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Some Gronwall-Bellman-Gamidov type integral inequalities with power nonlinearity and their weakly singular analogues are
established, which can give the explicit bound on solution of a class of nonlinear fractional integral equations. An example is
presented to show the application for the qualitative study of solutions of a fractional integral equation with the Riemann-Liouville

fractional operator.

1. Introduction

Integral inequalities, which provide explicit bounds on
unknown functions, play a fundamental role in the devel-
opment of the theory of linear and nonlinear differential
equation and integral equation. One of the best known and
widely used inequalities is the so-called Gronwall-Bellman
integral inequality. In view of the important applications
of the Gronwall-Bellman inequality, in the past few years,
Pachpatte [1-3] established a number of new generalizations
of such inequality which can be used as powerful tools in
the study of certain new classes of differential and integral
equations. Meanwhile, many authors have researched vari-
ous generalizations of the Gronwall-Bellman inequality; for
example, we refer the reader to [4-12].

In [6], Bainov and Simeonov discussed the following
useful integral inequality:

t T
u(t)Sc+J f(s)u(s)ds+J g u)ds, O
0 0

which came from the study of the boundary value problem
for higher order differential equations by Gamidov [13] and
was extended by Pachpatte [2] as follows:

t T
u(t)£c+J f(t,s)u(s)ds+J gt,s)u(s)ds. (2)
0 0

Remark 1. It should be noted that the derived result in 2] is
not right. In the proof, it involves the definition of z(e), which
was treated as a constant by mistake. For example, consider
the following integral equation:

1

u)=1+ J tsu(s) ds, (3)
0
in which ¢ = 1, f(t,s) = 0, g(t,s) = ts,and T = 1.
We can obtain the solution of the equation above; that is,
u(t) = (3/4)t+1. According to the formula of its upper bound
reported in [2], one gets that u(t) = (3/4)t+1 < 1/(1-(1/2)t)
for t € [0, 1]. Clearly, the result does not hold for t € [0, 1].
Hence, a revised one will be provided in later section.

On the other hand, Zheng [14] also established a weakly
singular version of the Gronwall-Bellman-Gamidov inequal-
ity as follows:

1 (! )
utSC+—J t—s)" s)u(s)ds
0= Cr s | =9 F9uE
o (4)
+ — T -9 f(s)u(s)ds,
| -9 oue
and discussed its application in a fractional integral equa-
tion with the modified Riemann-Liouville derivative. As for
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weakly singular inequalities and their applications, more
results can be found (e.g., see [15-23] and the references
therein).

In this paper, motivated by the work in [2, 6, 14], we con-
sider a Gronwall-Bellman-Gamidov integral inequality with
power nonlinearity,

u"(t)<a)+b(t) Jt f(s)u" (s)ds
0

T
+c(t) .[0 g(s)u' (s)ds,

and its weakly singular analogue

W) <a(t) +b(t) jt (1 — )P TE () (5) ds
0

T o, a,\B-1 y,-1 r
+c(t) L (T™ = ™) sP g (s)u” (s)ds,
(6)

wherem > n > 0,m > r > 0,and [o, B, 9;] (i = 1,2) is
the ordered parameter group. The presented inequalities can
be used as a handy tool in the qualitative as well as quan-
titative analysis of solutions of certain fractional differential
equation and integral equation. Furthermore, an application
of our result to certain fractional integral equation with the
Riemann-Liouville (R-L) fractional operator is also involved.

2. Nonlinear Gronwall-Bellman-Gamidov
Inequalities

Throughout this paper, R denotes the set of real numbers,
R, = [0,+00), R, = (0,400), and I = [0,T] (T > Ois
a constant). C(X,Y) denotes the collection of continuous
functions from X to Y.

We firstly give some lemmas, which will be used in the
proof of the main results.

Lemma 2 (see [10]). Leta >0, m > n > 0, and m#0. Then

n/m < EK(n—m)/ma + m— nKn/m (7)

m m

a
for any K > 0.

Lemma 3. Suppose u(t), m(t), n(t), and I(t) € C(I,R,). If
T

u(t) <m() +n(t) J 1(s)u(s)ds, (8)

0
then

n (o) [} m(s)1(s)ds
1- foTn(s)l(s)ds ,

u(t) <m(t) + 9)

fort € I, provided that _[OT n(s)l(s)ds < 1.

Proof. Let k = _[OT I(s)u(s)ds. Obviously, k is a constant. It
follows from (8) that

u)<m(@)+n(t)k, (10)
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which yields
IOu®)<m@) () +n(t)l @)k (11)

Integrating (11) with respect to ¢ from 0 to T, we have

T T T
k= J 1(s)u(s) ds < J m(s)l(s)ds+kj n()1(s)ds.
0 0 0
(12)
It is easy to observe that
T
_[0 m(s)L(s)ds )

< T ,
1—IO n(s)l(s)ds

provided that fOT n(s)l(s)ds < 1. Substituting the inequality
above into (10), we get (9). O

Lemma 4. Suppose u(t), a(t), b(t), c(t), f(t), and g(t) €
C(I,R,). If a(t), b(t), and c(t) are nondecreasing and u(t)
satisfies

t T
u(t) <a() +b ) L F(S)uls)ds +c () L 9(s)u(s)ds,
(14)

then
u(t)

< |:a (t) +c(t)

s 15
y J()T a(s)g(s)exp {b (s) jo f (o) do} ds ] s)
1- IOT c(s) g (s)exp {b (s) J: f (o) da} ds

X exp {b () Lt f (o) da} ,

fort € I, provided that

T s
J c(s)g(s)exp {b (s) J f (o) d(f} ds < 1. (16)

0 0

Proof. Fixany T*,0 < T* < T; then for 0 <t < T™, we have

u(t)<a(T*)+b(T") th(s)u(s) ds
' 17)

T
+c(T") Jo g (s)u(s)ds,

since a(t), b(t), and c(t) are nondecreasing. Define z(t) by the
right side of (17); then u(t) < z(t),

z(0)=a(T")+c(T") LTg(s)u(s) ds:=2Z(0,T7), (18)

ZO=b(T")fOu@)<b(T)f®O)z@t) (19
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for 0 <t < T". From (19), we have

Z' (1)
z (t)

<b(T") f(®). (20)
Letting t = 0 in (20) and integrating it with respect to ¢ from
0toT", we get

-
z(T") < z(0) exp {b(T*) J f (o) da]»
i @

_ Z(0,T") exp {b(T*) LT* (o) da} .

Since T* is arbitrary, from (21) with T* replaced by t and
u(t) < z(t), we have

t
u(t) <z(t) <z(0)exp {b(t) L f (o) dcr}
(22)

=Z (0,t) exp {b(t) J:f(o) da},

where

T

z(0) = Z (0,t) =a(t)+c(t) J g (s)u(s)ds. (23)

0

According to (22), it follows from (23) that
T
Z(0,t) =al(t) +c(t)J gs)u(s)ds
0
T
<a(t)+c(t) J g(s)Z (0,s) (24)
0

X exp {b (s) j £ (o) do} ds.
0
Applying Lemma 3, we have
Z(0,t) < al(t)

IOT a(s) g (s) exp {b (s) J; f (o) da} ds

1= [ c(9)g () exp b [} f(0)do}ds
(25)

+c(t)

Substituting the inequality above into (20), we can get (13).
The proof is complete. O

Remark 5. Even if a(t), b(t), and c(t) are not nondecreasing,
the result also holds, since we can replace it by a(tf) =

maXg.,a(s), E(t) = max,,..b(s), and c(t) = max.,,c(s).

Remark 6. Pachpatte [24] also discussed inequality (14) and
derived a slightly complicated bound, but the formula of
bound of u(t) in our lemma is quite simple and can be
extended easily.

Theorem 7. Let a(t), b(t), c(t), f(t), and g(t) be defined as in
Lemma 4. Suppose that u(t) € C(I, R,) satisfies (5). If

N

LT € (5) % (s) exp {93 (s) I

F (o) do} ds<1, (26)
0

then

u(t)

< {a(t)+[d(t)+‘€(t)
T
X(L ()€ (5)

X exp {.0]3 (s) r F (0) da} ds)

0

(27)
X (1 - Jj%(s) Z(s)

N

X €xp {,% ) j F (o) da} ds)l]

0

X exp {93 ® Lt F (0) da} }l/m,

fort € I, wherem > n >0, m >r >0, m, n, and r are con-
stants, and

t
A0)=b0 [ £ 2K G a0

m-—-n

+ K;’/m (s)] ds

T
fe(t) L 96 [ SRS (909

m-—=r

+ K;/m (s)] ds,
m

B (1) = %b(t» @ (1) = %c(w,

FO=fOK"w),  €@)=g®OK @),

(28)
for any K;(t) € C(I,R,) (i =1,2).

Proof. Letting

t T
v(t)=b(t) J f()u"(s)ds+c(t) J g(s)u' (s)ds, (29)
0 0
from (5), we have
") <a)+v(D), (30)
or

u(t) < (alt)+ve)'m (31)



Applying Lemma 2, for any K;(t) € C(I,R,) (i = 1,2), we
get

() < (@) +v ()™

m-n

S % Ky @) a0 + v (o) + —— K" @),

(32)
(@) < (at)+v)™

TR ).
m

< —KU™M (1) (@ () + v (£) +

r
m

Substituting (32) into (29), we get

wwswwa@

LR (5) (@ (s) + v (s))
m
m=n nK;’/m (s)] ds
m
T r (r-m)/m
re®) | 9O LK @ v ()
m-—-r rlm
+ — K, (s)] ds
:MﬂLf@ﬂiKWWW@ms)

m-n

+ Kln/m (s)] ds
(33)

T
*C“)L 96) [ SR () a (9

m-—r
+

K;/m (s)] ds
+ Pp Jt F () K™ () v (s) ds
m 0 1

+ Lo jT (s) K™ () v (s) ds
" . g 2

=)+ AB(t) ry(s)v(s)ds

0

T
+ € (t) Jo G (s)v(s)ds,

which is similar to (14), where & (t), SAB(t), €(t), F(t), and
&(t) are defined as in (28). Clearly, &(t), KB(t), €(t), F (1),
E(t) € C(I,R,) and A(t), AB(t), € (t) are nondecreasing
since a(t), b(t), c(t) are nondecreasing, respectively.
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Applying Lemma 4 to (33), we have
v(t)

< |:d(t)+%”(t)

[ ()% () exp | B ()|, F (0) do} ds
X
1-[ 8 () € (s) exp B (5) [, F (o) do} ds

X exp {.% 2 r F (o) da} .
0
(34)

From (31) and (34), we get (27). O

Whenm = 2,n = r = 1 in Theorem 7, a Gronwall-
Bellman-Pachpatte-Ou-Jang type inequality is obtained as
follows.

Corollary 8. Let a(t), b(t), c(t), f(t), and g(t) be defined as
in Lemma 4. Suppose that u(t) € C(I, R, ) satisfies

t T
u? (t)y<al(t) +b(t)J f(s)u(s)ds+c(t)J' g(s)u(s)ds.
0 0
(35)

If

JT lc (s) G (s) ex {lb (s) rﬁ(a) da} ds<1 (36)
0o 2 P 2 0 ’

< {a(t) + [A‘(t)+ %c(t)
X (LTZ(S)G(S)
X exp {%b (s) J: F (o) dcr} ds>
X (1 - JOT %c(s)@(s)
X exp {%b (s) LS F (o) da} ds>_l]

1 t 1/2
X exp {Eb(t) L F (o) do} } ,
(37)
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fort € I, where
t

Z(t)zb(t)J

) %f ) [K;2 (s)a(s) + K, ()] ds

T
e | 00K ©a K o) ds

Foy=fOK"®, GH=g0K"@®),

(38)
for any K;(t) € C(I,R,) (i =1,2).

Whenm =n=1,0 <r <1in Theorem 7, we can also get an
interesting result as follows.

Corollary 9. Let a(t), b(t), c(t), f(t), and g(t) be defined as
in Lemma 4. Suppose that u(t) € C(I, R,) satisfies

t T

f(u(s)ds+c(t) I g(s)u (s)ds.

u(t) <al(t) +b(t)J
' (39)

0

I

J~0T rc (s) G (s) exp {b(s) r f (o) da} ds < 1, (40)

0

then

u ()

<al(t)+ [Z(t) +rc(t)

x <LTZ(S)6(5) exp {b (s) L £(0) da} ds)
X (1 - LTrc(s)a(s)

X exp {b (s) J £ da} ds)l]

0
X exp {b(t) Lt f (o) da} ,
(41)

fort € I, where 0 < r < 1 and

A)=b(t) L f(s)a(s)ds

T
+c(t) L g () [rK () a(s) + (1 =) K’ (5)] ds,

Git)=g®K (),
(42)

for any K(t) € C(I, Ry).

3. Nonlinear Weakly Singular
Integral Inequalities

Lemma 10 (discrete Jensen inequality). Let A, A,,..., A, be
nonnegative real numbers and r > 1 a real number. Then

(A +A,++A) < AT+ A, +---+A").
1 2 n 1 2

n

(43)

Lemma 11 (see [16]). Let «, 3, y, and p be positive constants.
Then

t
J' (" - s“)p(ﬁ_l)sp(yfl)ds
0

p(-1y+1|, Y

= iB [M’
" o

t €R,,

where B[&, 5] = fol SN - 9)T s (Re& > 0, Ren > 0) is the
well-known B-function and 0 = pla(f - 1) +y—1] + 1.

Assume that

(H) for the parameter group [«;, 5;, y;], «; € (0,1], B; €
(0,1)andy; > 1-1/psuch that 1/ p+o;(;—1)+y,—1 >
0,(p>1,i=12).

Theorem 12. Under assumption (H), let a(t), b(t), c(t), f(t),
and g(t) be defined as in Lemma 4. Suppose that u(t) €
C(I, R,) satisfies (6). If

T s
I %(s)?(s)exp{@(s)J F/f”(o)da}ds<1, (45)
0 0

then

w (t)

< {a‘(t) + [.szi(t) +E (1)

X <jt o (s) E (s)exp {%’ (s) Js F (0) da}ds)

0 0

X <1— jt%(s)?(s)
0

X exp {9}5’ (s) r F (0) da} ds>l]

0

‘ 1/gm
X exp {gg(t)J F (0) da} } ,
0

(46)



fort € I, wherem 2n>0,m>r >0,m,n, p,q, and r are
constants, 1/p+1/q =1, and

1 fp(n-1)+1 B
_ooB ” p(Bi-1)+1],

1 1

M.

1

O =pla(Bi-1)+y-1]+1, i=12

q/p

a)=3""al@),  b() =370 @) (M),

() =371 () (M, 7",

_ t
o) =) jo £1(s)

m

x [EKYH”)/’” (s)a(s) + Pl gnim (s)] ds
m m

T
+2(0) L 7()

m- rK;/m (s)] ds,
m

T =m)m =
X [mKZ (s)a(s) +
B = 2b(t), 6 1) = —&(t),
m m

F ) = fLOK™" .90 = g" ) K" @),
(47)

forany K;(t) € C(I,R,) (i =1,2).

Remark 13. When g(t) = 0, inequality (6) can be reduced to
the case discussed by Ma and Pecaric¢ [12]. But their result is
based on the assumption that the ordered parameter group
[, B> v;] (i = 1,2) obeys distribution I or II (for details,
see [16]), which leads up to slightly complicated formula of
bound on solutions.

Proof. From assumption (H), using the Hoélder inequality
with indices p, q to (6), we get

t . 1/p
W™ (£) < a(t) +b(t) (J (1% — s )PA )sPWl*l’ds)
0
t 1/q
x (J fL(s)u? (s)ds)
0
T 1/p
+c(t) <J (T - s“z)p(ﬁrl)sp(yz_l)ds>
0

T 1/q
x <J gl (s)u? (s) ds) .
' (48)
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Applying Lemma 10 to (48), we have

u™ (1) < 377 (1) + 37767 (1)

X (Jt (1 - s )P(ﬁll)sp(”l_l)dsy/})
0
t

x (J f(s)ut (s)ds)
0

T alp
" 3q—lcq (t) (J. (Toc2 _ 5062 )P(ﬁz_l)sp(}/zfl)ds>
0

x (LT 4O u (5 ds)

=370 (1) + 3767 (1) (M%)

x (thq (s) u? (s) ds)
0
T
+3771 (1) (MZTBZ)‘”” (j g1 (s) u? (s) ds),
0
(49)
where M;, 0; (i = 1,2) are given in (47).
Letting u?(¢) = w(t), we have
w" () <al)+b(t) r FA(s)w" (s)ds
' (50)

T
+C(t) Jo gl (s)w' (s)ds,

which is similar to inequality (5), where a(t), b(t), and &(¢) are
also given in (47).

An application of Theorem 7 to the inequality above gives
that

w (t)

< {ﬁ(t) + [&i(t) +% ()

X<IT&¢(S)?(S)

0

X exp {93 (s) L F (0) d(f} ds) 51

T
><<1—J @ (s) G (s)

0

X exp {93 (s) r F (o) da]» ds)l]

0

X exp {93 (t) j;%(a) da} }1/’"

holds for t € I, where &/(t), B(t), €(t), F(t), and & (t) are
also given in (47). Since u(t) = w'4(t), we can get (46). O
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Similarly, if we take m = n = 1,0 < r < 1in (5), the
following result is obtained.

Corollary 14. Under assumption (H), let a(t), b(t), c(t), f(t),
and g(t) be defined as in Lemma 4. Suppose that u(t) €
C(I, R,) satisfies

u®)<a@)+b(t) J-t (£ - s“l)ﬁl_lsylflf(s)u(s) ds
’ (52)
T
+c(t) J (T - s“z)ﬁz_ls"flg (s)u’ (s)ds.
0
If
T _ s
J ¢ (s) G (s) exp {b (s) J F (o) d(f} ds <1, (53)
0 0
then
u(t)

< {ﬁ(t) + [Aw) +rE(t)

X (JOT A (s) G (s) exp {B (s) JOS F (o) da]» ds)

X (1 - LT rc(s) G (s)

X exp {E (s) J: F (o) da} d$>_l]

t 1/q
X exp {I;(t)J [F(o)do} } ,

0
(54)

fort € I, where 0 < r < 1, p and q are constants, 1/p + 1/q =
L, a(t), b(t), &t) are defined as in Theorem 12, and

_ t
A(t) =Db(t) L F1(s)a(s)ds

T
+C(1) L gl () [rK (s)a(s) + (1= 1) K ()] ds,
F®) =111, G60=g"0OK " @),
(55)

for any K(t) € C(I, Ry).

Remark 15. Ifwetakem = 2,n = r = 1, similar to Corollary 8,
we can get a general Ou-lang type singular inequality of (6).
Here we leave the details to the reader.

When we take &, = a0, = 1,9, =y, = 1 in (6), we also get
the following result.

Corollary 16. Let a(t), b(t), c(t), f(t), and g(t) be defined as
in Lemma 4. Suppose that u(t) € C(I, R,) satisfies

() <at)+b(t) J-t (t - s)ﬁl*lf (s)u" (s)ds
0
. (56)
re(®) J (T = 9B g (s) o (s) ds.
0

If

T s
J € (s) C (s) exp {%’ (s) J F (0) da} ds <1, (57)

0 0
then

w (1)

< {Zi(t) + [szi(t) F B0
x (jons) 7 ()
X exp {%’(s) Eg(a) da} ds>
x (1— LT%(S)?(S)

X exp {%’ (s) J: F (0) da} ds>1]

t 1/gm
X exp {%’(t)-[ 9(0)610”» ,
0
(58)

fort € I, where m, n,r, p, g, a(t), b(b), E(t), A(t), B(t), E(¢),
F (1), &(t) are defined as in Theorem 12,0 < f3; <1 (i = 1,2),
the choice of p satisfies that p > 1 and 1/p + (f5; — 1) > 0, and
M;, 0; are replaced by
M; =B[1,p(Bi-1)+1], O=p(Bi-1)+1,
(59)
i=1,2.

Remark 17. lf wetakem =n=r =1, 5, = 3, = 3, a(t) =C,
b(t) = c(t) = 1/T(fB), and f(¢) = g(t), inequality (6) becomes
inequality (4). So, Zheng’s result [14] is the special case of our
result.

Furthermore, if we take m = 2, n = 1, and r = 1, the
weakly singular case of the Gronwall-Bellman-Gamidov-Ou-
Iang type inequality also can be obtained.

Corollary 18. Let a(t), b(t), c(t), f(t), and g(t) be defined as
in Lemma 4. Suppose that u(t) € C(I, R, ) satisfies

) <alt)+b@) r t-sP 7 f(s)u(s)ds
0

, (60)

+c(t) L (T - )P g (s)u(s)ds.



If
JT 1 (9)Gs)ex {113(5) JSF(a)da} ds<1,  (61)
0o 2 P 2 0 ’

then
u(t)

< {ﬁ(t) + [A(t) + %E(t)
T
X (L A(s)G(s)

X exp {%E (s) Ls F (o) da} dS) 62)

1= [° -
X exp{zb(s)_[ F(a)da} ds) ]
0

1- T 1/2q
xexp{ib(s)J F(a)dG} } ,
0

fort € I, wherea(t), b(t), and &(t) are defined as in Theorem 12,
Bi» M;, 0, p, q are defined as in Corollary 16, and

t
0

AN =b(@) j %fq ©) [K () a(s) + K1 ()] ds

T
+2(t) L % g [K; (9)a(s) + K ()] ds,

E(t)= fAOK'*(t), G@)=g"t)K"* 1),

(63)

forany Ki(t) € C(I,R,) (i = 1,2).

4. Applications

In this section, we give some applications of our result in
the study of the boundedness of solutions of a fractional
integral equation with the Riemann-Liouville (R-L) fractional
operator.

Definition 19 (see [25]). The R-L fractional integral of order
a is defined by the following expression:

1
I'(l+a«)

I f (@) = j £ (5) (ds)”
’ (64)

_L ! _ a—1
- L (t— )" F (s) ds.
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Consider the following fractional integral equation:

W) =alt)+I*(Ftu®))

T
+ @ L (T-9)""'G(s,u(s)ds, (65)

tel,
where 0 < « < 1 and F,G € C(R X R, R).

Theorem 20. If a(t) € C(I,R,) is nondecreasing, |F(t,u)| <
f(S)ul and G(t, u) < g(s)|ul, where f, g € C(I,R,). Under the

condition [ (1/2)c(s)G(s) exp{(1/2)b(s) [} F(o)da}ds < 1,
the following estimate

u(t)

< {a(t) + [A(t) ‘ %E(t)
T
X(JO A(s)G(s)

X exp {%E (s) LS F (o) d(f} ds) (66)

T1~
x(l—L Ec(s)G(s)
s -1
X exp {%E (S)J F (o) da} ds> ]
0

1. ¢ 1/2q
X exp {Eb(s) J F (o) da]» ]»
0

holds, where a(t) = 37'al(t), 0 = pla - 1)+ 1, M =
B[1, p(a — 1) + 1], E(t) = 3q_1(1/rq(oc))(Mt9)q/p, and c(t) =
3971 (1/TUa) (MT?Y? and A(t), E(t), and G(t) are defined as
in Corollary 18.

Proof. According to Definition 19, from (65), we have

w () =a(t)+ 1 Jt (t =) "F(s,u(s))ds
0

T'(x)
(67)
N jT(T— G (s,u(s)d
r(“) . S S,ul(s S,
fort € I. Hence
2 1 ! a—1
|u (t)] <a(t)+ @ L (t =) V|F (s,u(s))| ds
1 T a—1
+ m L (T -5 |G(s,u(s))|ds
(68)

<a(t)+ ﬁ Lt (£ = )£ (s) 1t ()] s

T
+ — J (T = 5)*"g(s) [u(s)| ds.
0



Abstract and Applied Analysis
Letting 3, = 3, = «, b(t) = 1/T(«), and ¢(¢) = 1/I'(«), and
applying Corollary 18, we have
ai) =31"al),
0,=0,=p(a-1)+1:=6,

M, =M,=B[lLpla-1)+1]:=M,

1 / ()
T - 0\4/'P

b(t) = 361 lm—w(Mt ) 5

~ 1 0\49/P

C(t) = 3q qu—@(MT ) .

From (62), we get the desired estimate (66) which implies that
u(t) in (65) is bounded. O
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