = F(n,-).

When p = 2, (1) reduces to the second order discrete T-
periodic Hamiltonian system:

A’x(n-1)+VF(m,x(n) =0, neZ 2)

In 2003, Guo and Yu [1] introduced the critical point theory
(see, e.g., [2]) to the study of the existence of T-periodic

solutions of (2). By using Rabinowitz’s saddle point theorem,
they proved existence of kT-periodic solutions, k € N, when
either VF is bounded and F is coercive with respect to x or
F satisfies a subquadratic Ambrosetti-Rabinowitz condition
and a related coercivity condition. In the same year, they
also proved existence of at least two nontrivial T-periodic
solutions of (2) when VF satisfies a superlinear condition
near x = 0 and F satisfies a superquadratic Ambrosetti-
Rabinowitz condition [3]. The growth condition of VF was
later removed in Zhou et al. [4] by using the linking theorem.
For additional studies on the existence and multiplicity of
solutions to (2) subject to various boundary value conditions
through the use of critical point theory, we refer the reader to
[4-13].

There have been tremendous efforts devoted to the study
of the p-Laplacian system (1) and the systems involving the
p-Laplace operator in recent years [14-20]. Many interesting
results have been proved on the existence and multiplicity of
solutions to (1) subject to the Dirichlet boundary condition
x(0) = x(T + 1) = 0 by using the critical point theory
(16, 17, 19, 21]. However, we have seen a very limited success
in the application of this theory to the study of the existence
of periodic solutions for (1). For the general case p > 1, He
and Chen [22] obtained a result on the existence of periodic
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solutions for (1) with a convex F by using Clark duality and
the perturbation technique. For the case p > 2, Luo and
Zhang [23] proved the existence of nonconstant periodic
solutions for

A(@, (Ax (n—1))) = a(n) |x ()" x (n) + VF (n, x (n))

=0, ne”2,
3)

by making use of the linking theorem.

Our major goal in this paper is to prove the following
theorem which gives a simple sufficient condition for the
existence of nonconstant T-periodic solutions to the p-
Laplacian system (1).

Theorem 1. Let 1 < p < 2. Assume that F(n,x) is strictly
convex in x for everyn € Z(1,T) and there exist « > 0 and
0 > 0 such that, for all x € RY andn € Z(1,T), one has

q q
SﬁsF(n,x)Saﬁ, (4)
q q

where p' + g1 = 1 with
28071 > pqp-lap/q‘ (5)
Then (1) has at least one nonconstant T-periodic solution.

Our assumptions differ from those in [22, 23] consider-
ably and can be verified easily. For instance, let n € Z(1,T),
and
(2 —sinn) (xf + x% +oet xf\])g/2 (6)

F(n,x) = 5

Then F(n, x) is strictly convex in x for everyn € Z(1,T), and
(4) and (5) are satisfied with p = 9/8,g=9,0 = l,and « = 3.
For this function F, Theorem 1 confirms the existence of at
least one nonconstant T'-periodic solution of (1).

In the remainder of this section, we outline our approach
based on the Clark duality and computation of the critical
groups. Let H be a real Hilbert space and f € C'(H,R). In
Morse theory, the local behavior of f near an isolated critical
point x,, at the level ¢ is described by the critical groups:

Cq(fixo) = Hy (f* U, fS U\ {xo}), (7)

where f© = {x € H: f(x) < ¢}, U is a neighbourhood of x,
containing no other critical points, and H denotes singular
homology. The critical groups distinguish between different
types of critical points and are extremely useful for obtaining
the existence and multiplicity of solutions for variational
problems [24].

Nonzero T-periodic solutions of (1) are the nontrivial
critical points of the variational functional

T

wm=2§mmW—ﬂmmm (8)

n=1
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defined on the finite dimensional space

Qr={x={xm}|xm) eRY,x(n+T)=x(n),nez};
)

see [9, 23] for details. However, it is difficult to compute the
critical groups for the case p # 2 because there are few results
on the nonlinear eigenvalue problem:

A4y (Axn-D) + X, () =0, meZOT),
x(0) =x(T), x(1)=x(T+1).
As a result, there are no known eigenspaces to work with. As
usual, if (10) has nonzero solutions, then we say that A is an
eigenvalue of the discrete p-Laplacian with periodic bound-
ary condition. To overcome this difficulty, we introduce
u, (n) =x(n), u, (n) = ¢, (Ax (n-1)) 1)

to transform (1) into the following equivalent first order
nonautonomous system:

Auy (n) = ¢, (uy (n + 1)),

(12)
Au, (n) = =VF (n,uy (n)).
Denote
uy (n) (0 I
wo-(nin) =5, %)
(13)
u; (n)
Lu(n) = <u2 (n+ 1))
System (12) can be rewritten in the compact form
JAu (n) + VH (n, Lu (n)) = 0, (14)
where H(n,u) = H,(n,u,) + H,(n,u,) with
|uy|?
H, (nu,)=F(nu,), H, (n,u,) = . (15

And nonzero solutions of (14) correspond to nontrivial
critical points of

T T
I(u) = %Z (JALu(n-1),u(n) + » H(n,Lu(n) (16)
n=1 n=1

defined on

oo o 33) )

17)
un+T)=u(n),u;(n) < RN, i=1,2ne€ Z}.
For u, v € E, E can be equipped with the inner product
T
W) =) (un),vn), (18)
n=1
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by which the norm || - || can be induced by

T 1/2
nw;mm=<2wmw>, (19)

n=1

where || denotes the Euclidean norm in R*" and (-, -) denotes
the usual inner product in R*. Tt is easy to know that E is a
finite dimensional Hilbert space which can be identified with
R?*™N . The variational functional I can be rewritten as

T(w) = 5 (Au) +Q (0, (20)

where

T
(Ayu,u) = Y (JALu(n—1),u(n),
n=1

(21)
T
Qi (u) = Y H(n Lu(n);

n=1

see [11] for details. Very fortunately, the linear eigenvalue
problem

JAu(n)+ ALu(n) =0, neZ(@1,T),
(22)

u(0) =u(T), u(l)=u(T+1)

can be worked out with eigenvalues

A=A =2sink?n, keZ(-T+1,T-1). (23)
So, 0 lies in the spectrum of A, which brings another
difficulty in computing the critical groups of I at infinity (e.g.,
to compute the critical groups of I at infinity, the variational
functional I may be required to satisfy the angle condition
proposed in [25]). To conquer this difficulty, motivated by
[2, 9, 22], we introduce a dual action functional J in the form

]M=%M%W+QM (24)

and 0 is not in the spectrum of A. Furthermore, nontrivial
critical points of J correspond to nonconstant T-periodic
solutions of (1). To show that the dual action functional
J has at least one nontrivial critical point, firstly, we show
that J satisfies the condition (C) which guarantees that the
critical groups C, (], 00) make sense. Then we compute the
critical groups C, (], 00). And finally, we show that 0 is a local
minimum of J and hence the critical groups at infinity of ]
are different from the critical groups at zero of J which is
sufficient for the existence of at least one nontrivial critical
point of ] and hence the existence of at least one nonconstant
T-periodic solution of (1).

2. The Dual Action Functional and
Related Lemmas

In this section, we present several technical lemmas to
facilitate our proof of Theorem1 in Section 3. In order

to decompose the space E appropriately, we consider the

eigenvalue problem
JAu(n)+ ALu(n) =0, neZ(@1,T),
(25)
u(0) =u(T), u(l)=u(T+1)
with A € R. Apparently, A = 0 is an eigenvalue of (25) with
the eigenfunction
o () = (a5, ay....aN)", @ €R, i=1,2,...,2N,
(26)
n=12,...,T.

Through a simple calculation, we see that (25) is equivalent to

Auy (n) = Au, (n+ 1), u,(n+T) =u; (n),

(27)
Au, (n) = —Auy (n), u,(n+7T) =u,(n).
If A #0, then (27) is equivalent to
Auy(n-1)+2u, (n) =0,  u, (n+T)=u,(n),
28)

Au,(n-1)+2Vu,(n) =0,  u,(n+T)=u,(n).

It has been proved that (28) has a nontrivial solution if and
onlyif \> = A} = 4sin*(knr/T) withk € Z(1,T-1) [1,3].Soin
this case (25) has a nontrivial solution if and only if A = A =
2sin(kn/T) with k € Z(-T + 1,T - 1) \ {0}. The multiplicity
of Ay = 0is 2N and the multiplicities of A, # 0 are of the same
number N. So, on the eigenvalue problem (25), the following
results hold.

Proposition 2. For the eigenvalue problem (25), the eigenval-
ues are

)L=/\k=251nkFﬂ, keZ(-T+1,T-1) (29)

which can be arranged as

A </\_r+1<...</\_1<O:/\O</\1<A2<...</\T

(30)

-r

withr = (T —1)/2 if T is odd, and r = T /2 if T is even.

To make an explicit decomposition of the Hilbert space
E, we also need to compute the eigenfunctions of (25)
corresponding to each A, k #0.

For each fixed k € Z(-r,—1) U Z(1,r), a solution of (28)
can be written as

u; (n) = ¢ cos (kwn) + ¢, sin (kwn),
(31)
u, (n) = dy cos (kwn) + d, sin (kwn) ,

where w = 277/T and ¢,, ¢,, d,, d, are constant vectors in R™.
By using the relation between u; and u,, that is, (27) with A =

Ak> we obtain
c sin(—k >+ cos(—k )—d
! 2 @ 2 ) TP

—c cos<k—w>+ sin<k—w>—d
1 > G 5 ) T4



Letej, j = 1,2,...,N, denote the canonical basis of RN,
If we choose ¢; = ¢; and ¢, = 0, then d, = sin(kw/2)e;,
and d, = —cos(kw/2)e;; if we choose ¢; = O and ¢, = e,
thend, = cos(kw/Z)ej, and d, = sin(kw/2)ej. Therefore, the
eigenfunctions of (25) corresponding to each A, (k#0) can
be given as

cos (kwn) e i

(1) _ _ _
r]k’].(n)— —sin(kw(n 1))(&» , n=12,...,T,
2 ]
sin (kwn) e;
(2) _ _ _
qk’j(n)— cos(kw( 1>>e« , n=12,...,T.
2 J
(33)
Let

wo = fu={um}umn) =ce +ce, +
+ onen- G € Ri=1,2,...,2N};
W+

j=1k=1

N r
{u fumn)}lulm = ZZ [“kﬂklj) (n) + 0‘1(3])’71(] (n)]

.

1 () .
0 > 0 € IR]» ;

= {u={u (m}

/3(1) ﬂ(Z) c R}

N -1
:Z Z [ l(clj)ﬂk](n +ﬁl(c2])]1k] ]

=1k=—r

~.

(34)
Note that if T'is even and k = T'/2, then
Mo () =) (T=n), 4 (n) =y (T—n) (35

which shorten the dimension of the eigensubspace corre-
sponding to A1/, to N. Hence

dimW°=2N,  dimW"=dimW =(T-1)N, (36)
and E has a eigensubspace decomposition as

E=W'eW eW". (37)
Thus, for any u € E, u can be expressed in the form

u=1u+1u, (38)

where @i = (ii,,i,)" € W @ W' and i = (u,,u,)" € W°.
Obviously, u; = #; + u;,i = 1,2.
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Denote
Pmin = Min {Ai = 4sin’ (%) kezZ(1,T - 1)]» = 4sin2%.

Umax = Max {)\i = 4sin’ (k%[),k eZ(1,T- 1)}

4, T is even;
= T-1
4sin2g, T is odd.
2T
(39)
Then we have the following Wirtinger type inequalities:
2 2 —2 .
bmin [ < A" < proesT] " =12 (40)
On the other hand, we can also define the norm || - || pon RNT

as follows:

T p
lual, = <Z|u (n)|f’> (41)
n=1

with p > 1. Since ||u] » and |u| are equivalent, there exist
constants ¢, ¢, such that ¢, > ¢, > 0 and

¢ flull < llull, < ¢ llull. (42)

Now, we introduce the Clark duality [2, 26]. The Legendre
transform L* (1, -) of L(, -) with respect to the second variable
can be defined by

L(ny)=swp () - L0}, (43

xeRM

where (-, -) denotes the usual inner product in RM with M a
given positive integer.

From [2, Theorem 2.2 and Proposition 2.4], we have the
following lemma.

Lemma 3. Let, for everyn € Z(1,T), L(n, x) be continuously
differentiable and strictly convex in x € RM, and

L(n,x)
|x|

— 400 as |x| — oo. (44)

Then for everyn € Z(1,T), L*(n, y) is continuously differen-
tiable in y € R™ and

L" (n,y) = (x,y) - L(n,x)
& y=VL(n,x) (45)

= x=VL" (n,y).

Remark 4. If, for x = (x,,x,)", x,,%, € R™, L(n, x) can be
split into two parts L(n,x) = L,(n,x;) + L,(n, x,), then by
(45), we have L*(n, y) = L7(n, y;) + L5(1, v,), y = (31, ¥,)5
and y,, y, € RM.

From [2, Proposition 2.2], we have the following lemma.
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Lemma 5. Let convex lower semicontinuous function L(n, x)
be such that, for some & > 0,¢t > 1, > 0, and y > 0, one has

-B<L(nx)< & x" + y (46)
whenever x € R™. Then, if

y €0L(n,x) = {we RM:L(n,z) > L(n,x)

(47)
+(w,z—x) forall z € IRM},
one has
D] < 8 Txl + B4yl + 1) (48)
wheres™ +t7' =1,
Remark 6. From assumption (4) and p > 1,
% — +00  as |uy| — oo. (49)
1

And by Lemma 3, F *(n,vy) is continuously differentiable in
v, for everyn € Z(1,T).

Furthermore, on the F*(n, v,) we have the following.

Lemma 7. Forall v, € RN and everyn € Z(1,T), one has

P p
ofp/qlvll <F" (n,v)) S(Yp/qM, (50)
p p
p-1
VE* ()] < (Sl +1) (51)

Proof. By Lemma 3, F*(n,v,) = (u;,v,) - Fin,uy) © v, =
VF(n,u,). Let F, : RY — R be defined by

u q
F () = ¢! ;' , (52)

where ¢ > 0. Then

4 P
()= sup fom) -] el

u, RN

Hence (4), (53), and the fact that F" > F, if F; < F, give (50).

To show that (51) holds, we can apply Lemma5 to
F*(nv) with = p = 0,& = 6P, p = tand x = v,
and y = VF*(n,v,). Then (48) implies that (51) holds. O

By Lemmas 3 and 7, H," and H, are well defined and

p
* * * V
H/ (n,v,) =F" (n,v;), H, (n,v)) = | . (59)

The variational functional of (14) defined on E is

T T
I(u)= %Z (JALu(n=1),u(n) + Y H(n,Lu(n)); (55)
n=1 n=1

see [11] for details. If
v(n) =-Ju(n), (56)

u(n)=Jv(n) or

then, by (45) and (54), we obtain

T T
I(u) = %Z (JALu(n=1),u(n) + Y H (n, Lu (n))
n=1 n=1
1 T
=52 (B (), () = (B, (= 1) 11, ()]
n=1

T
+ Z [H, (n,u; (n)) + H, (u, (n+1))]

n=1

3

n=1

[% (Auy (n),u, (n)) - % (Auy (n—1),u, (1))
+(uy (n), Avy () + (uy (n+ 1), Av, (1))

T
+ Y [~ (uy (), Avy () + H, (n,uy (n))

n=1

—(uy(n+1),Av, (n)) + Hy (uy (n+1))]
T

- %Z [(Avy (), v, (m) = (Av, (n = 1), v, ()]
n=1

M=

[F* (n,Av, (1)) + M]

Il
—

"

T

_ _%Z (LJAV (n—1),v (1))
n=1

T
~ ) |Av,(n)|?
,gi [F (n,Av, (n)) + —p ] ,
(57)
where
F* (n,Av, (n))
= (u, (n), Av, (n)) — F (n,u, (n))

& Av, (n) = VF (n,u, (n))

(58)

& u, (n) = VF* (n,Av, (n)).

Now, we introduce a dual action functional

T

J0)= Y3 WA (3-1),v ()
n=1

(59)

+F" (n,Av, () + %,

where v = (v;,v,)" € E. Note that J(v) = J(v +v) = J(¥) for
v=7+veEwith7 € Y:= W @ W~ andv € W% hence it is



sufficient to consider the functional ] on the subspace Y of E.
By Remark 6, the functional ] is continuously differentiable
onY. And, for any h = (h;, h,) € Y, we have

(J' 0),h)
— J(v+sh)—](v)
s—0 S
1 T
=52 (ARG =1),v (m) + (LJAV (1= 1), h ()]
n=1
T
+ Z (VF* (n,Av, (n)), Ah, (n))
n=1

T
+) (¢p (Av, (n)), Ak, (n))

n=1

T
(=v, () + VF* (n, Av, (n)), Ah, (n))

n=1

+ (v (n+ 1) + ¢, (Av, (), Ah, ()

T
Y (A(vy(n=1) = VF" (n—1,Av, (n-1))), hy (n))
n=1

~(A(n () + ¢, (Av, (1= 1)) 1, ().
(60)

If visa critical point of J on the subspace Y, that s, (J'(v), k) =
0 for any h € Y, then

v, () = VF* (n,Av; (n)) — 1,

(61)
—v (n+1) = ¢, (Av, (n) — ;.

That is,
Ljv(n) +c=VH" (n,Av(n)), (62)

where ¢ = (¢,¢) € RN, Setting u(n) = (u,(n),u,(n))" =
Jv(n)+c, we get Au(n) = JAv(n), and by relation (45) and (62),
Av(n) = VH(n, Lu(n)). Therefore, JAu(n)+VH (n, Lu(n)) = 0.
And u(n+ T) = u(n) due to v(n + T) = v(T). Hence, we have
the following.

Remark 8. If v € Y is a critical point of the dual action
functional J, then there exists a constant ¢ € R*Y such that
u = (uy,u,)" with u;,u, € RY,

uln)=Jv(n)+c (63)

is a solution of (14), and u, is a solution of (1). If v is a
nontrivial critical point, then u is a nonconstant T-periodic
solution of (14), and u, is a nonconstant T-periodic solution
of (1).

3. Proof of the Main Result

As our proof of Theorem 1 is mainly based on the computa-
tion of the critical groups in Morse theory, we recall several
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basic concepts about critical groups [2, 24]. Let H be a real
Hilbert space, and f ¢ C'(H,R). Denote

ff={xeH: f(x)<c},

(64)
H.={xeH: f (x)=0,f(x)=c}

for c € R.

Definition 9. The functional f satisfies the Palais-Smale (PS)
condition if any sequence {x,,} < H such that {f(x,,)} is
bounded and f'(x,) — 0asm — oo hasa convergent
subsequence.

In [27], Cerami introduced a weak version of the (PS)
condition as follows.

Definition 10. 'The functional f satisfies the Cerami condition

(the (C) condition for short) if any sequence {x,,} ¢ H such
that {f(x,,)} is bounded and (1 + ||xm||)||f'(xm)|| — 0 as
m — oo has a convergent subsequence.

If f satisfies the (PS) condition or the (C) condition, then
f also satisfies the following deformation condition which is
essential in Morse theory [28, 29].

Definition 11 (deformation condition). The functional f sat-
isfies the (D,) condition at the level ¢ € R if, forany € > 0 and
any neighborhood /" of # _, there are € > 0 and a continuous
deformation # : [0,1] x H — H such that

(1) ©n(0,x) = x forall x € H;

(2) n(t,x) =xforall x ¢ f_l([c — € Cc+Ee€l);

(3) f(n(t, x)) is nonincreasing in t for any x € H;
(4) n(1, fN\NN) c f7°

f satisfies the (D) condition if f satisfies the (D,) condition
forallc € R.

Let x,, be an isolated critical point of f with f(x,) =c €
R, and let U be a neighborhood of x,; the group

C,(fixg) =Hy(fnU f nU\{x}), qeZ (65)

is called the gth critical group of f at x,, where H,(A, B)
denotes the gth singular relative homology group of the
pair (A, B) over a field §, which is defined to be quotient
Hq(A, B) = Zq(A, B)/B,(A, B), where Zq(A, B) is the gth
singular relative closed chain group and B, (A, B) is the gth
singular relative boundary chain group [30].

Bartsch and Li [25] defined the gth critical group of f at
infinity as

C,(fi00):=H,(H, f*), qe€Z (66)

provided that f(%) is bounded from below by a € R with
K ={xe€ekE: f'(x) = 0} and f satisfies the (D,) condition
forallc < a.

Assume % < oo and f satisfies the (D) condition. The
Morse-type numbers of the pair (H, f*) are defined by

M, =M, (H, )= ) dimC,(f,x), (67)
x€H
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and the Betti numbers of the pair (H, f“) are
By =dimC, (f,00); (68)
see [2, 24]. Furthermore, the following relations hold:

1 1
YEDTIM 2 Y (-D)TB, qez,

=0 =0
qu - Zﬁq'
q=0 q=0
Thus, if C,(f,00) # 0, that is, 3, #0 for some q € Z, then

there must exist a critical point x of f with C,(f,x) # 0.
Furthermore, the following results hold.

(69)

Proposition 12 (see [24]). Let H be a real Hilbert space and
f € C*(H,R). Assume that § % < oo and that f satisfies the
(D) condition. If there exists some q € Z such that

(i) Cq(f, 00) # 0, then f must have a critical point x with
C)(fix) 20,

(ii) Cq(f, 0) Cq(f, 00), then f must have a nontrivial
critical point.

We will use the following result to compute the critical
groups of ] at infinity.

Proposition 13 (see [24]). Let the functional f : H — R be
of the form

Fo = §<Ax, X +Q (), (70)

where A : H — H is a self-adjoint linear operator such that 0
is not in the spectrum of A, V= are invariant subspaces corres-
ponding to the positive/negative of spectrum of A, respectively,
A* := Aly- has a bounded inverse on V*, and Q € CY{(H,R)
has a compact differential Q' (x) with

i 19O 1)

Idl—oo x|

Assume that m = dim V™ is finite and f satisfies the deforma-
tion condition. Then

C,(f,0)=6,,8 qecZ (72)

For the proof of Theorem 1, in what follows we may
assume that J has only finitely many critical points. Firstly,
we show that ] satisfies the condition (C) which guarantees
that the critical groups C, (J, 00) of J at infinity make sense.
Then, via computations of critical groups of J at infinity and
at zero, we complete the proof of Theorem 1.

Lemma 14. Under the conditions of Theorem 1, the functional
] defined by (59) satisfies (C) condition.

Proof. Let {v} ¢ Y be a Cerami sequence of J. Since dim Y
is finite, we only need to show that {v?} is bounded.

If {v} is unbounded, up to a subsequence, still denoted
by v}, we may assume that, for some ¢ € R,

R S
(73)

In particular,

Gim (160) =2 (' () ) =e. o)

— 00

However, by (50) and (51), we have
)10 ()00)
F* (n, Avgl) (n)) - % (VF* (n, Av&l) (n)) , Av(ll) (n))
(e
T -l 4 q p-1
3[4 o

(3Dt

M~

n=1

(75)
By relation (11) and u” (1) = Jv)(n), one has
Wn) =g, (Ax(n-1)), W m)=xm), (76)
which implies that v’ (n) = —¢,(A(v’ (n - 1))), and hence

"v;l)” — 00 as ”v(l) " — 00. (77)

At the same time, note that

iIAv;l)(nﬂp = HAV(ZI) “; > cf"Avgl) "P > cf’yﬁlﬁ v;l) ”p)
=

(78)
S0,
1o p 0)
Zélsz n)| — oo as ||v “ — 0. (79)
n=1

And assumption (5) implies that

-p/q p-1
L 1@) >0, (80)
P 2\¢6

SO

lim (700) =2 (' ()0 ) = +00 81

holds which gives a contradiction to (74). This completes the
proof. O



Lemma 15. Under the conditions of Theorem I, Cq(] ,00) =
8,8 withl = (T - 1)N, q € Z.

Proof. Recall the dual action functional J : Y — R being of
the form

T
J0)= Y3 WIAv(n=1),v ()
n=1

(82)

+F" (n,Avy (n)) + M.

For any i, v € Y, if we define a bilinear function as a(i, v) =
Y1 (LJAfi(n - 1), v(n)), then by (40) one has

T 12 , 1/2
|MﬁMs<ZMMﬂm—mﬁ <Zwmw>
n=1 n=1

T 1/2 T 1/2 (83)
=<Zmamw) <Zwmw>
n=1 n=1

< Vmax 17 VI -

By Riese representation theorem [31], we can define the
unique continuous self-adjoint linear operator A on Y by
(Av,v) = Zzzl(L]Av(n — 1),v(n)). If A is in the spectrum
of A, then the equation LJAv(n — 1) = Av(n) yields nontrivial
solutions in E which turns out to be the same as (28) with
u being replaced by v and the same invariant subspaces W*
and W~ which can be given by eigensubspace. It is obvious
that 0 is not in the spectrum of A from the definition of the
subspaces of W' and W™. Hence, by Proposition 13, we only
need to prove that

|| =odvl) as vl — oo, (84)
where
a 1
QM) = Y F" (n,Av, (m) + ;lsz(n)|P. (85)
n=1

Note that

T
(Q'(),h) =Y (VF" (n,Av, (n)), Ah, (n))

n=1

+ (1av, () [P Av, (n), Aby () )
(86)
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with h(n) = (h;(n), h,(n))" € Y. And

_{Qm.v)
lim ——~

M—oo  [v|?

T %
L (VF™ (n,Av, (n)), Av, (n))
) Tk
(1av, ()P Av, (1), Av, ()
Iv)*

o i(VF* (n, Av, (), Av, () || v, ||
= A, | v

(18wl 287, 09,87, () v,

Av,|° vi®
(87)

By (51),1 < p < 2,and the equivalence of ||v|| and | Av|, we see
that (84) holds. Hence C,(J, 00) = 8, (7_1)y$ by Proposition
13 and (36). O

Proof of Theorem 1. First, we prove that 0 is a local minimum
of J and, hence,

Cy U0 = 8,8 (88)

Firstly, by (40), for all v € Y, we have

T
Y (LJAv(n=1),v(n)
n=1

T 12 1/2
z—(Zwmwn—mﬂ (;wmw)

n=1

T 12 , o 1/2
D(memﬁ <Zwmw>
n=1 n=1

T
> ~phin ) )P = =2|v].

n=1

(89)

Hence, by (40), (42), and (50), for v € Y, we have

T
J0)= Y3 LAV (3 -1),v ()
n=1

|Av,(n)|?
+ —_—
p

T T p T p
> =Y n) + oc_p/qz IAVl}gnN +y |szlgn)|
n=1 n=1 n=1

+F" (n,Av, (n))

-plq P
2, &g
>~y +

P Cf p
Jan P + v
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-pla P P2 p P2
v + & 76 Bmin v, ”p + 1 Hmin ”Vz”p

[\

o Pk P2 cPuP?
Il = ol + S Emin Py G i e

o Pk P2 -
ol (=

o
+||v2n1’(@—uvzn“ |

p
(90)
Take
_ p pl2 1/(2-p) p pl2 1/(2-p)
6 = min @ p/qcl Aumin Cl tumin 1
2p "\ 2p ’
(91)

Then, for ||v|| < §, one has
J0) 28 ([l + [val?) = 8 (Il + )

=8v|I*=0=7(0).

Hence 0 is a local minimum of J, and (88) must hold. By
Lemma 15, (88), and Proposition 12, ] must have at least one
nontrivial critical point. The proof is completed. O
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