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We establish some fixed point theorems for a-admissible mappings in the context of metric-like space via various auxiliary
functions. In particular, we prove the existence of a fixed point of the generalized Meir-Keeler type a — ¢-contractive self-mapping
f defined on a metric-like space X. The given results generalize, improve, and unify several fixed point theorems for the generalized
cyclic contractive mappings that have appeared recently in the literature.

1. Introduction and Preliminaries

Nonlinear functional analysis is one of the most dynamic
research fields in mathematics. In particular, fixed point
theory that has a wide application potential to several
quantitative sciences has attracted a number of authors. In
the recent decades, several new abstract spaces and new
contractive type mappings have been considered to develop
the fixed point theory and to increase application potential to
existing open problems. Among them, Samet et al. [1] proved
very interesting fixed point theorem by introducing the «-y-
contractive self-mapping f in the setting of complete metric
space (X,d). In this notion, y is a c-distance function (see,
e.g., [2-5]) and self-mapping is «-admissible. The notion of
mapping a-y-contractive mappings has charmed a number
of authors (see, e.g., [1, 6-14]).

In this paper, we combine some of the notions to get more
general results in the research field of fixed point theory. In
particular, we investigate the existence of a fixed point of «-
admissible mapping in the context of metric-like space via
implicit functions.

Throughout this paper, by R", we denote the set of
all nonnegative numbers, while N is the set of all natural
numbers. In 1994, Matthews [15] introduced the following
notion of partial metric spaces.

Definition 1 (see [15]). A partial metric on a nonempty set X
isafunction p: XxX — [0,00) such thatforall x, y,z € X

(p1) x = yifand only if p(x, x) = p(x, ) = p(y, y);
(p,) p(x,x) < plx, );

(p3) p(x, y) = p(y, x);

(ps) p(x,y) < p(x,2) + plz, y) = p(z, 2).

A partial metric space is a pair (X, p) such that X is a
nonempty set and p is a partial metric on X.

Remark 2. 1t is clear that if p(x, y) = 0, then, from (p,) and
(p,), x = y.Butif x = y, p(x, y) may not be 0.
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Later, fixed point theory has developed rapidly on partial
metric spaces; see [16-23]. Further, in 2012, Amini-Harandi
[24] introduced the concept of a metric-like space.

Definition 3 (see [24]). A functiono : X x X — [0,00),
where X is a nonempty set, is said to be metric-like on X if
the following conditions are satisfied, for all x, y,z € X:

(0y) ifo(x, y) =0, then x = y;

(03) 0(x, ) = o(y,x);
(03) o(x,y) < 0(x,2) + 0(2, y).

Then the pair (X, 0) is called a metric-like space.

Remark 4 (see [24]). (1) A metric-like on X satisfies all of the
conditions of a metric except that o(x, x) may be positive for
x € X.

(2) Every partial metric space is a metric-like space. But
the converse is not true.

Each metric-like 0 on X generates a topology 7, on X
whose base is the family of open o-balls {B(x,y) : x € X,y >
0}, where B, (x,y) = {y € X : |o(x, y) — 0(x,x)| < y} for all
x € X and y > 0. We recall some definitions on a metric-like
space as follows.

Definition 5 (see [24]). Let (X, o) be a metric-like space. Then

(1) a sequence {x,} in a metric-like space (X,0) con-
verges to x € X if and only if o(x,x) =

lim, _, o(x,,x);

(2) asequence {x,} in a metric-like space (X, ) is called a
o-Cauchy sequence if and only if lim 0(x, X,,)
exists (and is finite);

m,n— 0o

(3) a metric-like space (X, 0) is said to be complete if
every o-Cauchy sequence {x,} in X converges, with
respect to 7, to a point x € X such that

o(xx) = lim o (x,,x) = lim o(x,.x,), (1)

(4) amapping T : X — X is continuous, if the following
limits exist (finite) and

Jim o (x,,x) = lim o (Tx,x). )

Definition 6 (see [24]). Let (X, o) be a metric-like space and
U be a subset of X. Then U is a o-open subset of X if, for all
x € X, there exists y > 0 such that B;(x,y) c U. Also, V ¢ X
is a o-closed subset of X if X \ V is a 0-open subset of X.

Further, Karapinar and Salimi [25] proved the following
crucial properties in the setting of metric-like space (X, o).

Lemma 7 (see [25]). Let (X, 0) be a metric-like space. Then

(A) ifo(x,y) =0,0(x,x) =0y, y) = 0;

(B) if {x,} is a sequence such that lim (X, X41) =0,

n— 00

nlLI’IéOO’ (xn’ xn) = nanéoa (xn+1’ xn+1) = 0; (3)
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Q) ifx+y,0(x,y)>0;

(D) o(x,x) < (2/n) Y., o(x,x;) holds for all x,x; € X,
wherel <i < n.

Lemma 8. Let (X,0) be a metric-like space and {x,} be a
sequence in X such that x, — xasn — 00 and o(x,x) = 0.
Thenlim, _, . 0(x,,y) = 0(x,y) forall y € X.

We recall the notion of cyclic map which was introduced
by Kirk et al. [26]. A mapping f: AUB — AU Bis called
cyclicif f(A) ¢ Band f(B) c A. Kirk et al. [26] proved the
analog of the Banach contraction mapping principle via cyclic
mappings.

Theorem 9 (see [26]). Let A and B be two nonempty closed
subsets of a complete metric space (X, d), and suppose f: AU
B — AU B satisfies the following:

(i) f is a cyclic map,
(ii) d(fx, fy) < k-d(x,y) forallx € A, y € B, and
k € (0,1).

Then ANB is nonempty and f has a unique fixed point in ANB.

Furthermore, Kirk et al. [26] also introduced the follow-
ing notion of the cyclic representation.

Definition 10 (see [26]). Let X be a nonempty set, m € N, and
f: X — Xanoperator. Then X = U} A, is called a cyclic
representation of X with respect to f if

(1) A;,i=1,2,...,m, are nonempty subsets of X;

) f(A)) € Ay f(Ay) € Aoty f(A,,,) C A, and
F(A,,) € A,

By using the notion in the definition above, Kirk et al. [26]
proved the following theorem.

Theorem 11 (see [26]). Let (X, d) be a complete metric space,
meN, A, A,, ..., A, be closed nonempty subsets of X, and
X = U A;. Suppose that f satisfies the following condition:

d(fx. fy)<y(d(xy)), VxeA, yeA,,

ie(l,2,...,m,
where y : R™ — R" is upper semicontinuous from the right
and 0 < y(t) < tfort > 0. Then f has a fixed pointz € N;_ | A;.

In 2012, Karapinar et al. [22] investigated the existence
and uniqueness of a fixed point for cyclic generalized ¢-y-
contractive type mappings f : X — X in the context of
partial metric space. Very recently, Karapinar and Salimi [25]
improved the results in [22] by introducing the notion of
cyclic generalized ¢-y-contractive mapping f: X — X.In
this paper [25], the authors proved fixed theorems for such a
mapping in the setting of a metric-like space X with a cyclic
representation of X with respect to f.

Definition 12 (see [25]). Let (X,0) be a metric-like space,
A, A, ..., A, be o-closed nonempty subsets of X, and
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Y = U A, Onesays that T: Y — Y is called a generalized
cyclic ¢-y-contractive mapping if

(1) Y = U, A, is a cyclic representation of Y with respect
toT;

(2) One considers

yvt)-y(s)+¢(t)>0 V>0, s=t, ors=0,

y (o (Tx,Ty)) < ¥ (M, (%, 7)) = ¢ (M, (%, ) »

M, (x, y) = max {o(x, y),0(x,Tx),0(y,Ty), )

o(x,Ty) +0(y,Tx)
4 bl
forallx € A;andy € A;,,i=1,2,...,m, wherey : R" —
R* is nondecreasing and continuous and ¢ : R* — R" is
lower semicontinuous.

Theorem 13 (see [25]). Let (X,0) be a metric-like space,
A A,, ..., be o-closed nonempty subsets of X, and Y =
UL ALIfT : Y — Y is a generalized cyclic ¢-y-contractive
mapping, then T has a fixed pointv € NI_ | A,.

In this study, we also discuss the notion of a-admissible
mappings. The following definition was introduced in [1].

Definition 14 (see [1]). For a nonempty set X,letT: X — X
and ¢ : X x X — [0,00) be mappings. One says that f is
a-admissible, if, for all x, y € X, one has

a(x,y)>1= a(Tx,Ty) > 1. (6)

Recall that Samet et al. [1] introduced the following
concepts.

Definition 15 (see [1]). Let (X,d) be a metric space and let
T : X — X be a given mapping. One says that T' is an a-y
contractive mapping if there exist two functions & : XxX —
[0, 00) and a certain v such that

a(x,y)d(Tx, Ty) <y (d(x, y)),

Itis evident that a mapping satisfying the Banach contrac-
tion is a -y contractive mapping equipped with a(x, y) = 1
forall x, y € X and y(t) = kt, k € (0, 1).

The notion of transitivity of mapping « :
[0, +00) was introduced in [13, 14] as follows.

Vx,ye X. (7)

XxX -

Definition 16 (see [13,14]). Let N € N. One says that o is N-
transitive (on X) if

Xg» Xppee s Xngp € X a(x,x,) 21, (8)

foralli € {0,1,...,N} = alxy, xpn4) = L.
In particular, one says that « is transitive if it is I-transitive;
that is,

a(y,z2) 21 = a(x,z) > 1.

)

xpzeXa(xy) =1,

As consequences of Definition 16, one obtains the follow-
ing remarks.

Remark 17 (see [13, 14]). (1) Any function « :
[0, +00) is O-transitive.
(2) If e is N-transitive, then it is kKN -transitive for all k €

XxX -

N.
(3) If « is transitive, then it is N-transitive for all N € N.
(4) If  is N-transitive, then it is not necessarily transitive
forall N € N.

In this paper, we investigate the existence and uniqueness
of a fixed point of several a-admissible mappings in the
context of metric-like space. In particular, we establish
fixed point theorem for the generalized cyclic Meir-Keeler
type ¢-a-contractive mappings, the generalized (¢, ¢, v, &)-
a-contractive mappings, and the generalized weaker Meir-
Keeler type (¢, )-a-contractive mappings. Our results gen-
eralize or improve many recent fixed point theorems for the
generalized cyclic contractive mappings in the literature.

2. Fixed Point Theorem via the a-Admissible
Meir-Keeler Type Mappings

In this section, first of all, we will introduce the notion of
the generalized Meir-Keeler type ot — ¢p-contractive mappings.
Later, we investigate the existence and uniqueness of such
mappings in the context of metric-like spaces. We start with
recalling the notion of the Meir-Keeler type mappings.

A function y : [0,00) — [0,00) is said to be a Meir-
Keeler type mapping (see [27]), if, for each # € [0, 00), there
exists § > 0 such that, for t € [0,00) withy <t <7+ 6, we
have y(t) < .

Let @ be the class of all function ¢ : R - R* satisfying
the following conditions:

(¢;) ¢ is an increasing and continuous function in each
coordinate;

(¢p,) for t > 0, ¢(t,t,1,2t,2t) < t, $(¢,0,0,t,¢) < t, and
¢(0,0,1,¢,0) < t;

(¢b3) P(ty,ty,t5,t4,t5) = 0ifand onlyift; =t, =t5 =t, =
ts = 0.

We will introduce the notion of the generalized Meir-
Keeler type « — ¢p-contractive mappings in metric-like spaces
as follows.

Definition 18. Let (X, o) be a metric-like space and let « :
XxX — [0,00). Onesaysthat T : X — X iscalled a
generalized Meir-Keeler type o —¢-contractive mapping if for
each 77 > 0 there exists § > 0 such that

n<¢(o(xy),0(xTx),0(y.Ty),0(x,Ty),0(y, Tx))

<n+d —a(x,y)o(Tx,Ty) <1,
(10)

forall x, y € X and ¢ € ©.



Remark 19. Note that if T is a generalized Meir-Keeler type
o — ¢-contractive mapping, then we have, for all x, y € X and
¢ e,

a(xy) o (Tx,Ty) < ¢ (0 (x,5),0 (x, Tx),0 (3. Ty), "
o(x,Ty),o(y,Tx)).

In what follows, we state the main fixed point theorem for
a generalized Meir-Keeler type o — ¢p-contractive mapping in
the setting of complete metric-like space.

Theorem 20. Let (X, 0) be a complete metric-like space and let
T : X — X beageneralized Meir-Keeler type a—d-contractive
mapping where o is transitive. Suppose that

(i) T is a-admissible;
(ii) there exists x, € X such that a(x,, Tx,) = 1;
(iii) T is continuous.
Then there exists u € X such that Tu = u.
Proof. Our proof consists of four steps. In the first step, we
prove that a(x,,x,,;) = 1, foralln = 0,1,.... Due to
assumption (ii) of the theorem, there exists x, € X such that

a(xy, Tx,) > 1. We will construct an iterative sequence {x,}
in X as follows:

Xp = Tx, =T xy Vn=0. (12)

If we have x, = x,,,, for some n,, then the proof is
completed. Indeed, u = x, is a fixed point of T. Hence,
throughout the proof, we presume that

xn :ﬁ xn+1 vn. (13)
Since T is a-admissible, we have

a (x0,x1) = a(x0, Txg) 2 1

(14)
= a(Txy, Tx;) = o (x7,x,) > 1.
By elementary calculations, we derive that
a(xpx,0) =1, Vn=0,1,.... (15)

In the second step, we will prove thatlim,, _, o (x,, x,..1) = 0.
Notice that we have o(x,, x,,,;) > 0foralln = 0,1,2,... by
(13) and Lemma 7(C). Since T is a generalized Meir-Keeler
type o — ¢-contractive mapping, by taking x = x,_; and y =
x,, in (11), we have

o ('xn’ 'xn+l)

=0 (Txn—l’ Txn) S« (xn—1> xn) o (Txn—l’ Txn)
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< (0 xn—l’ xn) »O (xn—l’ Txn—l) >0 (xn’ Txn) >

0 (Xy-1> Txn) O (xn’ Txn—l))

IN

O \X,_1> er-l) 0 ('xn’ ‘xn))

¢ (o (
(

¢ (0 (xp15%,) 0 (%15 %,) 0 (% X1 )
(

¢ (o

IN

(G Xp-1> xn) O (‘xn—l’ xn) >0 (xn’ xn+1) O (xn—l’ ‘xn)

+0o (Xn, xn+1) O ('xn—l’ xn) +0 (xn’ xn+1)) .
(16)

We assert that {o(x,,x,,.;)} is decreasing; that Iis,
o(x,,x,,1) < 0(x,_1,x,) for all n € N. Suppose, on the
contrary, that o(x,, , x,, ,1) > o(x, _,x, ) for some n, € N.
By taking x = X1 and y = X, in (11) and (16), we have

o ('xno’ x"0+1)

=0 (Txno_l, Txno) <« (xn0—1> xno) o (Txno_l, Txno)
<¢ (0 (x”o’ x"o“) 0 (x”o’ x”o”) 0 (x”o’ x”o”) >
20 (xno’ x”0+1) 20 (xno’ x”o"'l))

<o ('xno’ xn0+1) >
7)

which is a contradiction. So the {o(x,, x,,,;)} is decreasing,
and it must converge to some y > 0; that is,

nlLIIéOG (xn’ xn+1) = Y (18)
By condition (¢, ), inequality (16) becomes

o (xn’ Xp+1 )

=0 (Tx,_;,Tx,)
(19)
< (/5 (0 (xnfl’ xn) O (xn—l’ xn) »O (xn—l’ xn) >

20 (xn—l’ xn) 4 20 (xn—l’ xn)) .

We next claim that y = 0. If not, we assume that y > 0. By
taking limitasn — oo in (19), we have

Y = nILIIéOG (xn’ xn+1) = nILITéOU (Txn—l’ Txn)
(20)
<oy y202y) < s

which is a contradiction. Hence, we have y = 0.

In the third step, we will prove that {x,} is a o-Cauchy
sequence. We will use the method of reductio ad absurdum.
Suppose, on the contrary, that {x,} is not a o-Cauchy
sequence. Hence, there exists € > 0 and subsequences {x,, }
and {xmk} of {x,} with my > n;. > k satisfying

o (xmk, xnk) >, o (xmk_l, xnk) <e€. (21)
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Since « is transitive, from (15), we have a(x,, x,,;) = 1 and
hence a(x,, x,,) > 1. Consider the following:

e<o (xmk, xnk) <o (xmk,xmk,l) +0 (xmk,l, xnk)

(22)
<€e+o (xmk,xmk_l) .
Letting k — 00, we obtain that
nleréoo (xmk, xnk) =€ (23)
Also we have
e<o (xmk, xnk) <o (xmk, xmkﬂ) +0 (xmkﬂ, xnk)
(24)
0 (%1% ) £ 0 (5mrsm ) + 0 (05 )
We get
e<o (xmk, xnk)
(25)
<0 (xmk, xmkH) +o (xmk+1,xmk) +o (xmk, xnk) .
Letting k — o0 in the inequality above, we find that
Jim o (x,,.1,%, ) = e (26)
Analogously, we derive that
im0 (5 ) = @)
Further, we have
€ <0 (%2 %, ) S0 (Xpr Xy 11)
to (xmk+1’ xnk+1) to (xnk+1> xnk)
(28)
<0 (xmk’ xmk+1) +0 ('xmk+1’ 'xnk)
w0 () 0 (50050 )
Letting k — oo in the above inequality, we get that
nli_{%oo- ('xmk+1’ xnk+1) =€ (29)
Notice also that
o ('xmk+l’ xnk+1)
=0 (Txmk, Txnk) <« (xmk, xnk) o (Txmk, Txnk)
(30)

s ¢ (0 (xmk’ x”k) o (xmk’ xmk+1) 0 (x”k’ x”k"’l) >

o (xmk’ x"k+1) 0 (x"k’ xmk+1)) :

Letting k — oo in the above inequality and taking the
property (¢,) into account, we get that

€= limo (anﬂ,xpnﬂ) <¢(e,0,0,6,6) <€, (31)

n— 00

which is a contradiction. Thus, {x,} is a 0-Cauchy sequence.

In the fourth and last step, we will prove that T has a fixed
point u € X. Owing to the fact that (X, o) is complete, there
exists u € X such that lim, _, x,, = u; equivalently,

o(uu) = lim o (x,u) = im o (% %,,) = 0. (32)
Since T is continuous, we obtain from (32) that

Jim o (Tx,, Tu) = Jim o (xpu) =0 (u,u)=0. (33)

Due to Lemma 8, we also have

Jim o (x,, Tu) = 0 (u, Tu). (34)
Combining (32)-(34) and Lemma 7(A), we get immediately
that u is a fixed point of T; that is, Tu = wu. O

In the next theorem the continuity of T is not required.

Theorem 21. Let (X, o) be a complete metric-like space and let
T : X — X beageneralized Meir-Keeler type a—d-contractive
mapping, where « is transitive. Suppose that

(i) T is a-admissible;

(ii) there exists x, € X such that a(xy, Tx,) > 1;

(iii) if {x,,} is a sequence in X such that a(x,, x,,,) > 1 for
allnand x, — x € Xasn — oo, then a(x,,x) > 1
foralln.

Then there exists u € X such that Tu = u.

Proof. Following the proof of Theorem 20, we know that the
sequence {x,} defined by x,,,, = Tx,, for all n > 0, converges
to u where u € X. It is enough to show that u € X is the
fixed point of T. Suppose, on the contrary, that o(Tu,u) =
t > 0. From (15) and condition (iii), there exists a subsequence
{0} of {x,,} such that a(x,,), ) > 1 for all k. Applying (11),
for all k, we get that

g (xn(k)+1’Tu)
= 0 (Tx49> T1) < & (X000, 1) 0 (T3> Tr)
< ¢ (0 (X 1) » 0 (Xpiapr Ty ) » 0 (1 Tw), )
0 (% T11) , 0 (14 T,y ry))
= ¢ (0 (X ) 0 (X Xugey1) » 0 (1, T1a)
0 (%> Tre) > 0 (1 X 1911)) -

Letting k — oo in the above equality and taking (34) into
account, we get that

t < ¢(0,0,t,1,0). (36)
By (¢,) we get that
t < ¢(0,0,£,£0) < t, (37)

which is a contradiction. Thus we get o(u, Tu) = 0, and, by
Lemma 7(A), we have u = Tu. O



For the uniqueness, we need an additional condition.

(U) For all x,y € Fix (T), we have a(x, y) > 1, where
Fix (T) denotes the set of fixed points of T'.

In what follows we will show that u is a unique fixed point of
T.

Theorem 22. Adding condition (U) to the hypotheses of
Theorem 20 (resp., Theorem 21), one obtains that u is the
unique fixed point of T.

Proof. We will use the reductio ad absurdum. Let v be another
fixed point of T with v#u and hence o(u,v) = t > 0. By
hypothesis (U),

1<a(u,v)=a(Tu,Tv). (38)
Due to inequality (11) we have

aw,v)o (Tu, Ty) < ¢ (o (u,v),0 w,Tu),o (v,Tv),

(39)
o(u,Tv),o(v,Tu)).
Taking property (¢,) into account, we get that
t<(£0,0,t,t) < t, (40)

which is a contradiction. Hence, o(u, v) = 0. It follows from
Lemma 7(A) that u = v. Thus we proved that u is the unique
fixed point of T O

3. Fixed Point Theorem via
Auxiliary Functions

In the section, we will discuss the notion of generalized
(¢, ¢, v, &)-a-contractive mappings and prove fixed point
theorems for these mappings in complete metric-like spaces.
We denote by ¥ the class of functions v : R* — R"
satisfying the following conditions:

(y,) v is continuous and nondecreasing;
(v,) w(t) > 0forallt > 0 and w(0) = 0.

Let @, be the class of all function ¢ : RY - R*

satistying the following conditions:

(¢1) ¢ is an increasing and continuous function in each
coordinate;

(¢,) for £ >0, py (), y(1), y(6), w(20), y(2)) < y(b),
¢(t,0,0,t,t) < t,and ¢(0,0,¢,t,0) < t, where y € ¥;
(¢3) P(t),tyt5otyts) = Oifand onlyift, =t, =t; = t, =
ts = 0.
We use the following notations to specify the collection of
the given functions:

E={£:R" — R" : & is lower continuous},
(41)
®={p:R"— R": ¢ is continuous} .

We now state the new notion of generalized (¢, ¢, v, &)-
a-contractive mappings in metric-like spaces is as follows.
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Definition 23. Let (X, 0) be a metric-like space and let & : X x
X — R™.One says that T is called a generalized (¢, ¢, v, &)-
a-contractive mapping if T' is a-admissible and satisfies the
following inequality:

a(x,y) 9 (o (Tx, Ty))

<¢p(y(o(xy), v @xTx),y(o(yTy)),

y (o (xTy)),y (0 (5. Tx)))
(42)

—§<max {a(x,y),(f(x,Tx):U(J”T)’)>

0(x,Ty)+0(y,Tx)}),

4

forallx,yeX,wherel//e‘I’,(;SeCDW,goe@,andEEE.

One now states the main fixed point of this section as
follows.

Theorem 24. Let (X, 0) be a complete metric-like space and
letT: X — X bea (@, ¢,y,8)-a-contractive mapping where
« is transitive. Suppose that

(i) T is a-admissible;
(ii) there exists x, € X such that a(x,, Tx,) = 1;

(iii) T is continuous.

Then there exists u € X such that Tu = u.

Proof. As in the proof of Theorem 20, we construct an
iterative sequence {x, } in X as follows:

Xy =Tx, =T""'x, Vnz0. (43)

If we have x,, Xp,41> for some ny, then the proof is
completed. Indeed, u = x,, is a fixed point of T'. Hence, from
now on, we assume that

X, X, Vn (44)
Moreover, due to Lemmas 7(C) and (D), we have
0 (%, X41) > 0. (45)

Again, as in the proof of Theorem 20, since T is «-admissible,
we deduce that

a(xpx,0) =21, Vn=0,1,.... (46)
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Owing to the fact that T is a generalized (¢, ¢, v, §)-a-
contraction, by taking x = x,_; and y = x,, in (42), we have

¢ (G (xn’ xn+1))

=9 (G (Txn—l’ Txn)) S ('xn—l’ xn) ¢ (0 (T'xn—l’ Txn))

¢ (v (0 (xts %)) s ¥ (0 (%0, TX1)) 5
y (0 (%, Tx,))
Y (0 (%1 T4)) s ¥ (0 (% TX,-1)))

—4mﬁ<ap)aummmodmn»
o (x,_1,Tx,) + 0 (x, Tx,,_y) } )

4

< ¢ (V/ (G (xn—l’xn)) > 1// (O’ (xn—l’xn)) > 1// (G (xn’xn+1)) >

Y (0 o %ort)) o (0 (50 ,)
4@m%mwmﬁmwmﬁmmm,
LCREMELCR

4
< ¢ (1/’ (0 ('xn—l’ 'xn)) > V’ (0 (xn’ xn+l)) >
Xpe1)) >
Xp41)))

- (mox o (1m0 (50210 (550,

Il/ (0 (xn—l’ xn) +0o (‘xn’

W (0 (xnfl’ xn) +0 (xn’

G(xn 1% )+0( n+1)
2 .
(47)
As a first step, we prove that
lim o (%, X,1) = 0. (48)

For this goal, we show that {o(x,, x,,,,)} is decreasing; that
is, 0(x,, x,,,1) < 0(x,_,,x,) for all n € N. Suppose, on the
contrary, that o(x,, , x, ,1) > o(x, _;,x, ) for some n, € N.
By substituting x = Xpy-1 and y = X, in (42) and (47), we
have

0] (0 (xno,xnon))
=¢ (0 (Txno—l’ Txno))

s« (x"o—l’ x"o) % (0 (Tx"o—l’ Tx”o))

7
ICACICRER BT CICHENY)
¥ (0 (%> Xny01)) >
¥ (20 (x> %0011)) > ¥ (20 (%00 Xg01)))
= &(0 (% %n,1))
<y (0 (%0 %0 01)) —E(0 (%0 % 11)) -
(49)

Regarding the condition ¢(t) — w(t) + &(t) > O forallt > 0
and by using inequality (49), we derive that o (x,, , x,, ,;) = 0,
which contradicts to (45). Hence, we deduce that

0 (%, Xp41) <0 (x,_1,x,) VneN. (50)
From the arguments above, we also have, for each n € N,

% (U (xn’ xn+1)) =9 (U (Txnfl’ Txn))
(51)

sy (U (xn—l’ xn)) - E (0 (xn—l’ xn)) .

It follows from (50) that the sequence {o(x,,, x,,,1)} is mono-
tone decreasing. Hence, it should be convergent to some # >
0; that is,

nIeréoG (X,,,, xn+1) =7 (52)

Lettingn — oo in (51) and by using the continuities of ¢ and
¢ and the lower semicontinuity of &, we have

pm) <y(n) -0, (53)

which implies that 7 = 0.

As in the proof of Theorem 20, we will use the same
techniques, method of reductio ad absurdum, to prove that
{x,} is a o-Cauchy sequence. Suppose, on the contrary, that
{x,} is not a o-Cauchy sequence. Hence, there exists € > 0
and subsequences {x,, } and {x,, } of {x,} with m;. > n > k
satisfying

o (xmk, xnk) >, o (xmk,l, xnk) <e€. (54)

By repeating the related lines in the proof of Theorem 20, we
find the following limits:

nh_)néoa (xmk,xnk) = nlergoa (xmk+1,xnk)

im0 (x,,, 3,11 (5)

= lim 0( mﬂ,xnkﬂ):e.

n— 00



By assumption of the theorem, we have
o (xmk+1> xnk+1)
=0 (Txmk, Txnk) <« (xmk, xnk) o (Txmk, Txnk)
= ¢ (1// (0 (x"k’ xmk)) Y (0 (x”k’ Tx”k)) >
(0 o To,)

ACICRENIRCICRYEN))

-& <maX {a(xnk,xmk) ,o(xnk,Txnk) ,

o (xmk, Txmk) R

o (x"k’ xmk"'l) to (xmk’ Tx”k) } ) (56)
4

LICICRE M) RICICRE)2

y (0 (x”k’xmk+1)) 24 (G (xmk’x”k+1)))
-& (max {a (xnk,xmk) , 0 (xnk,x,,kH) ,

o (xmk’ xmk+1) >

o (xnk’ xmk+1) +o (xmk’ xnk+1) } )

4

Lettingn — o0 in (56), we find that

) <p(¥(e),0,0,y(e),y(e)-&(e) sy(e)-&(e),
(57)

which implies that € = 0. This is a contradiction. Therefore,
the sequence {x,} is a 0-Cauchy sequence.

As alast step, we will prove that T has a fixed pointu € X.
Owing to the fact that (X, o) is complete, there exists u € X
such that lim X, = u, equivalently,

n—00""'n

o(u) = lim o (x,u) = lim o(x,x,)=0.  (58)

m,n — 00
Since T is continuous, we obtain from (58) that

Jim o (Tix,, Tu) = lim =0 (x,,u) =0 (wu) =0. (59)
Due to Lemma 8, we also have

lim o (x,, Tu) = 0 (u, Tu). (60)

On account of (58)-(60) and Lemma 7(A), we derive that u
is a fixed point of T; that is, Tu = u. O
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Theorem 25. Let (X, 0) be a complete metric-like space and let
T:X — Xbea(p,d,y,&E)-a-contractive mapping where « is
transitive. Suppose that

(i) T is a-admissible;

(ii) there exists x, € X such that a(xy, Txy) = 1;

(iii) if {x,} is a sequence in X such that «(x,, x,,,,) = 1 for
allnand x, —» x € Xasn — 00, then a(x,, x) > 1
for all n.

Then there exists u € X such that Tu = u.

Proof. Following the proof of Theorem 24, we know that the
sequence {x,} defined by x,,,, = Tx,, for all n > 0, converges
to u where u € X. It is enough to show that u € X is the
fixed point of T'. Suppose, on the contrary, that o(Tu, u) =t >
0. From (46) and condition (iii), there exists a subsequence
{xp} of {x,} such that a(x,),u) > 1 for all k. Applying
(42), for all k, we get that

0 (Xpgry410 Tth)
= 0 (T4 Ttt) < & (> 18) 0 (T, 0> T1t)
< ¢ (v (0 (xup ) ¥ (0 (X Try)) » ¥ (0 (1, Tw))
v (0 (X, T1r)) > ¥ (0 (s Txry)))

— E (maX {U (xn(k), u) ,O0 (xn(k), Txn(k)) ,O0 (u, TU) 5

o (xn(k), Tu) +0 (u, Txn(k)) } )
4

=¢(y(o (xn(k)’ u)),v (o (xn(k)’ xn(k)+1)) W (0 (u, Tu)),
v (o (xn(k)’Tu))’W (o (s xn(k)+1)))

— E (max 10’ (xn(k), u) ,O0 (xn(k), xn(k)+1) e (U, TU) 5

o (xn(k)’ Tu) + o (u, xn(k)+1) })
1 .

(61)

Letting k — oo in the above equality and taking (60) into
account, we get that

t<$(0,0,4,1,0)—E(t) < $(0,0,£,1,0).  (62)
By (y,) we get that
t<¢(0,0,6,6,0) < t, (63)

which is a contradiction. Thus we get o(u, Tu) = 0, and, by
Lemma 7(A), we have u = Tu. O

In the next theorem we will show that u is a unique fixed
point of T'.

Theorem 26. Adding condition (U) to the hypotheses of
Theorem 24 (resp., Theorem 25), one obtains that u is the
unique fixed point of T.
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Proof. We will use the reductio ad absurdum. Let v be another
fixed point of T with v#u and hence o(u,v) = t > 0. By
hypothesis (U),

1<a(u,v)=a(Tu,Tv). (64)
Due to inequality (42) we have
o (u,v)o (Tu, Tv)

<¢(y
¥ (0 WTv), y (0 (v, Tw))

(0 (u,v),y (o (u, Tu),y (o (v,Tv)),

(65)
-& <max {a (u,v),0 (u,Tu),o (v,Tv),

o (u, Tv) ZU(V,TM)}).

Taking property (¢,) into account, we get that
t<(£0,0,6,1) - &(t) <t = &(1) (66)

which is a contradiction. Hence, o(u, v) = 0. By Lemma 7(A)
we get that u = v. Thus we proved that u is the unique fixed
point of T. O

4. Fixed Point Theorems via the Weaker
Meir-Keeler Function y

In the section, we will investigate the existence and unique-
ness of a fixed point of certain mappings by using the Meir-
Keeler function. Now, we recall the notion of the weaker
Meir-Keeler function y : [0,00) — [0, 00).

Definition 27 (see [28]). One calls ¢ : [0,00) — [0,00) a
weaker Meir-Keeler function if, for each # > 0, there exists
0 > 0 such that, for t € [0,00) with# <t < # + J, there exists
ny € N such that g™ (t) < #.

One denotes by . the class of nondecreasing functions

p: [0,00) — [0, 00) satistying the following conditions:
(uy) u [0,00) — [0,00) is a weaker Meir-Keeler
function;

() u(t) > 0fort > 0 and u(0) = 0;
(yj) forallt > 0, {y”(t)}neN is decreasing;
(py) if lim =y, thenlim, , u(t,) <y.

And one denotes by © the class of functions ¢ : [0,00) —
[0, 00) satisfying the following conditions:
(¢1) @ is continuous;
(¢,) @(t) > 0 for t > 0 and ¢(0) = 0.
We state the notion of the generalized weaker Meir-Keeler

type (¢, ¢)-a-contractive mappings in metric-like spaces as
follows.

Definition 28. Let (X, 0) be a metric-like space, and let o :
XxX — R*.OnesaysthatT :Y — Y iscalledageneralized
weaker Meir-Keeler type a-(u, ¢)-contractive mapping if T' is
a-admissible and satisfies

a(xy)o(Tx,Ty) < u(M(x,y)) -9 (M(x,y)), (67)
forall x, y € X, where y € M, ¢ € ®, and

M (x,y) = max {( 20 (6 f5),0 (5 f5),
(68)

G(x)fy)+0(y)fx)}.
4

The main result of this section is the following.

Theorem 29. Let (X, 0) be a complete metric-like space and
let T : X — X be a generalized weaker Meir-Keeler type o-
(¢, )-contractive mapping where « is transitive. Suppose that

(i) T is a-admissible;
(ii) there exists x, € X such that a(xy, Txy) = 1;

(iii) T is continuous.
Then there exists u € X such that Tu = u.

Proof. Following the lines in the proof of Theorem 20, we
construct an iterative sequence {x,} in X as follows:

Xy =Tx, =T""'x, Vnz0. (69)
If we have x, X, 41> for some ny, then the proof is

completed. Indeed u = x,, is a fixed point of T'. Hence, from
now on, we assume that

xn 5& xn+1 vn. (70)
Moreover, due to Lemmas 7(C) and (D), we have
0 (x, Xp41) > 0. (71)

Again, by following the lines in the proof of Theorem 20, we
get that

a(xpx0) 21, ¥Yn=0,1,.... (72)

We divide the proof into three steps.

Step 1. We will prove that lim,, _, . ,o(x,,x,,;) = 0. Since T
is a generalized weaker Meir-Keeler type a-(u, ¢)-contractive
mapping, by taking x = x,,_; and y = x,, in (67), we have

o (xn’ xn+1) =0 (Txn—l’ Txn)
<a(x,_1,x,)0(Tx,_;,Tx,) (73)

Ny (M (xn—l’ xn)) 4 (M (xn—l’ xn)) >
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where
M (xn—l’xn) = max {0 (xn—l’xn) O (xn—1>Txn—1) >

o (x,,Tx,),

o (xn—l’ Txn) +0 (xn’ Txn—l) }
4

= max {0 (%p_15 %) >0 (%21, X,) »

o (xn’ xn+1) > (74)

o (xn—l’ xn+l) +0o (xw xn) }
4

= max {G (xn—1> xn) O (xw xn+1) >

o (xn—l’ xn) +0 (xn’ xn+1) }
2

= max {0 (xn,l, xn) O (xm xn+l)} :

If M(x,_,,x,) = 0(x,,X,,,), then, by (73) and the properties
of the functions ¢ and ¢, we have

o (xn’ xn+1) =0 (Txn—l’ Txn)

<o (xn—l’ xn) o (Txn—1> Txn)
(75)
< (0 (% Xp01)) = @ (0 (3,0 Xp11))

< “u (0 ('xn’ xn+1)) .

Since {p"(f)},cn is decreasing, the inequality above yields
a contradiction. Thus, we conclude that M(x,_;,x,) =
o(x,_,,x,) and inequality (71) becomes

o (xn’ xn+1) B IS (0 (xn—l’ xn)) > (76)

for all n € N. Recursively, we conclude that

0 (% Xpi1) < " (0 (30, %1)) (77)

foralln e N.

Since {p"(0(xy, x;))},.en i decreasing, it must converge
to some # > 0. We claim that 77 = 0. On the contrary, assume
that # > 0. Then, by the definition of the weaker Meir-Keeler
function y, there exists § > 0 such that, for x5, x; € X
with # < o(xy,x;) < & + 7, there exists n, € N such that
wh(o(xy, x;)) < n. Since lim,, _, . 4" (0(xy, x,)) = 1, there
exists p, € N such thaty < pP(o(xy,x,)) < 8 + 1, for all
P > po. Thus, we conclude that "™ (o (x,, x;)) < 1. So we
get a contradiction. Therefore lim,, , ¢ (0(x, x;)) = 0; that
is,

nlLI%oa (xn’xnﬂ) =0. (78)
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Step 2. We prove that {x,} is a 0-Cauchy sequence.

We will use the method of reductio ad absurdum, as in
the proof of Theorem 20. Suppose, on the contrary, that {x,}
is not a o-Cauchy sequence. Hence, there exists € > 0 and
subsequences {xnk} and {x,, } of {x,} with m, > n > k
satisfying

my

o (xmk, xnk) >, o (xmk,l, xnk) <e€. (79)

By repeating the related lines in the proof of Theorem 20, we
find the following limits:

lim o (xmk, xnk) = limo (xmkﬂ, xnk)

n— 00 n— 00

= lim o (xmk, xnkﬂ) (80)

n— oo
= nangoa ('xmk+1’ xnk+1) = €.
By the assumption of the theorem, we have
o (x"k+1’ xmk+1) o (x”k’ xmk) o (Tx”k’ Txmk)

<1 (M (x%,)) =9 (M (2, %,,))

(81)
where
M (x”k’ xmk)
= max {0 (xnk, xmk) ,0 (xnk,Txnk) ,0 (xmk, Txmk) ,
o] (xnk, Txmk) +0 (xmk, Txnk)
4 } (82)

= max {G (x"k’ xmk) 0 (x”k’x”k"'l) 0 (xmk’ xmk+1) >

o (xnk’ xmk+1) +0 (xmk’ xnk+1)
2 .

Case 1. If M(x,, ,x,, )
(81) becomes

= o(xnk, xmk), letting n — 00, then

e<e-g(e)), (83)

which yields that ¢(e) = 0, and so we conclude that € = 0.
Therefore, we get a contradiction.

Case 2. If M(x,,x,,) = o(x,,x, ) or M(x,,x,,) =
0 (X, > Xy, 1), lettingn — 00, then (81) turns into

e<u(0) -0 =0, (84)
which yields that € = 0. It is a contradiction.

Case 3. If M(xnk,xmk) = (cr(xnk,xmkﬂ) + a(xmk,xnk+1))/4,
lettingn — 00, then (81) becomes

6S€—§D(§>, (85)
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which yields that ¢(e/2) = 0, and hence € = 0. So, we get a
contradiction.

Following the arguments above, we show also that {x,,} is
a o-Cauchy sequence.

Step 3. In this step, we prove that T has a fixed point u €
X. Since (X, 0) is complete, there exists u € X such that
lim, _, . x, = u; equivalently,

o(uu) = lim o (x, u) = im0 (%5 %,,) = 0. (86)
Since T is continuous, we obtain from (86) that

Jim o (Tix,, Tu) = lim =0 (x,,u) =0 (u,u) =0. (87)

Due to Lemma 8, we also have

Jim o (x,, Tu) = 0 (u, Tu). (88)

On account of (58)-(88) and Lemma 7(A), we derive that u
is a fixed point of T; that is, Tu = u. O

Theorem 30. Let (X,0) be a complete metric-like space and
letT: X — X be a generalized weaker Meir-Keeler type «-
(u, p)-contractive mapping where o is transitive. Suppose that
(i) T is a-admissible;
(ii) there exists x, € X such that a(x,, Tx,) > 1;

(iii) if {x,} is a sequence in X such that «(x,, x,,,) = 1 for
allnand x, — x € X asn — 00, then a(x,,x) > 1
for all n.

Then there exists u € X such that Tu = u.

Proof. Following the proof of Theorem 29, we know that the
sequence {x,} defined by x,,,; = Tx,, for alln > 0, converges
to u where u € X. It is enough to show that u € X is the
fixed point of T. Suppose, on the contrary, that o(Tu,u) =
t > 0. From (71) and condition (iii), there exists a subsequence
{x,0)} of {x,;} such that (x4, ) > 1forall k. Applying (67),
for all k, we get that

g (xn(k)w T“) =0 (Txn(k)’ T”)
<« (Xn(k), u) o (Txn(k), Tu) (89)
p (M (000 1)) = @ (M (51, 11)) »

where

M (x> 1)

= max {0 (xn(k), u) , O (xn(k), Txn(k)) , O (u, Tu) 5

o (xn(k), Tu) + 0 (U, Txn(k)) }

4 (90)

= max {0 (xn(k), u) , O (xn(k), xn(k)_H) N (u, Tu) 5

o (xn(k)’ T”) +0o (”’ xn(k)+1) }
1 .

1

Lettingk — oo in equality (89) and taking (88) into account,
we get that

E<ut) -9 (). (o1)

Since u(t)—¢(t) < t,forallt > 0, we conclude that o(u, Tu) =
0; that is, Tu = u. O

In what follows we will show that u is a unique fixed point
of T.

Theorem 31. Adding condition (U) to the hypotheses of
Theorem 29 (resp., Theorem 30), one obtains that u is the
unique fixed point of T.

Proof. We will use the reductio ad absurdum. Let v be another
fixed point of T with v#u and hence o(u,v) = t > 0. By
hypothesis (U),

1<a(u,v)=a(Tu,Tv). (92)
Due to inequality (67), we have
ow,v)=0(Tu,Tv) < a(u, y) o (Tu,Tv)

93)
SuM(u,y)) -9 (M, y)),
where
M (u,v) = max {0 (u,v),o (u, Tu),o (v, Tv),
o(w,Tv)+0o (v, Tu) }
4
(94)
= max {a(u,v),a(u,u) ,o0 (v, v),
oy +o(nu) +U(V’u)} =0 Wwv).
4
Hence, we have
o(uy) <pu(o(wy)-¢(o(uy), (95)
since u(t) — ¢(t) < t, for all t > 0, which is a contradiction.
Thus we proved that u is the unique fixed point of T O

5. Consequences

In this section, we will demonstrate that several existing fixed
point results in the literature can be deduced easily from our
main results: Theorem 22, Theorem 26, and Theorem 31.

5.1. Standard Fixed Point Theorems. If we substitute a(x, y) =
1 for all x, y € X in Theorem 22, we derive immediately the
following fixed point theorem.

Theorem 32. Let (X, o) be a complete metric-like space and let
T : X — X beamapping. Suppose that for each n > 0 there
exists § > 0 such that

n<¢(o(xy),0(xTx),0(y,Ty),0(xTy),0(y,Tx))

<n+8 — o (Tx,Ty) <n,
(96)
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forall x,y € X and ¢ € ©. Then there exists a unique fixed
point u € X such that Tu = u.

If we take a(x, y) = 1 for all x, y € X in Theorem 26, we
get the following fixed point theorem.

Theorem 33. Let (X,0) be a metric-like space and let T :
X — X be self-mapping. Suppose that T satisfies the following
inequality:

¢ (o (Tx, Ty))
<oy (0(x%y),y(oxTx),y (0 (y.Ty)),

y (o (xTy)),y (0 (5 Tx)))
97)

-& (max <‘U(x,y),CT(9€>T3C)>U()” Ty),

a(x,Ty)+G(y,Tx)})’

4

forallx,y € X, wherey € ¥, ¢ € ®, ¢ € ©,and§ € E. Then
there exists a unique fixed point u € X such that Tu = u.

If we take a(x, y) = 1 for all x, y € X in Theorem 31, we
get the following fixed point theorem.

Theorem 34. Let (X, 0) be a complete metric-like space and
letT: X — X be mapping. Suppose that T satisfies

o(Tx,Ty) <u(M(x,y)) —o(M(x,y)),  (98)

forallx,y € X, where u € M, ¢ € ©, and

M (x, y) = max {O(x, )0 (x fx),0 (. fy),
(99)

o(x fy)+a(y fx) }
4

Then there exists a unique fixed point u € X such that Tu = u.

5.2. Fixed Point Theorems on Metric Spaces Endowed with
a Partial Order. In the last decade, the investigation of the
existence of fixed point on metric spaces endowed with
partial orders has been appreciated by several authors. The
initial results in this direction were reported by Turinici [29],
Ran and Reurings in [30]. Now, we consider the partially
ordered versions of our theorems. For this purpose, we need
to recall some concepts.

Definition 35. Let (X, <) be a partially ordered set and let
T : X — X be a given mapping. One says that T is
nondecreasing with respect to < if

xyeX, xxy=Tx<Ty. (100)
Definition 36. Let (X,<) be a partially ordered set. A
sequence {x,} C X is said to be nondecreasing with respect

toxifx, < x,,, forall n.
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Definition 37. Let (X, <) be a partially ordered set and let d be
a metric on X. One says that (X, <, d) is regular if, for every
nondecreasing sequence {x,} ¢ X such that x, — x € X as
n — 00, there exists a subsequence {x,,} of {x,} such that
X X x for all k.

Theorem 38. Let (X, 0) be a complete metric-like space and
let T : X — X be a mapping. Suppose that for each n > 0
there exists § > 0 such that

n<¢(o(xy),0(xTx),0(y,Ty),0(xTy),0(y,Tx))

<n+8 — o (Tx,Ty) <n,
(101)

forall x,y € X and ¢ € O©. Then there exists a unique fixed
point u € X such that Tu = u.

We have the following result.

Corollary 39. Let (X, X) be a partially ordered set and let o be
a metric-like mapping on X such that (X, o) is complete metric-
like space. Let T : X — X be a nondecreasing mapping with
respect to <. Suppose that for each nj > 0 there exists 8 > 0 such
that

n<¢(a(xy),0(xTx),0(yTy),0(xTy),0(y,Tx))

<n+8 — o (Tx,Ty) <n,
(102)

forallx,y € X withx > y and ¢ € . Suppose also that the
following conditions hold:

(i) there exists x, € X such that x, < Tx;
(ii) T is continuous or (X, <, 0) is regular.
Then T has a fixed point. Moreover, if for all x,y € X there

exists z € X such that x < z and y < z, one has uniqueness of
the fixed point.

Proof. Define the mapping « : X x X — [0, 00) by

1 if x< =,
ifx<yorx>y (103)

“()- ]

0 otherwise.

Clearly, for each # > 0, there exists § > 0 such that

n<¢(o(x,y),0(x1x),0(y.Ty),0(x,Ty),0 (3, Tx))

<n+8 —a(x,y)o(Tx,Ty)<n,
(104)

forall x,y € X and ¢ € ®. From condition (i), we have
a(xy, Txy) = 1. Moreover, for all x,y € X, from the
monotone property of T, we have

a(x,y)21l=xryorx<sy=TxxTy
(105)
or Tx<Ty= a(Tx,Ty)>1.

Thus T'is «-admissible. Now, if T' is continuous, the existence
of a fixed point follows from Theorem 20. Suppose now that



Abstract and Applied Analysis

(X,%,0) is regular. Let {x,} be a sequence in X such that
a(x,,x,,;) = 1forallnand x, - x € Xasn — oo. From
the regularity hypothesis, there exists a subsequence {x,,,}
of {x,} such that x,,, < x for all k. This implies from the
definition of « that oc(xn(k),x) > 1 for all k. In this case, the
existence of a fixed point follows from Theorem 21. To show
the uniqueness, let x, y € X. By the hypothesis, there exists
z € X such that x < z and y < z, which implies from the
definition of « that a(x,z) > 1 and «(y,z) > 1. Thus we
deduce the uniqueness of the fixed point by Theorem 22. [

By using the same argument in the proof of Corollary 39,
we can conclude the following two corollaries. We omit the
proofs of these corollaries to avoid the repetition.

Corollary 40. Let (X, X) be a partially ordered set and let o be
a metric-like mapping on X such that (X, o) is complete metric-
like space. Let T : X — X be a nondecreasing mapping with
respect to <. Suppose that T satisfies the following inequality:

¢ (0 (Tx,Ty))
<¢p(y(o(x ),y (0 xTx),y (o (yTy)),

¥ (0 (% Ty)),y (o (3 Tx)))
(106)

-& (max {a(x,y),U(X) Tx),0 (. Ty),

a(x,Ty)+G(y,Tx)}),

4

éorallx,y € X withx > y, wherey € ¥, ¢ € O, ¢ € O, and
€E.
Suppose also that the following conditions hold:

(i) there exists x, € X such that x, < Tx;
(ii) T is continuous or (X, %, 0) is regular.
Then T has a fixed point. Moreover, if for all x,y € X there

exists z € X such that x < z and y < z, one has uniqueness of
the fixed point.

Corollary 41. Let (X, <) be a partially ordered set and o be a
metric-like mapping on X such that (X, o) is complete metric-
like space. Let T : X — X be a nondecreasing mapping with
respect to <. Suppose that T satisfies

o(Tx,Ty) su(M(xy)) -¢(M(x.y),  (107)
forallx,y € X withx > y, wherey € M, ¢ € ©, and
M (59) = mx {0 (5,2),0 (5,20, (.17,
(108)

o(x, fy)+a(y fx)} _

4

Suppose also that the following conditions hold:

(i) there exists x, € X such that x, < Tx;

(ii) T is continuous or (X, <, 0) is regular.
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Then T has a fixed point. Moreover, if for all x,y € X there
exists z € X such that x < z and y < z, one has uniqueness of
the fixed point.

5.3. Fixed Point Theorems for Cyclic Contractive Mappings. In
this subsection, we consider the cyclic contraction and related
fixed point as a consequence of our main results. Notice that
this trend was initiated by Kirk et al. [31]. Following this paper
[31], a number of fixed point theorems for cyclic contractive
mappings have been reported (see, e.g., [32-37]).

We have the following result.

Corollary 42. Let {A;}>, be nonempty closed subsets of a
complete metric-like space (X,0) andletT :' Y — Y bea
given mapping such that

(IO T(A,)) cA,andT(A,) C Ay,

whereY = A, U A,. Suppose that for each n > 0 there exists
0 > 0 such that

n<¢(o(xy),0(xTx),0(y,Ty),0(xTy),0(y,Tx))

<n+8 — o (Tx,Ty) <n,
(109)

forall (x,y) € Ay x A, and ¢ € ©. Then T has a unique fixed
point that belongsto A, N A,.

Proof. Since A, and A, are closed subsets of the complete
metric space (X,d), then (Y,d) is complete. Define the
mappinga : Y xY — [0, 00) by

1 (xy) € (A, x A,) U (A, x A,),

110
0 otherwise. (110)

x|
From (111) and the definition of «, for each # > 0, there exists
é > 0 such that

n<¢(o(xy),0(xTx),0(y,Ty),0(xTy),0(y,Tx))

<n+6 —a(x,y)o(Tx,Ty) <n,
an)

for all (x,y) € A; x A, and ¢ € . Thus T satisfies the
contractive condition (104).

Let(x, y) € YxY suchthata(x, y) > 1.If (x, y) € A;XA,,
from (I), (Tx, Ty) € A, x A,, which implies that a(Tx, T'y) >
L.If (x,y) € A, x A, from (I), (Tx,Ty) € A; x A,,
which implies that «(Tx, T'y) > 1. Thus, in all cases, we have
a(Tx, Ty) > 1. This implies that T is a-admissible.

Also, from (I), for anya € A, we have (a,Ta) € A, X A,,
which implies that «(a, Ta) > 1.

Now, let {x,,} be a sequence in X such that a(x,,, x,,,;) > 1
forallmand x, — x € X asn — o0. This implies from the

definition of « that
(% Xp1) € (A x Ay))U(A, X Ay), Vn. (112)

Since (A; X A,)U(A, X A,)isaclosed set with respect to the
Euclidean metric, we get that

(x,x) € (A; x Ay)) U (A, x Ay), (113)
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which implies that x € A, N A,. Thus we get immediately
from the definition of « that a(x,,, x) > 1 for all n.

Let x, y € X be distinct fixed points of T from (I); this
implies that x,y € A; N A,. So, for any z € Y, we have
a(x,z) > 1 and a(y, z) > 1. Thus condition (U) is satisfied.

Now, all the hypotheses of Theorem 22 are satisfied; we
deduce that T has a unique fixed point that belongsto A, N A,
(from (I)). O

As in the previous section, we can conclude the following
two corollaries by using the same argument in the proof of
Corollary 42. We omit the proofs of the following corollaries
to avoid the repetition.

Corollary 43. Let {A;}., be nonempty closed subsets of a
complete metric-like space (X,0) andletT :' Y — Y bea
given mapping such that

(D)T(A)) € A,and T(A,) € Ay, whereY = A, U A,.
Suppose that T satisfies the following inequality:

¢ (o (Tx, Ty))
<oy (0 (%), v (0 xTx), v (0 (y.Ty)),

v (0 (x,Ty)), v (o (y,Tx)))
(114)

—£<max {a(x,y),a(x)Tx)’a(%T)’)’

0(x,Ty)+a(y,Tx)}),

4

Jorall (x,y) € Ay x Ay, wherey € ¥, € ©,, ¢ € ©, and
& € B. Then T has a unique fixed point that belongs to A; N A,.

Corollary 44. Let {A;}.,| be nonempty closed subsets of a
complete metric-like space (X,0) andletT :' Y — Y bea
given mapping such that

(DT(A,) € A,and T(A,) € A, whereY = A, U A,.
Suppose that T satisfies

o (Tx, Ty) < u(M(x,y)) -9 (M(x,y)),

forall (x,y) € Ay x A,, where y € M, ¢ € O, and

(115)

M (x, y) = max {G(X, )0 (% fx),0(y fy)
(116)

o (x, fy) + o (y, fx) }

4
Then T has a unique fixed point that belongs to A, N A,.
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