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We investigate an algorithm for a common point of fixed points of a finite family of Lipschitz pseudocontractive mappings and
solutions of a finite family of y-inverse strongly accretive mappings. Our theorems improve and unify most of the results that have
been proved in this direction for this important class of nonlinear mappings.

1. Introduction

Let C be a subset of a real Hilbert space H.Let A : C — H be
a nonlinear mapping. The variational inequality problem for
Aand Cis to

find x* € C such that (Ax",v-x")>0, VveC. (1)

The set of solutions of variational inequality problem is
denoted by VI(C, A); that is,

VI(C,A)={x" € C: (Ax",x—x") 20, Vx e C}. (2

It is well known that variational inequality theory has
emerged as an important tool in studying a wide class
of numerous problems in variational inequalities, minimax
problems, optimization, physics, and the Nash equilibrium
problems in noncooperative games. Several numerical meth-
ods have been developed for solving variational inequalities
and related optimization problems; see, for instance, [1-5]
and the references therein.

A mapping A : C ¢ H — H is said to be y-inverse
strongly accretive (or y-inverse strongly monotone) if there
exists a positive real number y such that

(x -y, Ax - Ay) = y|Ax - Ay|’, Vx,yeC. ()

If A is y-inverse strongly accretive, then inequality (3)
implies that A is Lipschitzian with constant L := 1/y; that

is, [Ax— Ayl < (1/p)lx—yl, forall x, y € C.Ifin (3) we have
that y = 0, then A is called accretive (or monotone).

Let Cbe a closed and convex subset of a real Hilbert space
H. A mapping T : C — H is called a contraction mapping it
there exists L € [0, 1) such that [Tx — Ty| < L|x — y|| for all
x,y € C.If L =1, then T is called nonexpansive. A mapping
T :C — Eiscalled A-strictly pseudocontractive of Browder-
Petryshyn type [6] if and only if there exists A € (0,1) such
that

et < e s Afa =Dy
Vx, y € C.

T is called pseudocontractive if

[T =Tyl < =y @ - Dx- @D
Vx,y € C.

We note that inequalities (4) and (5) can be equivalently
written as

(Tx - Ty,x - y) < |x - " — k| (x - ) - (y - T)|"

Vx,y € C,
(6)
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for some k > 0 and
(Tx-Ty.x-y) <|x-y|" ¥xyeC, (@)

respectively. We remark that T is pseudocontractive if and
only if A := (I — T) is accretive. A point x € C is a fixed
point of T if Tx = x and we denote by F(T) the set of fixed
points of T'; that is, F(T) = {x € C: Tx = x}.

We observe that in a real Hilbert space H a class of
pseudocontractive mappings includes the class of A-strictly
pseudocontractive mappings and hence the classes of nonex-
pansive and contraction mappings.

Closely related to the variational inequality problems is
the problem of finding fixed points of nonexpansive map-
pings, A-strict pseudocontraction mappings or pseudocon-
tractive mappings which is the current interest in functional
analysis. Several researchers considered a unified approach
that approximates a common point of fixed point of nonlinear
problems and solutions of variational inequality problems
and solutions of variational inequality problems; see, for
example, [7-18] and the references therein.

In [19], Takahashi and Toyoda studied the problem of
finding a common point of fixed points of a nonexpansive
mapping and solutions of a variational inequality problem (1)
by considering the following iterative algorithm:

xg € C,
X1 = 0, + (1 —a,) TP (x, — A, Ax,), n=0,1,...,
(8)

where {«,} is a sequence in (0, 1), {A,,} is a positive sequence,
T :C — Cisanonexpansive mapping,and A : C — Hisan
y-inverse strongly accretive mapping. They showed that the
sequence {x,,} generated by (8) converges weakly to some z €
VI(C, A) N F(S) provided that the control sequences satisfy
some restrictions.

Iiduka and Takahashi [20] reconsidered the common
element problem via the following iterative algorithm:

x, =x€C,

X1 = 0px + (1 —a,) TPo (x, - A,Ax,), n=0,1,...,

)

whereT : C — Cisanonexpansive mapping, A: C — His
a y-inverse-strongly accretive mapping, {«,,} is a sequence in
(0,1), and {A,,} is a sequence in (0, 2«). They proved that the
sequence {x,} strongly converges to some point z € F(T) N
VI(C, A).

Recently, Zegeye and Shahzad [21] investigated the prob-
lem of finding a common point of fixed points of a Lipschitz
pseudocontractive mapping T and solutions of a variational
inequality problem for y-inverse strongly accretive mapping
A by considering the following iterative algorithm:

Yn = (1 - :Bn) Xp + BnTxn’

Xne1 = PC [(1 - ‘Xn) (SHTyn + enxn + YnPC [I - VA] xn)] >
(10)
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where P. is a metric projection from H onto C and
{6,}, 16}, {y.}h {a,}, {B,} are in (0,1) satisfying certain
conditions. Then, they proved that the sequence {x,} con-
verges strongly to the minimum-norm point of F(T) N
VI(C, A).

A natural question arises whether we can obtain an itera-
tive scheme which converges strongly to a common point of fixed
points of a finite family of pseudocontractive mappings and
solutions of a finite family of variational inequality problems
for y-inverse strongly accretive mappings or not.

It is our purpose in this paper to introduce an algorithm
and prove that the algorithm converges strongly to a common
point of fixed points of a finite family of Lipschitz pseudo-
contractive mappings and solutions of a finite family of vari-
ational inequality problems for y-inverse strongly accretive
mappings. The results obtained in this paper improve and
extend the results of Takahashi and Toyoda [19], liduka and
Takahashi [20], and Zegeye and Shahzad [21], Theorem 3.2 of
Yao et al. [22], and some other results in this direction.

2. Preliminaries
In what follows we will make use of the following lemmas.

Lemma 1. Letting H be a real Hilbert space, the following
identity holds:

Ix+ > <IxP+2(px+y), VxyeH (1)

Lemma 2 (see [23]). Let C be a nonempty closed and convex
subset of a real Hilbert space H. Let A : C — E be a y-inverse
strongly accretive mapping. Then, for 0 < y < 2y, the mapping
A, x = (x — pAx) is nonexpansive.

Lemma 3 (see [24]). Let C be a nonempty, closed, and convex
subset of a smooth Banach space E. Let Qs be a sunny
nonexpansive retraction from E onto C and let A be an
accretive operator of C into E. Then for all A > 0,

VI(C, A) = F(Q¢ (I - AA)). (12)

Lemma 4 (see [25]). Let C be a nonempty, closed, and convex
subset of a real Hilbert space H. LetT; : C — E,i=1,...,N,
be nonexpansive mappings such that N F(T;) # 0. Let T :=
0,1, +0,T, +---+ 0Ty with0, +0, +---+ 0y =1.Then T
is nonexpansive and F(T') = nf\:IIF(Ti).

Lemma 5 (see [26]). Let C be a convex subset of a real Hilbert
space H. Let x € H. Then x, = Pox if and only if

(z—xp,x—xy) <0, VzeC. (13)

Lemma 6 (see [27]). Let C be a closed convex subset of a real
Hilbert space H and A : C — C be a continuous pseudo-
contractive mapping. Then, for 0 < u < 2y, the mapping
A,x = (x — pAx) is nonexpansive

(i) F(T) is a closed convex subset of C;

(ii) (I-T) is demiclosed at zero; that is, if {x,,} is a sequence
in C such that x,, — x and Tx,—x,, — 0,asn — 09,
then x = T(x).
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Lemma 7 (see [28]). Let H be a real Hilbert space. Then for all
x; € Hand o; € [0,1] fori=1,2,3 such that o, + oy + o3 = 1
the following equality holds:

3
2
llovyx; + i x; + “3"3“2 = Z“z'"xi”2 - Z “i“j“xi - xi” .
i=1 1<i,j<3

(14)

Lemma 8 (see [29]). Let {a,} be sequences of real numbers
such that there exists a subsequence {n;} of {n} such that a,, <
a1 for all i € N. Then there exists an increasing sequence
{m;} ¢ Nsuch that m;. — oo and the following properties are
satisfied by all (sufficiently large) numbers k € N:

amk < amk+l’

O S - (15)
In fact, my is the largest number n in the set {1,2,...,k}
such that the condition a,, < a,,,, holds.

Lemma 9 (see [30]). Let {a,} be a sequence of nonnegative real
numbers satisfying the following relation:

a, < (1-a,)a, +a,8, n=ng, (16)
where {«,} € (0,1) and {5,} C R satisfying the following condi-
tions: lim,,_, oo, = 0, Y0, &, = 00 and limsup,_, .6, < 0.

Then, lim a, =0.

n—00"n

3. Main Result

For the rest of this paper, let {a,}, {b,},{c,}, C (c,1) c (0, 1),
for some ¢ € (0,1), and {«,} € (0,b) c (0,1), for some b €
(0, 1), satisty (i) a, + b, + ¢, = 1; (ii) lim «, = 0; and (iii)
Y a, = 00.

n— 00

Theorem 10. Let C be a nonempty, closed, and convex subset
of a real Hilbert space H. LetT; : C — C, j=1,2,..., M, be
Lipschitz pseudocontractive mappings with Lipschitz constants
L;, respectively. Let A; : C — H, for j = 1,2,...,N,
be yj-inverse strongly accretive mappings. Let f : C —
C be a contraction with constant «. Assume that F =
[ﬂ?ﬁlF(Tj)] ﬂ[ﬂ?ilVI(C,Aj)] is nonempty. Let a sequence
{x,} be generated from an arbitrary x, € C by

In = (1 - An) Xp T AnTnxn;
17)
Xpt1 = anf (xn) + (1 - ‘Xn) (anxn + bnTnyn + CnGxn) >

where T, = T,noarry and G = ol + e Pc[l — yA;] +
e, Pall —yA,]1 +---+enPclI — YA, ], fory € (0,2y,), for y, :=
min; n{y;} withey +e; +---+e, = Landb, +¢, <A, <A<
1/(V1+1%+1),¥n >0, for L = max{L; : 1 < j < M}. Then,
{x,} converges strongly to a point x* € F which is the unique
solution of the variational inequality (I — f)(x™),x—x") > 0
forallx € F.

Proof. From Lemmas 2,4, and 3 we get that G is nonexpansive
mapping with F(G) = ﬂj.\il VI(C, A)). Let p € F. Then from
(17), (5), and Lemma 7 we have that

Iy - oI’
= (1= 1,) (x, - p) + A, (T,x, - )|’
= (1= A) [ = 21" + Al T, - oI
= A (1= 2,) %, = T, |
<(1-4,) %, - pl’
b [l = oI + 1 = Tl

(18)

-, (1=1) ||, - T,,xn"2
= % = oI + Ablx, = T,

|1 - 2|
o (1) + (1= 5) (@, + B, T3+ 6,G5,) — I
= Jlov, (f (%) = p) + (1 ~ )
X (a, (%, = ) + b, (T,¥, = P) + 6, (Gx,, = p))
< lf () - pl" + (1-a,)
% |la, (x, = p) + b, (T, - p) + 6, (Gx,, - p)|
<a,|f (x,) - p|" +(1-a,)
x[a, %, = oI + Bl T3 — 2l
+6)1Gx, - plI*] - (1 - &) by | T3 - x|
<o () - pl” + (1 - ) [(@, + 6,) |x, - oI
+5,|T,y, - p|]
—(1-a,) b, | T3, - x|
< a|f (x,) - pl’
+(1-a,) [(a, +¢,) %, - p|
+5, Iy = oI + 19 = Tuyall®)]

- (1 - (xn) bnan“Tnyn - xnuz'

2

(19)
Now, substituting (18) in (19) we get that

%1 - Pl
< a|f (x,) - pI
+(1-ap) [(an +¢,) [x, - p||2
by (I = " + Aol = Tox|)
+ bn“yn - Tnynnz]

- (1 - “n) bnan”Tnyn - xn”2



= (xn"f (xn) - p"2 + (1 - (xn) ”xn - p”Z
+(1-a,) Aflbn"xn - Tnxn"2
+ (1 - “n) bn”yn - Tn)’n”2

- (1 - (Xn) bnan“Tnyn - xn”Z'
(20)

Moreover, from (17), Lemma 7, and Lipschitz property of
T, we get that

"yn - Tnyn”2
= "(1 - /\n) (xn - Tnyn) + An (Tnxn - Tnyn)uz
= (1 - /Xn) ”'xn - Tn)’nllz + An"Tnxn - Tnynllz

- An (1 - An) "xn - Tnxn”z
< (1 - /\n) ”xn - Tnynuz + Aanuxn - y”HZ
- /\n (1 - An) "xn - Tnxn||2
= (1=A) e = Tl + KL, - T,
- An (1 - An) "xn - Tnxn||2
= (1= 1) % = Tl
A (1102 - 1,) [, - T |

Substituting (21) into (20) we obtain that

1 = 2l

<a|f () = pI" + (1= t,) |, -
+(1-a,)bAlx, - Tnxn"2
+ (1 - ‘Xn) bn [(1 - )‘n) "xn - Tnyn“z

A (1=222 = 1,) % = Toa|]

- (1 - “n) bnanHTnyn - xnuz’

= “n"f (xn) - P"2 + (1 - (Xn) ”xn - P”z
~(L=a) A b, [1- A2 =24, ] |x, - T, |
+ (1 - “n) bn [(1 - an) - An] nTnyn - xnuz

= (Xn"f ('xn) - P"2 + (1 - (xn) ”xn - p||2
— (1= a,) A, [1- P22 =21, ] |, = Tox, |

+ (1 - ‘Xn) bn [bn +6 /\n] ”Tnyn - xn“2'
(22)

Abstract and Applied Analysis

But, from the hypothesis we have that

1-21,-L*A2 >1-21-L*A* >0,
(23)

b,+c, <A, Vn=0,

and hence inequality (22) gives that

ewes = o1 < ol f () =PI+ (1= ,) [, — o 24)

But we have that

If () - oI
= [If (<) = £ @) +1f (p) - 2l
< aflx, - ol + 1 (p) - 2II°
< &|lx, = pl* + I (p) - oI + 20 |, = £l I (0) - £
<a(l+a)|x, - p|* + 1+ ) |f (p) - o

(25)
Substituting (25) into (24) we get that
%51 - 2l
<(1-a,(1-a(l+a))|x - p| (26)

+a, (L+a) | f (p) - "

Therefore, by induction we get that

e = I

1+«
l-a(l+«)

IFo)-pl}. @7

Vn =0,

2
< max {"xo - p|| >

which implies that {x,,} and hence {y,} are bounded.
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Let x* = Pg f(x"). Then, from (17), Lemmas 1and 7,
the methods used to get (22) we obtain that

e = "I
= o, (f (%) = x7)
(=) [ayt, + BTy, + 6,0~ I
<(1-a,)|a, (x, = x") + b, (T, — x")
+6,(Gx, = x")|°
+ 200, (f (%) = X752, —X7)
<(1-a) b, Ty, x| + (1 - ) a5, — x|
x (1-a,) 6, Gx, = p|
~ (1= ) a8, T3, = |’
— (1- &) 4,6, G, = x|
+ 200, (f (%) = X750 = X7) 5
T—
(1= ) B, [ = =" + 13 = Tl
F1-a) (oo -+ T
- a)ablto- 5l
(1
+ 200, (f (%) = X752, = X7) 5
< (1=0) B, [, =" + A%, ~ T
(1= 0,) b, [(1=1,) 6, = Tl

- A, (1-1222-1,)

<

- ‘Xn) ancn"Gxn - anZ

x [l = T, ]
+(1-a,) (@, +6,) |, - x|
~(1-a,) a8, T3, = |’

- (1-a,) a,6,]Gx,, — x|

+ 206" <f (xn) - x*’xnﬂ - x*>

which implies that

e =

< (1-a,) |, = x| = (1= a,) B4, [1 - L2A2 - 21,

X “‘xn - Tnxn||2+(l_ocn) bn (bn +¢, - An) "xn - Tnyn"2

-(1-w,)a,d,|Gx, - xn"2

+ 20‘71 <f (xn) - X*>xn+1 - x*>

5
and < (1= gy = %7+ 208, (f (x,) = %7, %000 = %7
(30)
But
(f (xp) =27, X0 = x7)
= (f (xn) = x7, 20, = x7) + (f (%) = X7, 6,01 — X,)
S(f () = f (7)o x, = x") + (f (¥7) =7 %, = x7)
i = xall [ () = 7|
< o, ="+ (f () = %", = %)
% =l f () = 7 -
(31)
Thus, substituting (31) in (30) we obtain that
J6nr = |
<(1-a,(1-2a)|x, - x| o)

+ 20, (f (") —x",x, —x")
+ 204, 21 = x| - | f (x) = %7
Next, we consider two cases.

Case 1. Suppose that there exists 1, € N such that {||x,, — x|}
is decreasing for all n > n,,. Then, we get that {||x,, — x*||} is
convergent. Thus, from (29) and (23) we have that

x, - T,x, — 0, Gx,—-x,— 0 asn— o00. (33)
Furthermore, from (17) and (33) we obtain that
||yn - xn" =1, ||xn - Tnxn" — 0 asn-—o00, (34)

and hence Lipschitz continuity of T,,, (34), and (33) implies
that

"Tnyn - xn"

< "Tnyn - Tnxn" + "Tnxn - xn”

(35)
<L ||yn - xn" + ||Tnxn - xn” —0
(28)

as n — OA.
Thus, from (33) and (35) we have that
T
oty (F () = %)+ (1- 1)

X (anxn + bnTnyn + CnGxn) - xn“

say "f (xn) - xn“ + (1 - “n) b, ”Tnyn - xn"

+(1-a,)c,||Gx, - x,| — 0 asn— oo.

(36)

(29)
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Therefore, ||xn+j -x, — 0,asn — oo, forall j =
1,2,..., M, and hence
Xn — Tn+jxn
< |1%n - xn+j|| + Xn+j ~ Tn+jxn+j|| (37)
Ly — 0

asn — oo, forall j € {1,2,...,M}.

Now, since {x,} is bounded subset of H, we can choose
a subsequence {x, } of {x,} such that x, — x and
limsup, ,  (f(x*) — x*,x, — x*) = lim,_ (f(x") -
x*,xnm — x*). Then, from (37) and Lemma 6 we have that
X € F(Tj), foreach j =1,2,..., M. Hence, x € ﬂ?/:IIF(TJ-).

In addition, since G is nonexpansive, from Lemma 6 we
get that x € F(G) and hence by Lemmas 4 and 3 we obtain
that x € VI(C,Aj), foreach j e {1,2,...,N}

Therefore, by Lemma 5, we immediately obtain that

limsup (f (x*) - x",x, — x")
= lim_ (f(x")-x"x, —x") (38)
=(f(x")-x",x-x") <0.

Then, it follows from (32), (38), and Lemma 9 that | x,, —
x*| = 0asn — oo.Consequently, x,, — x* = P (f(x")).

Case 2. Suppose that there exists a subsequence {;} of {n}
such that

*

X Xp41 = X

- x || < , (39)

n

for alli € N. Then, by Lemma 8, there exists a nondecreasing
sequence {m;} ¢ N such thatm;, — o0, and

*

x|
(40)

T T M

m my+1 m+l

for all k € N. Now, from (29) and (23) we get that Xy, —
T, %m — 0OandGx, —-x, — 0ask — oo.Thus,
following the method in Case 1, we obtain that x;
0, x,,, — Tjx,,, — 0,and

e+l Xm,

limsup ( f (x*) - x",x,, —x") <0. (41)
k— o0

Furthermore, from (32) and (40) we obtain that

2

*

oy, (1 - 2ax) "xmk -x

- xmk+1 -X

< [, = x
+ 20, (f(x7)=x",x, —x")
T

< 20, (F (x") = "1y, ")

*
+ 2amk “xmk“ ~ Xmy " “f (xmk) X -

(42)
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Now, using the fact that ,, > 0 and (41) we get that

.2

"xmk -x"T—0 ask— oo, (43)
and this together with (32) implies that ||x,, ., — x| —
0ask — oo. Since |lx, - x*| < [ x*| for all

k € N, we obtain that x, — x". Hence, from the above
two cases, we can conclude that {x,} converges strongly to a
pointx® = Py f(x"), which satisfies the variational inequality
(I - NHx"),x = x*) = 0, for all x € F. The proof is
complete. O

If, in Theorem 10, we assume that f(x) = u € C, a
constant mapping, then we get the following corollary.

Corollary 11. Let C be a nonempty, closed, and convex subset
of a real Hilbert space H. LetT; : C — C, j=1,2,..., M, be
Lipschitz pseudocontractive mappings with Lipschitz constants
Lj, respectively. Let Aj : C - H, forj = 12,...,N,
be yj-inverse strongly accretive mappings. Assume that F =
[n?ﬁlF(Tj)] ﬂ[ﬂj.ilVI(C,Aj)] is nonempty. Let a sequence
{x,} be generated from an arbitrary x,,u € C by

Yn = (1 - /\n) Xyt )LnTnxn;

(44)
Xpp1 = OU + (1 - (xn) (anxn + bnTnyn + CnGxn) >
where T, = Tymoar) G = egl+e; Pc[I-yA ]+e, Po[I-yA, ]+
-+ enPell — YA, fory € (0,2y), for yy = min,;n{y;}
withey+e, +---+e, = Landb,+¢, <A, <A< 1/(V1+ L?+
1),Vn >0, forL = max{Lj : 1 < j < Mj}. Then, {x,} converges
strongly to a unique point x* € C satisfying x* = Py (u), which
is the unique solution of the variational inequality (x* — u, x —
x*)y >0forallx € F.

If, in Theorem 10, we assume that N = 1 and M = 1, then
we get the following corollary which is Theorem 3.1 of [21].

Corollary 12. Let C be a nonempty, closed, and convex subset
of a real Hilbert space H. Let T : C — C be Lipschitz
pseudocontractive mappings with Lipschitz constant L and A :
C — H an y-inverse strongly accretive mapping. Let f :
C — C be a contraction with constant «. Assume that F =
F(T)( VI(C, A) is nonempty. Let a sequence {x,,} be generated
from an arbitrary x, € C by

Yn = (1 - /\n) X, + AnTxn;
Xn+1 = ‘an (xn) (45)
+(1-a,) (a,x, +b,Ty, +c,Pc [I -rA]l x,,),

wherer € (0,2y) andb,+¢, <A, <A< 1/(N1+L*+1),Yn >
0. Then, {x,,} converges strongly to a point x* € F, which is the
unique solution of the variational inequality {((I — f)(x*), x —
x*) 2 0forallx e F.

If, in Theorem 10, we assume that T} s are strictly pseudo-
contractive mappins, then we get the following corollary.
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Corollary 13. Let C be a nonempty, closed, and convex subset
of areal Hilbertspace H. LetT; : C — C,i=1,2,... M, be A;-
strictly pseudocontractive mappings and let A; : C — H, for
i =1,2,...,N, be an y;-inverse strongly accretive mappings.
Let f : C — C be a contraction with constant a. Assume
that F = [ﬂf\le(T,-)] ﬂ[ﬂfZlVl(C,Ai)] is nonempty. Let a
sequence {x,} be generated from an arbitrary x, € C by

Yn = (l - An) X, + /\nTnxn;
Xp+1 = (an (xn) (46)

+ (1 - (Xn) (anxn + bnTnyn + CnGxn) >

where T, = Tymoarry G := ol +e, Po[I=yA ] +e, Pc[I-yA, ]+
-+ enPell — AL fory € (0,2y), for yy = min, iy}
withe, + e, + - +e, = lL,andb, +¢, < A, < A <
1/(V1+L?+1),¥n > 0, L = max{(1 + A;)/A;}. Then, {x,}
converges strongly to a point x* € F, which is the unique
solution of the variational inequality (I — f)(x™),x—x") > 0
forallx € F.

If, in Theorem 10, we assume that T}s are nonexpansive
mapping, then we get the following corollary.

Corollary 14. Let C be a nonempty, closed, and convex subset
of a real Hilbert space H. Let T; : C — C,i = 1,2,..., M,
be nonexpansive mappings and let A; : C — H, fori =
1,2,...,N, be an y;-inverse strongly accretive mappings. Let
f:C — C bea contraction with constant «. Assume that F =
[ﬂfle(Ti)] ﬂ[ﬂf\il VI(C, A;)] is nonempty. Let a sequence {x,,}
be generated from an arbitrary x,, € C by

Yn = (1 - /\n) X, + AnTﬂxn;

Xp+1 = “nf (xn) (47)

+(1-w,)(a,x, +b,T

len + CnG'xn) >
where T, = T, noarry G = ol +e, Pc[I-yA ] +e, Po[I-yA, ]+
o+ enPell — YAl fory € (0,2y), for yy = min, iy}
withey +e, +---+e. = 1,a,+b,+¢c, =1, and b, +¢, <
A, <A< 1/(N2+1),Yn > 0. Then, {x,} converges strongly to
point x* € F, which is the unique solution of the variational
inequality (I - f)(x*),x - x*) 20 forallx € F.

We note that the method of proof of Theorem 10 provides
the following theorem which is a convergence theorem
for a minimum norm point of common fixed points of a
finite family of Lipschitz pseudocontractive mappings and
common solutions of a finite family of variational inequality
problems for accretive mappings.

Theorem 15. Let C be a nonempty, closed, and convex subset
of a real Hilbert space H. Let T; : C — C, j=1,2,..., M, be
Lipschitz pseudocontractive mappings with Lipschitz constants
L, respectively. Let A; : C — H, for j = 1,2,...,N,
be yj-inverse strongly accretive mappings. Assume that F =

[n;.vilF(Tj)] ﬂ[n;\il VI(C, Aj)] is nonempty. Let a sequence
{x,} be generated from an arbitrary x, € C by
Yn = (1 - /ln) X, t AnTnxn;
(48)
X1 = PC [(1 - ‘xn) (anxn + bnTnyn + CnGxn)] >

where T, = Tymoary G = egl+e; Pc[I-yA ]+e, Po[I-yA, ]+
<o+ enPo[I — pA,], fory € (0,2y,), for y, = minlSjSN{yj}
withe, + e, + - +e, = lLandb, +¢, < A, < A <
1/(V1+1%+1),Vn >0, for L = max{L;: 1 < j < M}. Then,
{x,} converges strongly to a unique minimum norm point x*
of F (ie, x* = Pg(0)), which is the unique solution of the
variational inequality (x*,x — x*) > 0 forall x € F.

4. Numerical Example

Now, we give an example of two Lipschitz pseudocontractive
mappings and two y-inverse strongly accretive mappings
satisfying Theorem 10 and some numerical experiment result
to explain the conclusion of the theorem as follows.

Example 1. Let H = R with absolute value norm. Let C =
[-2,2] and let T}, T, : C — C be defined by

x+x%, xe€[-2,0],
T)x =
X, x € (0,2],
49
X, X € —2,%], (49)
[ A ¢
x—-|—)lx-=], xe€(=,2].
9 2 2
Clearly, for x, y € C we have that
(I-T))x-(I-T\) y,x-y) 20,
(50)

(I-T)x-(I-T,) y,x-y) 20

which show that both mappings are pseudocontractive. Next,
we show that T} is Lipschitz with L = 5. If x, y € [-2,0], then

ITix =Tyl =[x +x* =y - 57|

(51)
= |G+ y)+1||x -y <3]x -]
If x, y € (0,2], then
|Tyx =Ty = |x - y]. (52)
If x € [-2,0] and y € (0,2], then
ITlx_lel
= 'x +x° - y|
= 'x—y+x2| = |x—y+x2—y2+y2|
(53)

='x—y+x2—yz|+y2
<lxty+1]fx—yl+]y-xf

=(|x+y+1[+|x+y)) [x—y[<5[x-y|.



Thus, we get that T, is Lipschitz pseudocontractive with
L = 5and F(T;) = [0,2] which is not nonexpansive, since
if we take x = -2 and y = -1.9, we have that [T\ x - T, y| =
0.29 > 0.1 = |x—y|. Similarly, we can show that T, is Lipschitz
pseudocontractive with L = 4 and F(T,) = [-2, 1/2] which is
not nonexpansive.

Furthermore, for C = [-2,2],let A},A, : C — R be

defined by
2
() we[ad)
Ax = )
0, X € [—,2],
2
(54)
2
0, X € [—2,—],
3

2\? 2
3<x——), x€<—,2].
3 3

Then we first show that A, is y-inverse strongly accretive
mapping with y = 1/5.
If x, y € [-2,1/2), then

(Aix— Ay, x—y)

(22

[ 63
- |(==3) -0 ) | [6-2)-(=3)]
2 21 [(y = 1/2)* = (x - 1/2)?
- (x_%) _<y_%> [(yy—1/z)+(x—1/2)]
2 21 [(x=1/2)* = (y - 1/2)?
O R e

vV
| =
VS

|
N | —
N————
N}

|
~

|
SRR
——
NS

|
U‘IL»—
S
=
|

S
=

o

(55)
If x € [-2,1/2) and y € [1/2,2], we get that
(Ajx— Ay, x—y)

() = (- Y o
6D (1))
V()

(
_ <x_ 1)2M . 2|<x_ 1)2

2) (1)2-x) "5 2
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TaBLE 1
u=20.6 xy =1 u=0.38 x,=-1
X, n X,
0 1.0000 0 -1.0000
500 0.6112 5000 0.0627
10,000 0.5137 10,000 0.4282
12,000 0.5121 15,000 0.4540
14,000 0.5110 20,000 0.4686
18,000 0.5093 25,000 0.4782
20,000 0.5087 35,000 0.4905

If x, y € [1/2,2], then we get that |[A,x — A, y| = 0 and
hence

1
(Ajx—Ay,x—y) = g|A1x—A1y|2. (57)

Therefore, A, is y-inverse strongly accretive mapping
withy = 1/5and VI(C, A ) = [1/2, 2]. Similarly, we can show
that A, is y-inverse strongly accretive mapping with y = 1/2
and VI(C, A,) = [-2,2/3].

Note that we have F(T,)NF(T,)nVI(C, A;)NVI(C, A,) =
{1/2}.

Thus, taking o, = 1/(10n + 100), A,, = 2/(n + 100) +
0065, b, = ¢, = 1/(n+ 100) + 001, a, = 1 —2/(n +
100) — 0.02, and f(x) = u € C, we observe that conditions
of Theorem 10 are satisfied and Scheme (17) provides the
following Table 1 and Figures 1(a) and 1(b) for u = 0.6 and
u = 0.8, respectively.

We observe that the data provides strong convergence
of the sequence to the common point of fixed points of
both pseudocontractive mappings and solutions of both vari-
ational inequality problems for y-inverse strongly accretive
mappings.

Remark 2. Theorem 10 provides an iteration scheme which
converges strongly to a common point of fixed points of a
finite family of Lipschitzian pseudocontractive mappings and
solutions of a finite family of variational inequality problems
in Hilbert spaces.

Remark 3. Theorem 10 improves Theorem 3.1 of Takahashi
and Toyoda [19], liduka and Takahashi [20], and Zegeye and
Shahzad [21] and Theorem 3.2 of Yao et al. [22] in the sense
that our convergence is to a common point of fixed points of a
finite family of Lipschitzian pseudocontractive mappings and
solutions of a finite family of variational inequality problems.
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