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The nullity of a graph is the multiplicity of the eigenvalue zero in its spectrum. A signed graph is a graph with a sign attached to each
ofits edges. In this paper, we apply the coeflicient theorem on the characteristic polynomial of a signed graph and give two formulae
on the nullity of signed graphs with cut-points. As applications of the above results, we investigate the nullity of the bicyclic signed
graph I'(co(p, g, 1)), obtain the nullity set of unbalanced bicyclic signed graphs, and thus determine the nullity set of bicyclic signed

graphs.

1. Introduction

Let G = (V, E) be a simple graph with vertex set V = V(G) =
{v;,v,5,...,v,} and edge set E = E(G). The adjacency matrix
A = A(G) = (a;j)x, Of G is defined as follows: a;; = 1 if there
exists an edge joining v; and v;, and a;; = 0 otherwise. The
nullity of a simple graph G is the multiplicity of the eigenvalue
zero in the spectrum of A(G), denoted by #(G). The rank of G
is referred to the rank of A(G) and denoted by r(G). Clearly,
7(G) + r(G) = nif G has n vertices.

A signed graph is a graph with a sign attached to each of
its edges. Formally, a signed graph I'(G) = (G, o) consists of a
simple graph G = (V, E) which is regarded as its underlying
graph, and a mapping 0 : E — {+, -}, the edge labeling. To
avoid confusion, we also write V(I'(G)) instead of V, E(T(G))
instead of E, and E(T(G)) = E°.

The adjacency matrix of I'(G) is A(T(G)) = (a;) with af; =
G(Vivj)a,-j, where (aij) is the adjacency matrix of the under-
lying graph G. In the case of 0 = +, which is an all-positive
edge labeling, A(G, +) is exactly the classical adjacency matrix
of G. So a simple graph is always assumed as a signed graph
with all edges positive.

The nullity of a signed graph I'(G) is defined as the mul-
tiplicity of the eigenvalue zero in the spectrum of A(I'(G)),
and is denoted by #(I'(G)). The rank of I'(G) is referred to the
rank of A(I'(G)), and denoted by r(I'(G)). Surely, #(I'(G)) +
r(T'(G)) = nif T(G) has n vertices.

Let I'(G) = (G,0) be a signed graph and let I'(C) be
a signed cycle of I'(G). The sign of I'(C) is defined by
sgn(I'(C)) = [ ,er(c)o(e). The cycle T(C) is said to be positive
or negative if sgn(I'(C)) = + or sgn(I'(C)) = —. A signed
graph is said to be balanced if all its cycles are positive, or
equivalently, all cycles have even number of negative edges;
otherwise it is called unbalanced.

About the nullity of simple graphs and its applications,
there are many known results (see [1-8] for details). In 1953,
Hurary [9] introduced the concept of a signed graph in
connection with the study of the theory of social balance in
social psychology. For more results of signed graphs and their
applications, see [9-21].

In this paper, we obtain the coefficients theorem of the
characteristic polynomial of a signed graph and give two
formulae on the nullity of signed graphs with cut-points. As
applications of the above results, we investigate the nullity of
the bicyclic signed graph I'(co(p, g,1)), obtain the nullity set
of unbalanced bicyclic signed graphs, and thus determine the
nullity set of bicyclic signed graphs.

2. The Coefficients of P (1)

In this section, we obtain the coefficients theorem of the
characteristic polynomial of a signed graph I'(G), Py, (A),
and the nullity of a signed cycle I'(C,,) by using the coeflicients
theorem.
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Theorem 1 (see [11]). Let
Po(M) =AM, - Al =" +a A"+ +a, )

be the characteristic polynomial of an arbitrary undirected
weighted multigraph G.

Call an ‘elementary figure”: (a) the graph K, or (b) every
graph C, (q > 1) (loops being included with q = 1).

Call a basic figure U if all of its components are elementary
figures; let p(U) and c(U) be the number of components and
the number of cycles contained in U, respectively, and let U;
denote the set of all basic figures contained in G having exactly
i vertices. Then for anyi € {1,2,...,n},

a = Z (_1)P(U) . 2c(U) . H ),

Ue;
[T = [] @@y,
ecE(U)

where E(U) is the set of edges of U, w(e) is the weight of the
edge e, and

2)

1, ifeiscontained in some cycle of U;

§(esU) = { (3)

2, otherwise.
Corollary 2. Let IT'(G) be a signed graph on n vertices and let
Prgy V) = AL —ATG)| =A"+a A"+ +a, (4)

be the characteristic polynomial of A(T'(G)). Then for any i €
{1,2,...,”},

a- Y

T(U)er(#;)

_1)PRONEQ) | 5eTW)

where s(L(U)) is the number of negative edges in cycle of I'(U);
other notations are similar to Theorem 1.

Proof. Since T'(G) is a signed graph, w(e) = +1 or -1, then
[Ir@)) =11, E(F(U))(—I)S(F(U)). Thus the result follows from
Theorem 1. O

Proposition 3. (1) (see [11]). Let T(C,) be a balanced cycle.
Then y(I(C,)) = 2 ifn = 0@mod4) and n(I'(C,)) = 0
otherwise.

(2) (see [13]). Let T(C,,) be an unbalanced signed cycle. Then
n(T(C,)) =2 ifn = 2(mod 4) and n(I'(C,)) = 0 otherwise.

Let s = s(I'(C,)) be the number of negative edges of
I'(C,). It is clear that I'(C,) is balanced if and only if s =
0(mod?2); T(C,,) is unbalanced if and only if s = 1(mod?2).
Then Proposition 3 is equivalent to Theorem 4. We will give
a new proof by Corollary 2.

Theorem 4. LetI'(C,) = (C,, 0) be a signed cycle on nvertices,
and s is the number of negative edges of I'(C,,). Then

, ifn=0(mod4), s=0(mod2);
ifn=2(mod4), s=1(mod2);
ifn=1(mod2); (6)
ifn=0(mod4), s=1(mod2);
ifn=2(mod4), s=0(mod2).

n(r(C,) =

S oo MWD
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Proof. By Corollary 2, for anyi € {1,2,...,n}, we have

>

T(U)er(%;)

_1)PEO)+CO) | 5eTO)

Casel. n=1(mod?2).
Clearly, T(U) = I'(C,). Thus a, = 2 - (=1)*"' #0.

Case 2. n = 0 (mod 2).
Clearly, I'(U) = I'(C,) or I'(U) = (n/2)I'(K,), and there
exist two basic figures (n/2)I'(K,) in I'(C,)). Then

a,=2-(-1)"" +2- (-1)"?

0, ifn=0(mod4), s=0(mod?2);
4, ifn=0(mod4), s=1(mod2); (8)
-4, ifn=2(mod4), s=0(mod?2);
0, ifn=2(mod4), s=1(mod?2).

If a, # 0, then n(I'(C,)) = 0.

If a, = 0, then we consider a,_; and a,,_,. Since n is even,
it is clear that a, ; = 0 and a,_, #0 by Corollary 2. Thus
n(Ir(C,)) = 2. O

Similarly, by Corollary 2, we have the following.

Proposition 5. Let I'(P,) = (P,,0) be a signed path on n
vertices. Then

1, ifnisodd;
0, ifniseven.

2(0(B) = { ©

3. The Nullity of a Signed Graph
with Cut-Points

In this section, we deduce two concise formulae on the nullity
of signed graphs with cut-points by similar technique applied
in [3].

We first introduce some concepts and notations.

Let G be a simple graph with vertex set V. = V(G). For
a nonempty subset U of V, the subgraph with vertex set U
and edge set consisting of those pairs of vertices that are
edges in G is called the induced subgraph of G, denoted by
G[U]. Denote by G — U, where U < V, the graph obtained
from G by removing the vertices of U together with all edges
incident to them. Sometimes we use the notation G — G,
instead of G — V(G,) if G, is an induced subgraph of G. For
an induced subgraph G, (of G) and v € G — G, the induced
subgraph G[V(G,)U{v}] is simply written as G, +v. The vertex
v € V is called a cut-point of G if the resultant graph G — v is
disconnected.

Let A be the adjacency matrix of a graph G = (V(G),
E(G)) on n vertices. For U < V(G), W ¢ V(G), denoted by
A[U, W] is the submatrix of A with rows corresponding to
the vertices of U and columns corresponding to the vertices
of W. To simplify, the submatrix A[U, U] is written as A[U].
For convenience, we usually write A[G,,G,] instead of the
standard A[V(G,), V(G,)] for the two induced subgraphs G,
and G, of G. In particular, denoted by A[v,G] is the row
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vector of A corresponding to the vertex v and by A[v,G;] is
the subvector of A[v, G] corresponding to the vertices of G;.
We refer to Cvetkovi¢ et al. [11] for more terminologies and
notations not defined here.

The following lemma is obvious.

Lemma 6. Let G = G, UG, U --- UG, and I'(G) be a signed
graph, where G, G,, ..., G, are the connected components of G.
Then T(G,),I(G,),...,[(G,) are the connected components of
I(G), HI(G)) = Y5, r(T(G), and q(T(G)) = Y5, 1(T(G,)).

Theorem 7. Let I'(G) be a connected signed graph on
n vertices, let v be a cut-point of I'(G), and let T(G,),
[(G,),...,[(G,) be all the components of [(G—v). If there exists
a component, say I'(G,), among I'(G,),I(G,), ..., T(G,) such
that n(I'(G,)) = nI'(G, +v)) + 1, then n(I'(G)) = n(T(G-v)) -
I= Z?:l nI(Gy)) - L.

Proof. Let A = A(I'(G)) be the adjacency matrix of I'(G).
For each i, denote by A[T'(G;)] the adjacency matrix of the
subgraph I'(G;) and by A[v, T(G;)] the subvector of A[v,T(G)]
corresponding to the vertices of I'(G;); then the matrix A can
be partitioned as follows:

0 AWT(G)] A[nT(G)] - AT (G)]]
A[L(G),v] A[r(G)] 0 0
A[L(G,),v] 0 AL(G)] - 0 ,
(AT (G),] 0 0 AT (G)] |

(10)
where A[I(G),v] = AWTG)" G = 1,2,...,s), the

transpose of A[v,T(G;)], for each i.

Note that #(I'(G,)) = n(I'(G; +v)) + 1, then r(I'(G, +v)) =
r([(G;)) + 2, thus the row vector A[v,T(G;)] is not linear
combination of the row vectors of A[I'(G,)], therefore the
row vector A[v,T'(G)] is not linear combination of any other
row vectors of A[T(G)]. Since A is a symmetric matrix, the
column vector A[I'(G), v] is not linear combination of any
other column vectors of A, which implies that r(I'(G)) =
r(I'(G — v)) + 2. Then by Lemma 6,

NITG)=n-rT(G)=n—-rT(G-v)-2

. (11)

=T (G-v)-1=Yn(r(G))-1
i=1

O

Theorem 8. Let I'(G) be a connected signed graph on n
vertices, let v be a cut-point of I'(G), and let T(G,) be a
component of T(G — v). If n(I(G,)) = n(T(G, + v)) — 1, then
7(TG) = 7(T(G)) + n(T(G - G))).

Proof. Let A = A(T(G)) be the adjacency matrix of I'(G). Then

A[T(G)] A[L(G)),v] 0
Ao AvT(G))] 0 AT (G-G,-v)]
0 A[T(G-G,-v),v] A[l(G-G,-V)]

(12)

Because #(I'(G,)) = n(I(G; +v)) - 1, r(I(G, +v)) = r(I(G,;))
and thus the row vector A[v,T(G; + v)] = [A[v,I(G,)] 0]
is linear combination of the row vectors of A[I'(G;),[(G; +
v)]. Similarly, the column vector A[['(G; + v),v] is linear
combination of the column vectors of A[T(G, + v),I(G,)].
Thus B can be obtained from A by row and column linear
transformations, where

AT (G)] 0 0
B 0 0 AT (G-G, -v)] .
0 A[T(G-G,-v),v] A[T(G-G, -v)]
(13)

It is easy to see that B is the adjacency matrix of the union of
I'(G,) and T(G—G;,). Then we have r(A) = r(B), which implies
that 7(T(G)) = n—r(A) = n-r(B) = n(B) = n(I(G,))+n(T(G
Gy))- O

4. The Nullity of the Bicyclic Signed Graph
['(co(pq,1))

Firstly, we introduce some definitions and notations which
will be used in the following.

A Dbicyclic graph is a simple connected graph in which
the number of edges equals the number of vertices plus one.
There are two basic bicyclic graphs: co-graph and ®-graph.
An oo-graph, denoted by co(p, g,1), is obtained from two
vertex-disjoint cycles C, and C, by connecting one vertex
of C, and one of C, with a patti‘l P, of length I — 1 (in the
case of | = 1, identifying the above two vertices); and a ©-
graph, denoted by ©(p,g,1), is a union of three internally
disjoint paths Py, P, P, of length p,q,1, respectively,
with common end vertices, where p,q,l > 1 and at most one
of them is 1. Observe that any bicyclic graph G is obtained
from an oco-graph or a ®-graph (possibly) by attaching trees
to some of its vertices.

Lemma 9 (see [13]). Let I'(G) be a signed graph containing
a pendant vertex, and let I'(H) be the induced subgraph of
I'(G) obtained by deleting this pendant vertex together with the
vertex adjacent to it. Then n(I'(G)) = n(I'(H)).

Theorem 10. Let p, g, be integers with p,q > 3,1 > 1, and
G = co(p, g, D).



4
(1) If p and q are odd, then
n(I(G))
0, iflis even;
0, ifl isoddands(F (CP))—S(I‘ (Cq))
+q—p =0(mod?2);
(14)
=11 ifl = lands(F (Cp)) - s(F (Cq))
+q_ =1(mod?2);
>1, ifl(=3) isoddands(F (Cp)) - s(F (Cq))
+q;p =1(mod?2).

(2) If p and q have different parities, without loss of
generality, let p be even; then

0, ifn(r(c,)) =0 )
2

r@) =
! { i (r(c,)) =2

(3) If p and q are even, then
n(I(G))
3, iflisodd,n(T(C,
1, iflisodd,n(l" (Cp
2, ifliseven,n(l“ (CP)) =2or (F (Cq)) =2
0, ifliseven,n(T(C,) 0

Proof. The proof is as follows.

Case 1 (both p and g are odd). By Corollary 2, we know

a- Y

T(U)er(%;) 17)

(-1 )P(F(U))H(F(U)) . zc(F(U))

(i=12...n).

Subcase 1.1 (I is even). Consider

a, = (_1)S(F(CP))H(F(C,,))+((l+2)/2) % 22

(18)
T (=)@ /D12) | 50 4

Soy(I'(G)) = 0.

Subcase 1.2 (1 is odd).

g, = (—1)TCIHEDID o1 sECHp)2) 51

a,= 0, ifs(r(C,))-s(r(c,)) + 5 = 1(mod);
a,#0, ifs(F(Cp))—s(F(Cq))+q;pEO(modZ).
(19)
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Clearly, if a, # 0, #(I'(G)) = 0; a, = 0, y(I'(G)) > 1. Itis
obvious thata,_; # 0when! = 1;thus#(I'(G)) = 1 when! = 1.

Case 2 (p is even). Let v be the vertex of I'(G) joining F(CP)
and I'(P), then v is a cut-point of I'(G). Note that 11(1"(Cp -
V) = ;1(1“(PP_1)) = 1 by Proposition 5 and r](F(CP)) =2o0r0
by Theorem 4.

Subcase 2.1 (n(F(CP)) = 0). It is clear that n(F(CP -v)) =
;7(1"(Cp)) + 1. Then by Theorem 7 and Lemma 9,

N((G) =n(T(G-v)-1
=n(r(c,=v))+n(r(G-c,)) -1
=n(r(¢-c,)) o0
= {11(1" (Pq—l))> iflis odd;

(1(c,).

Subcase 2.2 (;1(F(Cp)) = 2). It is clear that 11(F(Cp -v) =
11(1"(CP)) — 1. Then by Theorem 8 and Lemma 9,

iflis even.

n(T@G)=n(r(c,-v))+n(r(G-c,+v))

= 1+17(F(G—CP+V))

(21)
1+,7(1“ (Cq)), iflis odd;
= Ly (r (qul))’ ifliseven.
By Theorem 4,
o, ifgis odd;
n(T (Cq)) B {0 or2, ifgiseven. =

Then by Proposition 5 and previous arguments, (2) and (3)
hold. O

5. The Nullity Set of Bicyclic Signed Graphs

Denoted by 3, is the set of all bicyclic graphs on 7 vertices.
Obviously, 9, consists of three types of graphs: first type
denoted by B! is the set of those graphs each of which is
an oo-graph, oo(p,q,1), with trees attached when I > 1;
second type denoted by B}" is the set of those graphs each
of which is an co-graph, co(p, g, 1), with trees attached when
I = 1; third type denoted by ®,, is the set of those graphs each
of which is a ®-graph, ®(p, g,1), with trees attached. Then
$B,=B'UBI"UB,.

Let I'(%,,) be the set of all bicyclic signed graphs on n
vertices. Clearly, I'(%,) = T(B}) UT(B!") UT(®,).

LetI'(G) = (G, 0) be a signed graph on n vertices. Suppose
0 : V(G) — {+ -} is a sign function. Switching I'(G)
by 6 means forming a new signed graph F(G)9 = (G, 09)
whose underlying graph is the same as G, but whose sign
function is defined on an edge uv by Go(uv) = 0(u)a(uv)f(v).
Note that switching does not change the signs or balance of
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the cycles of T'(G). If we define a diagonal signature matrix
DY = diag(d,,d,,...,d,) with d; = 8(v;) for each v; € V(G),
then A(I'(G)?) = D’ A(T(G))DP. Two graphs, I', (G) and I, (G)
are called switching equivalent, denoted by I, (G) ~ I,(G), if
there exists a switching function 0 such that I, (G) = Ff(G),
or equivalently, A(T},(G)) = DQA(I"1 G)D.

Theorem 11 (see [16]). Let I'(G) = (G, 0) be a signed graph.
Then T(G) is balanced if and only if T(G) = (G, 0) ~ (G, +).

Note that switching equivalence is a relation of equiva-
lence, and two switching equivalent graphs have the same
nullity. Therefore, when we discuss the nullity of signed
graphs, we can choose an arbitrary representative of each
switching equivalent class. If a signed graph is balanced, by
Theorem 11, it is switching equivalent to one with all edges
positive, that is, the underlying graph. Thus we only need to
consider the case of unbalanced.

Hu et al. [6], Li et al. [7] characterize the maximal nullity
of bicyclic graphs and determine the the nullity set of %,,.
Recently, Fan et al. [14] characterize the maximal, the second
maximal nullity of bicyclic signed graphs.

Theorem 12 (see [7]). Let n be a positive integer, [0,n] =
{0,1,2,...,n}. Then

(1) let n > 7, the nullity set of B} is [0,n — 6];

(2) let n > 8, the nullity set of B} " is [0,n — 6];

(3) let n > 6, the nullity set of ®,, is [0,n — 4].

In Section 5.1-Section 5.3, we firstly obtain an upper
bound of the nullity of bicyclic signed graphs in I'(B}) and
I(B!"), and then we obtain the nullity set of unbalanced
bicyclic signed graphs in T(B}), I(B,"), I'(®,,), respectively,
and determine the nullity set of (unbalanced) bicyclic signed
graphs.

5.1. The Nullity Set of Unbalanced Bicyclic Signed Graphs in
I(B,)
Theorem 13. Letn > 7, I(G) € I'(B}). Then n(I'(G)) < n - 6.

Proof. Let G € B, be a bicyclic graph with trees attached on
an oo-graph, co(p, q,1), where p,q > 3,1 > 2.

Case 1(p,q € {3,4}). Consider the following subcases.

Subcase 1.1 (p = q = 4). Note that

9, iflisodd;
prq+l-2=6+1> (23)
8, ifliseven.

Then by (3) of Theorem 10, #(I'(co(4, 4,1))) > 6.
Clearly, 0o(4,4,1) is an induced subgraph of G; then
r(I'(G)) = r(I'(co(4,4,1))) = 6. Therefore #(I'(G)) < n— 6.

Subcase 1.2 (p+4 or q#4). In this case, there must exist a
graph H on 6 vertices as an induced subgraph of G, where

ARG

H, H, H;

FIGURE 1

/\

= Pn7k77
Sn-6 Sk+2
Gl G2

FIGURE 2

H = H, or H = H,, shown in Figurel. By Lemma 9
repeatedly we obtain #(I'(H;)) = n(I'(H,)) = 0, then
r(T(H,)) = r([(H,)) = 6. Thus r(I'(G)) > r(I'(H)) > 6 and
n(r(G)) <n-6.

Case 2 (p = 5orq = 5). Without loss of generality, we assume
that p > 5. There must exist a graph H; on p + 1 vertices
shown in Figure 1 as an induced subgraph of G. By Lemma 9
and Proposition 5, it is easy to check that

0, ifpisodd;
n (T (H;)) = (24)

1, ifpiseven.
Hence

p+1, ifpisodd;
r (F (Ha)) = { (25)

D if pis even.

Since p > 5, r(I'(H;)) = 6. Then r(I'(G)) > r(I'(H;)) = 6.
Thus #(T'(G)) < n-6. O

Theorem 14. Let n > 7. Then the nullity set of unbalanced
bicyclic signed graphs in T(B}) is [0,n — 6].

Proof. It suffices to show that for each k € [0,n — 6], there
exists an unbalanced bicyclic signed graph I'(G) € I'(B]) such
that n(I'(G)) = k.

Case 1 (k = 0). It is clear that there exists an unbalanced
bicyclic signed graph I'(G) = I'(co(p, g, 1)) € I(B}) satisfying
7(I'(G)) = 0 by Theorem 10, where p,q >3, [ > 2.

Case 2 (k = n—6).Let G = G, shown in Figure 2, where I'(G,)
contains a balanced quadrangle and an unbalanced triangle.
Thus #(I'(C,)) = 2 by Theorem 4.

Ifn="7then G = 00(3,4,2) and §(I'(G)) =1 =n -6 by
(2) of Theorem 10.
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Hy H;

H6
H7 H8 H9
HIO H12
FIGURE 3
If n > 8, then by Lemmas 9 and 6, we have n(I'(G)) =
n(T(P) UI(Cy) U (n = 8)I(K})) = n(I(Py)) +n(T(Cy)) + (n -
([(Ky))=0+2+n—-8)=n—-6.
Case3 (1 <k <n-7).LetG = G, shown in Figure 2, where
I'(G,) contains two unbalanced triangles. By using Lemma 9 Hi,s
repeatedly, after [(n — k — 4)/2] steps, we have
FIGURE 4
n(I(G)
_ [n(r(P) UT(Cy) UKT(K,)), ifn—kisodd; Skez
|y (er(p) UKL (K,)), ifn — kis even.
(26) —
Hence by Lemma 6, G, Pk
n([T(G) FIGURE 5
1 (T (P,)) +1(T(C5)) +kn (T'(K,))
=0+0+k=k, ifn — kisodd; ] ]
= H,,H; with h = 6, or H = Hy,H,,Hg, Hy with h = 7, or
2n(T(R,)) + kn (T (K,)) H = H,,, H,;, H;, with h = 8 shown in Figure 3. By Lemma 9
=0+k=k, ifn — kis even. repeatedly and Theorem 4, we obtain #(I'(H,)) = n(I'(Hs)) =
@7y NTH) = 0, n(I(Hy)) = n(I(H;) = n(I(Hy)) = 1,
n(T(H,,)) = y(T'(H;,)) = 2, and let I'(C,) be the quadrangle
O

5.2. The Nullity Set of Unbalanced Bicyclic Signed Graphs in
I(B,")

Theorem 15. Letn > 8, I[(G) € I'(B,)"). Then n(I'(G)) < n—6.

Proof. Let G € B!" be a bicyclic graph with trees attached on
an oo-graph, co(p, g, 1), where p,g > 3.

Case 1 (p,q € {3,4}). In this case, there must exist a graph
H on h vertices as an induced subgraph of G, where H =

containing no pendent edge of I'(H,,,); we have

2, ifT'(C,) isbalanced;

n(T'(Hy)) = { (28)

0, ifI'(C,) isunbalanced.

Hence for each I'(H;) i = 4,5,...,12), we have
r(T(H;)) = 6,50 7(T(G)) = r(T(H,)) > 6. Thus #(I'(G)) < n—6.

Case 2 (p = 5or q > 5). Without loss of generality, we assume
that p > 5. There must exist a graph H; on p + 1 vertices
shown in Figure 1 as an induced subgraph of G. Similar to the
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proof of Case 2 in Theorem 13, we have r(I'(H;)) > 6. Then
r(I'(G)) = r(I'(H;)) = 6 and thus #(I'(G)) < n - 6. L]

Lemmal6 (see [14]). Let H,; be a graph on 5 vertices as shown
in Figure 4, and the two triangles of T(H,;) have the same
balance. Then n(I'(H,5)) =n—->5=0.

Theorem 17. Let n > 8; then the nullity set of unbalanced
bicyclic signed graphs in T(B}") is [0,n — 6].

Proof. It suffices to show that for each k € [0,n — 6], there
exists an unbalanced bicyclic signed graph I'(G) € I'(B}")
such that 7(I'(G)) = k.

Case 1 (k = 0). It is clear that there exists an unbalanced
bicyclic signed graph I'(G) = I(oco(p,q,1)) € T(B.")
satisfying #(I'(G)) = 0 by Theorem 10, where p,g > 3.

Case 2 (k = n— 6). Let G = G5 shown in Figure 4, where the
two triangles of T'(G;) are unbalanced. Then by Lemmas 9 and
6, we have #(I'(G)) = n(I'(Py) U (n - 6)I'(K,)) = n(I'(R)) +
(n-6yI(K)=0+Mn—-6)=n-6.

Case 3(1 <k <n—-7).Let G = G, shown in Figure 5, where
the two triangles of I'(G,) are unbalanced.

Subcase 3.1 (n— k is odd). By using Lemma 9 repeatedly, after
(n—k—5)/2 steps, we obtain the graph kI'(K;)UT(H,5), where
the two triangles of I'(H,;) are unbalanced. Hence 7(I'(G)) =
n(kT(K,) U T(H,3) = n(kT(K,)) + q(T(Hy)) = k +0 = k by
Lemma 16.

Subcase 3.2 (n—k is even). By using Lemma 9 repeatedly, after
(n—k—2)/2 steps, we obtain the graph kT'(K;) UT'(P,). Hence
n(I(G)) = n(kL[(K,)UL(Py)) = n(k[(K,)) +n(I(P,)) = k+0 =
k. O

5.3. The Nullity Set of Unbalanced Bicyclic Signed Graphs in
r®,)

Lemma 18 (see [14]). Let I'(G) be an unbalanced bicyclic
signed graph on n vertices. Then n(I'(G)) < n — 3, with equality

if and only if I(G) = I(©(2,2,1)) and the two triangles of
I['(®(2,2,1)) are both unbalanced.

By Lemma 18, we obtain the following result immediately.

Proposition 19. Let n > 5 and let I'(G) be an unbalanced
bicyclic signed graph in T(®,,). Then n(I'(G)) < n - 4.

Theorem 20. Let n > 6. Then the nullity set of unbalanced
bicyclic signed graphs in I'(®,,) is [0,n — 4].

Proof. It suffices to show that for each k € [0,n — 4], there
exists an unbalanced bicyclic signed graph I'(G) € I'(®,,) such
that 7(I'(G)) = k.

Case I (k = 0). Let G = G5 shown in Figure 6, where I'(G5)
contains at least an unbalanced triangle. By Lemma 9 and
Theorem 4 (when n is odd) or Proposition 5 (when n is even),
we have #(T'(G)) = 0.

Case 2 (k = n—4).Let G = G4 shown in Figure 6, where I'(G)
contains at least an unbalanced triangle. By Lemma 9 and
Proposition 5, we have #(I'(G)) = n(I'(P;) U (n - 5)[(K,)) =
nIP)+ m-54TK;) =1+n-5 =n-4.

Case 3 (1 < k < n-5). Consider the following subcases.

Subcase 3.1 (n—kis odd). Let G = G, shown in Figure 6, where
the two triangles of G, are unbalanced. By using Lemma 9
repeatedly, after (n — k — 3)/2 steps, we obtain the graph
[(®(2,2,1))U(k—1)I'(K;). Hence #(I'(G)) = n(T'(®(2,2, 1))U
(k=DT(K))) = g(T(©(2, 2, 1))+ (k-Dy(T(K,) = 1+(k-1) =
k by Lemmas 9 and 18.

Subcase 3.2 (n — k is even). Let G = G shown in Figure 6,
where the triangle of Gg is unbalanced and the quadrangle is
balanced. By using Lemma 9 repeatedly, after (n — k — 2)/2
steps, we obtain the graph I'(C,) U (k — 2)I'(K;). Hence
ITG) = fIT(Cy) U (k - T(K) = n(T(C) + (k -
2)n(T(K,)) = 2+ (k—2) = k by Lemma 9 and Theorem 4.

O



5.4. In Conclusion. From the above discussion, by Theorems
12, 14, 17 and 20 we can obtain the following results immedi-
ately.

Theorem 21. Let n > 8. Then the nullity set of unbalanced
bicyclic signed graphs is [0,n — 4].

Theorem 22. Let n > 8. Then the nullity set of bicyclic signed
graphs is [0,n — 4].

When 4 < n < 7, the nullity set of bicyclic signed graphs
is easy to obtain by known results and direct calculation, so
we omit it.
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