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The aim of this paper is to introduce some interval valued double difference sequence spaces by means of Musielak-Orlicz function
M = (M;). We also determine some topological properties and inclusion relations between these double difference sequence

spaces.

1. Introduction

Interval arithmetic was first suggested by Dwyer [1] in 1951.
Development of interval arithmetic as a formal system and
evidence of its value as a computational device was provided
by Moore [2] in 1959 and also by Moore and Yang [3] in
1962. Further works on interval numbers can be found in
Dwyer [4] and Markov [5]. Furthermore, Moore and Yang [6]
have developed applications of interval number sequences to
differential equations. Chiao in [7] introduced sequences of
interval numbers and defined usual convergence of sequences
of interval number. Seng6niil and Eryilmaz in [8] introduced
and studied bounded and convergent sequence spaces of
interval numbers and showed that these spaces are complete
metric spaces. Recently, Esi in [9, 10] introduced and studied
strongly almost A-convergence and statistically almost A-
convergence of interval numbers and lacunary sequence
spaces of interval numbers, respectively (also see [11-17]).

A set consisting of a closed interval of real numbers x
such that a < x < b is called an interval number. A
real interval can also be considered as a set. Thus we can
investigate some properties of interval numbers, for instance,
arithmetic properties or analysis properties. We denote the
set of all real valued closed intervals by R. Any elements
of R are called closed interval and denoted by x. That is,
x = {x € R :a < x < b}. An interval number x is a
closed subset of real numbers [7]. Let x; and x, be first and

last points of X interval number, respectively. For X, %, €R,
we have X, = X, © x;, = x,x = . Consider
X +x, ={xeR: x1+x2<x<xl+x2}and1foc>0
thenax = {x e R : 1I<x<0¢x1}and1foc<0then
ax ={x e R:ax; <x<ax},

| x€eR:min {xll T Xy, Xp s Xy Xgp Xy, ~x2r}
S X SN Xy Xy, Xy Xy, Xy X Xy Xy

@

In [2], Moore proved that the set of all interval numbers R
is a complete metric space defined by d(x,,%,) = max{|x,, -
X, |, |21 - x, [}. In the special cases x; = [a,a] and X, = [b, b]
we obtain usual metric of R. Let us define transformation f :
N — Rbyk — f(k) =%% = (x;). Then x = (%) is called
sequence of interval numbers. The X, is called kth term of
sequence X = (x;). We denote the set of all interval numbers
with real terms as w'. The algebraic properties of w' can be
found in [7]. Now we give the basic definitions used in this

paper.

Definition 1 (see [7]). A sequence X = (x;) of interval
numbers is said to be convergent to the interval number X,
if for each € > 0 there exists a positive integer k, such that
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d(x,x,) < € forall k > k, and we denote it by lim; X}, = X,,.
Thus, lim X, = X, © limex,, = xo and limgx, = x; .

Definition 2. A transformation f from N x N to R is defined
byi,j — f(,j) = %,x = (x;;). Then x = (x;;) is called
sequence of double interval numbers. Then Xx;; is called i jth
term of sequence x = (X;;).

Definition 3. An interval valued double sequence X = (x;;) is
said to be convergent in Pringsheim’s sense or P-convergent
to an interval number X,y, if, for every € > 0, there exists N €
N such that

d(x%;, %) <e Yi,j>N, )

where N is the set of natural numbers, and we denote it also
by P - limX;; = Xx,. The interval number X, is called the
Pringsheim limit of x = (X;)).

More exactly, we say that a double sequence X = (x;))
converges to a finite interval number X, if X;; tend to X, as
both i and j tend to co independently of one another. We
denote by ¢ the set of all double convergent interval numbers

of double interval numbers.

Definition 4. An interval valued double sequence x = (x;;)
is bounded if there exists a positive number M such that
d(x;;,X) < M foralli, j € N. We will denote all bounded

2
double interval number sequences by /. It should be noted
that, similar to the case of double sequences, ¢ is not the

subset of Zio

Definition 5. Let A = (ay,,;) denote a four-dimensional
summability method that maps the complex double
sequences x into the double sequence Ax where the mnth

term to Ax is as follows:

00,00

(AX)yy = Z ppnijXije 3)
i,j=1,1

Such a transformation is said to be nonnegative if a,,,; is
nonnegative for all m, n,i and j.

The notion of difference sequence spaces was introduced
by Kizmaz [18] who studied the difference sequence spaces
I (A), c(A), and ¢y (A). The notion was further generalized by
Etand Colak [19] by introducing the spacesl_ (A"), c(A"), and
¢ (A"). Let w denote the set of all real and complex sequences
and let n be a nonnegative integer; then for Z = ¢, ¢, and [,
we have sequence spaces

Z(A") ={x=(x) ew: (A"x;) € Z}, (4)
where A"x = (A"x;) = (A" 'x, — A" 'xp,,) and A% = x;

for all k € N, which is equivalent to the following binomial
representation:

2= Y (1) v )

v=0
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Taking n = 1, we get the spaces studied by Et and Colak
[19]. For more details about sequence spaces see [20-32]
and references therein. Quite recently, Et et al. [33] defined
and studied the concept of statistical convergence of order «
involving the notions of A and ideal I.

Definition 6. An Orlicz function M : [0,00) — [0,00) is a
continuous, nondecreasing, and convex such that M(0) = 0,
M(x) > 0forx > 0and M(x) — ocoasx — o0o0.If convexity
of Orlicz function is replaced by M(x + y) < M(x) + M(y),
then this function is called modulus function. Lindenstrauss
and Tzafriri [34] used the idea of Orlicz function to define the
following sequence space:

Oy = <|x=(xk)ew: iM(%) < 00, forsomep>0]»
k=1
(6)

which is known as an Orlicz sequence space. The space €, is
a Banach space with the norm

||x||=inf{p>0:§M<M>Sl}. 7)

k=1 P

Also it was shown in [34] that every Orlicz sequence space
¢y contains a subspace isomorphic to £, (p > 1). An
Orlicz function M can always be represented in the following

integral form:

X

M (x) = L n(t)dt, (8)
where # is known as the kernel of M and is a right
differentiable for t > 0, #(0) = 0, 5(t) > 0, and # is nonde-
creasing and 7(t) — ooast — oo.

Definition 7. A sequence M = (M) of Orlicz functions is
said to be Musielak-Orlicz function (see [35, 36]). A sequence
N = (N) is defined by

Ny () =sup{vlu-M; (w):u>0}, k=12,..., (9)
and is called the complementary function of a Musielak-
Orlicz function .. For a given Musielak-Orlicz function ./,
the Musielak-Orlicz sequence space t ,, and its subspace h
are defined as follows:

ty=1{xew:1,(cx) < oo for some c > 0},

(10)
hy={xew:I,(cx)<ocoVec>0},
where I ;, is a convex modular defined by
(e8]
Ly (x)= ZMk (), x=(x) €ty (11)
k=1

We consider t , equipped with the Luxemburg norm

||x||=inf{k>o;1ﬂ<;—c)sl} (12)
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or equipped with the Orlicz norm
1
Il” = inf {2 (1 + T, (k) sk >0} @)

A Musielak-Orlicz function # = (M) is said to satisfy A ,-
condition if there exist constants a, K > 0 and a sequence ¢ =
(G, € li (the positive cone of | 1) such that the inequality

M, (2u) < KMy (u) + ¢, (14)

holds for all k € Nand u € R", whenever M, (u) < a.

Definition 8. Let X be a linear metric space. A function p:
X — Ris called paranorm, if

(1) p(x) = 0forall x € X;
(2) p(=x) = p(x) forall x € X;
(3) plx+y) < p(x) + p(y) forall x, y € X;

(4) (A,) is a sequence of scalars with A, — Aasn — oo
and (x,,) is a sequence of vectors with p(x,, —x) — 0
asn — 00, then p(A,x, —Ax) — Oasn — oo0.

A paranorm p for which p(x) = 0 implies x = 0 is called total
paranorm and the pair (X, p) is called a total paranormed
space. It is well known that the metric of any linear metric
space is given by some total paranorm.

Let # = (Mij) be a Musielak-Orlicz function and let
A = (@) be a nonnegative four-dimensional bounded
regular matrix (see [37, 38]). Let p = (pl-j) be a bounded
double sequence of positive real numbers and u = (u;;) be
a double sequence of strictly positive real numbers. In the
present paper we define the following new double sequence

spaces for interval sequences:

S (M, pu, AT, A)

— = 1
= <Ix: (xij) P—lrlnr}’ll%
min u;d (AWU, xo) Py
X (- MU =0,
ij=1,1 P

for some p > 0} ,

W (M, p,u, A, A)

— = .1
= <|x: (xij) :P—lrlnw%

— = Pij
mn u,-jd (Arx,-j, 0)
X Z Dnnij [Mij <— =0,
i,j=1,1

P

for some p > O} ,

B (M, po1t, 7, A)

- {& = (%) : sup—

mn MN

g uzd (A%3,0) \ 17
X Qi | Mjj | ——————— < 00,
1

i,j=1, P

3

for some p > O} .

(15)

Remark 9. Let us consider a few special cases of the above
sequence spaces.

() If A/ = M,-j(x) = x foralli, j € N, then we have
Jw (M, pu, N, A) = ,w(pu, AT, A),
W (M, pu, AT, A) = ,w, (p,u, A7, A), (16)
Weo (M, pyu, NS A) = w (pu, AT, A).
(i) If p= (pij) =1, for all 4, j, then we have
S (M, pyu, A A) = w (Mu, A A),
SWo (M, pyu, AT, A) = wy (Mu, A, A), (17)
JWeo (M, pu, A", A) = JWo, (M,u, A, A).
(iii) fu = (u,-j) =1, for all 4, j, then we have
S (M, pyu, A A) = w (M, p, AT, A),
W (M, pou, AT, A) = Jw, (M, p, A, A), (18)
o, (M, pyu, NS A) = w (M, p, AT, A).

iv)If A = (C,1,1) = 1, that is, the double Cesaro
matrix, then the above classes of sequences reduce to
the following sequence spaces:

0 (M, pou, AT, A) = S (M, pou, AT,
JW, (M, pyu, N, A) = @, (M, pu, AT, (19)

W, (M, pyu, Ny A) = @ (M, p,u, AT).



(v) Let A =(C,1,1) =1 and wj = 1 for all 4, . If, in
addition, /#(x) = M(x) and r = 0, then the spaces
SO, pu, N A), (M, pyu, AT, A),  and
2w (M, p,u, A", A) are reduced to ,w(M, p),
,Wo(M, p), and ,w_ (M, p) which were introduced
and studied by Esi and Hazarika [39].

The following inequality will be used throughout the paper. If
0< Pl] < sup pl] = H) K= maX(l)zHil) then

o+ ;" < K (|“ij|

DPij n |bij'Pij) (20)
for all 4, j and ay;,
acC.

The main purpose of this paper is to introduce interval
valued double difference sequence spaces ,w (., p,u, A", A),
S Wo(AM, p,u, A", A), and ,w, (M, p,u, A", A) and to study
different properties of these spaces like linearity, paranorm,
solidity, monotone, and so forth. Some inclusion relations
between theses spaces are also established.

bj € C. Also |al” < max(1, |al™) for all

2. Main Results

Theorem 10. If0 < p;; < g;; for each i and j, then we have
S (M, pu, AT, A) C yw (Mg, u, AT, A).

Proof. Letx = (x;;) € ,w, (A, p,u, A", A). Then there exists
p > 0 such that

— = Pij
mn u.d(AX;;,0 !
sllpL Z Wi |:Mi‘ < s ( : ) >] <oo. (21)

mn mni,j:l,l 1%

This implies that
= 0 Pij
u.d(Ax:.,0
a,,,m,.[Mi(%)] @

for sufficiently large values of i and j. Since M;; is nondecreas-
ing, we get

mn d r—”’_ 9ij
wp L ¥ [MM)]

mn mnl’j=1’1 1%
mn d(a'%,;,0)\ 1"
1 Ui Xij>
< sup— Z Oy | Mij | —————— < 00.
mn mni = p
,j=1,1

(23)

Thus x = (x;;) € W (4, qu, A", A). This completes the
proof. O

Theorem 11. Suppose that M = (M;;) is a Musielak-Orlicz
function, p = (p;;) a bounded double sequence of positive real
numbers, and u = (u;;) a double sequence of strictly positive
real numbers. Then the following hold.

(i) If0 < inf p;; < p;; < 1, then ,w (M, p,u, A", A) C
LW, (M u, AT, A).
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(ii) If 1 < p;; < sup p;; < 00, then ;We, (M, u, A", A) C
ZEOO('%’ p) u, Af’ A)'

Proof. (i) Let x = (x;;) € ,w (A4, p,u, A", A). Since 0 <
inf p;; < 1, we obtain the following:

mn ..d r—”,_
ot ¥ [MM)]

mn MK i,j=1,1 P
1 uijd (Ar%,-j,ﬁ) Py
<sup— a, .| M;| ———— < 00,
mr?mni,];’l mnij ij p
(24)

and hence x = (x;)) € ,u (A, u, AT, A).

(ii) Let p; > 1 for each i and j and sup p; < oco. Let
X = (x;;) € W (M,u, A", A). Then for each 0 < € < 1 there
exists a positive integer N such that

e uiﬁ(Af&,,,ﬁ))]
—_— nij | Mij | ——————
P, J[ ’( (25)

mn MNn ij=1.1 1%

<e<1l Vmnmz=N.

This implies that

mn d r_,.,_ Pij
wp Ll ¥ [MM)]

mn mni’jzl’l 1%

< supL mil [o— [Mij <M>] < 00.

mn TNl ij=1,1 1%

(26)

Therefore, x = (Eij) € ,w, (A, p,u, A", A). This completes
the proof. O

Theorem 12. Let 0 < p; < q;; for all i,j € N and (q;;/
pij) be bounded. Then we have 2Eoo(.%,q,u,Ar,A) C
ZEOO(‘%’ p) u) A”) A)'

Proof. Letx = (x;;) € ,w (M, q,u, A", A). Then

1 M u;d (A’xi-,ﬁ) &
sup— Z amnij|:Mij<;>] < 00, 27

P

for some p > 0.

Let s;; = sup,,, (1/mn) Z:"]Z“ i [ M (5 d (MK, 0) ) p) %
and A;; = p;;/q;. Since p;; < q;;, we have 0 < A;; < 1. Take
0<A<Ay.
Define
s = LS ifs;;>1
0 ifs;<l,
(28)
if 5;;>1
if 5; < 1,
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Ay /\, A
Sij = Ujj + Vi S = ’+vJItfollowsthatuJ<u <s;

ij ij> 2ij ] ij ij = i
Ajj /\ Ay Aij A A 2
< = f i<
Vz] —Vq smceslj u] +V thenslj _Sl]+V]

1
sup Z amm] Mij
mn mnlj 11

1 Arfl S
mn MM .

i,j=1,1

( tjd<AT}1]’0> )q’f /\ij

p

qij Pijlg;;

1 m,n

s uj
o—
i,j=1,1

< sup— Z
= supL Z (- [MJ (

—
A Xijs
l]’
.
Ax,j,O ]

mn MM .
mn mi’l}] 11

=)
|
=)

i,j=1,1
(29)
but
u;d(A"x;;,0
sup_ Z ammj [M] <M >:|
mn mnl] 1,1 P (30)
< oo for some p > 0.
Therefore,
1 u;d(A"x;,0
sup_ Z amnij [Ml] (M >:|
mn mnid:l’l p (31)
< oo for some p > 0.
Hence x = (%ij) € 2WOO(./%, p,u, A", A). Thus, we get
W (M, qu, N A) € w0 (M, pu, AT, A). O

Theorem 13. Let /'
ielak-Orlicz functions,

= (Mi'j) and M'" = (Mi'j') be two Mus-

w,, (M, pou, N, A) i (A, pou, AT, A)
(32)

c w, (M +4", p,u, A, A).

Proof. Letx = (X)) € ,w,, (', p,u, A", AN,w A", p,u,
A", A). Then

i (N
SupL Z G Mij<M>] < oo,

mn mnll 11 P1

for some p; > 0,

m,n [ .d ,
sup—— Y @ M;;(M)] < oo,

mn mni,j:l,l P2

(33)

for some p, > 0.
Let p = max{p,, p,}. The result follows from the inequality
1 u;d (Arxlj, 0)
sup- Z amnzj[(M + M )(f
i,j=1,1

uyd (A%, ))]P”'

P1

1 mn
!
=S, X “mnff[Mff<

i,j=1,1

& amm][M <u (A x,J,0)>]

mn mnlj 11 1%
— bij
1 d(A'x;,
< Ksup— Z R M'J M
mn mnu 11 P1
1 u;d(A"x;;,0
g § oo (405
mn mnl] 1.1 P
< 0.
(34)

Thus, sup,,,(1/mn) Z,J 11 mm][(M + M”)(u,Jd(AYTz] 0)/
p))fi < co. Therefore, X = (x;j)) € LW, '+ " p,
u, A", A). O

Theorem 14. Let M/ = (M 1) be a Musielak-Orlicz function
and let A = (ay,,;;) be a nonnegatwefour dimensional regular
summability method. Suppose that B = lim, _, o(M;;()/t) <
co. Then ,w(p,u, A", A) = ;w(M, p,u, A", A).

Proof. In order to prove that ,W(p,u, A", A) = ,w(A, p,
u, A", A), it is sufficient to show that ,W (.4, p,u, A", A) ¢
,dw(p,u, A", A). Now, let f > 0. By definition of 3, we have
M;;(t) > Bt forallt > 0. Since B > 0, we have t < (1/B)M;(t)
forallt > 0.Letx = (x;;) € ,w(A, p,u, A", A). Thus, we have

1 ™ d(A Xij» ) bi
i & oo (757

Pij
1 1 ™ u;d (A"x;;,
< —sup— ammj[Mij<M>] < 00
1 P
(35)



which implies that ¥ = (x;;) € ,w(p,u, A’, A). This com-

pletes the proof. O
Theorem 15. Let 0 < h = inf p;; < p;; < sup p; = H < 0o.
Then for a Musielak-Orlicz function M = (M,;) which satisfies
the A,-condition, we have ,w(p,u,A",A) = ,w(M,p,u,
AT, A).

Proof. Letx = (x;;) € ,w(p,u, A", A); that is,

| mn u;d (A%, %, ))]P"
—_— .. —_—mm :0)
mn Z: ""”J[( P (36)

for some p > 0.

Let € > 0 and choose § with 0 < § < 1 such that Ml-j(t) <e€
for 0 <t < §. Then

1 mn [M <uijd (A X,],X_O) >
— amnij A

mn i
d % Pij

d , Pij
)

Pij

1 mn
mn i
(A%, %,)<8

l m,n
LS
mn i
A(A"%,,%,)>8

(37)
where
Pij
I S o M uijd(A Xij» X, ) J
=— Z Aij | Mij\| ———————
T Mn i P
(A%, %) <6 (38)

H
< max (E,E )

by using continuity of (M;;). For the second summation, we
will make the following procedure. Thus we have

d(Ax,, %) 1. d(ATEij,EO)/p.

39
: : (39)

Since / = (M;;) is nondecreasing and convex, so we have

o)

uyd (A%, %)) /p } }

< By [M,.]- {1 + 5
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—

< 5 [ (45) My )]

uyd (A%, %) /p } ]

1
+ Eamnij [M’J {2 5

[\)

(40)

Again, since / =
that

[ )

[HEmRL )]

(M;;) satisfies the A,-condition, it follows

<

~

1
2 é

d (A%, %) /p
SRR (), )

d(A"x.., X,
K {M} s [ (1) M )].

(41)

+

0| =

0

Thus, it follows that

S max {1, [Kamm] [(u (;])M,] (z)]] }

(42)

Taking the limitase — 0and m,n — o0, it follows that
X =(x;) € yw(M, p,u, A", A). O

Theorem 16. Suppose that M = (M;;) is a Musielak-Orlicz
function, p = ( pl]) a bounded double sequence of positive real
numbers, and u = (u;;) a double sequence of strictly positive

real numbers. If sup ;,](M (x))Pi < oo for all fixed x > 0,
then

0 (M, pou, AT A) € T (M, pu, AT A). (43)

Proof. Letx = (x ) € ,w(M, p,u, A", A). Then there exists a
positive number p1 > 0 such that

1 ™ d(A x,],
I’}’l_ Z mm][ < P

Pij
)] -
(44)

for some p; > 0.
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Define p = 2p;. Since ./ = (M;;) is nondecreasing and con-
vex, for each i, j, so by using (20), we have

n d(A'X.:,0 Py
wp L ¥ [MM)]

mn mni,].zl’l P
| upd (A% %) +d (%0,0) \ 1™
< sup— a, .| M.
m;?mnhjzzl)l mnij 1y P
o uyd (A%, %) \ 17
<K {sup— Z Ay | Mjj | —————
mn 1’}’11’11,].:1,1 P1
| uyd (A'%;,0) \ 1"
+sup— a, .| M| ———=
mnp mn l,];’l mnij 1] Pl
< 00.
(45)

Thus X = (x;) € ,w (4, p,u, A", A). This completes the
proof of the theorem. O

Theorem 17. The double sequence space ,w., (M, p,u, A", A)
is solid.

Proof. Suppose x = (x;;) € ,w (M, p,u, A", A)
| uyd (A%;,0) \ 1™
sup— Z Qi | Mij | ——————— < 00,
mn PR, STV P (46)
for some p > 0.

Let (¢x,~j) be a double sequence of scalars such that I(xijl < 1for
all 4, j € N. Then we get

< 00.

This completes the proof. O

Theorem 18. The double sequence space ,wo, (M, p,u, A", A)
is monotone.

Proof. The proof is trivial so we omit it. O
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