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We discuss oscillation criteria for second-order half-linear neutral delay dynamic equations on time scales by using the generalized
Riccati transformation and the inequality technique. Under certain conditions, we establish four new oscillation criteria. Our results

in this paper are new even for the casesof T=Rand T = Z.

1. Introduction

In recent years, the research results relevant to oscillation of
second-order dynamic equations on time scales are emerg-
ing, such as [1-7]. The research results of oscillation for
the second-order linear, nonlinear, or half-linear dynamic
equations can be found in [8-23]. On the basis of the above
work, we will study the oscillatory behavior of all solutions of
second-order half-linear neutral delay dynamic equation in
this paper, which is given as follows:

(a)® (2 ®))" +q®) f (@ (x (1)) =0,
teT,

O]

t>t,

where ®(s) = |s["2s, z(t) = x(t) + r()x(z(t)), y > 1. In this
paper, we give the following hypotheses.

(H,) T is atime scale (i.e., a nonempty closed subset of the
real numbers R) which is unbounded above and for
t, € T with ¢, > 0; we define the time scale interval of
the form [¢,, co)y by [ty, 00)t = [ty 00) N T.

(Hy) a,7,q: T — R are positive rd-continuous functions
such that 0 < r(¢) < 1.

(H;) 7: T — T is a strictly increasing and differentiable
function such that

T(t) <t, tgrrgor (t) =00, T(T) =T. (2)

(Hy) f: R — R isa continuous function such that, for
some positive constant L,

@ZL Vax #0. (3)

By a solution of (1), we mean a nontrivial real-valued
function x satisfying (1) for t € T. A solution x of (1) is called
oscillatory if it is neither eventually positive nor negative;
otherwise, it is called nonoscillatory. Equation (1) is called
oscillatory if all its solutions are oscillatory. Our attention is
restricted on those solutions of (1) which are not eventually
identically zero.

The purpose of this paper is to establish the oscillation
criteria of Philos [24] for (1). When

00 1 1/(y-1)

the two famous results of Philos [24] about oscillation of
second-order linear differential equations are extended to (1)
in this paper. At the same time, when

00 1 1/(]”1)
| s s ®
f

we obtain two criteria of (1) about that each solution is either
oscillatory or converges to zero.
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The paper is organized as follows. In Section 2, we present
some basic definitions and useful results about the theory
of calculus on time scales. In Section 3, we give six lemmas.
Section 4 introduces the main results of this paper. We
establish four new oscillatory criteria when the condition (4)
or (5) holds, respectively, for the solutions of (1).

2. Some Preliminaries

On the time scale T we define the forward and backward jump
operators by

o(t)=inf{seT:s>t}, p(t)=sup{seT:s<t}.

(6)

A point t € T is said to be left-dense if it satisfies p(t) = t,
right-dense if it satisfies o(t) = t, left-scattered if it satisfies
p(t) < t, and right-scattered if it satisfies o(t) > t. The
graininess y of the time scale is defined by u(t) = o(t) - t.
For a function f : T — R, the (delta) derivative is defined
by

_fle@®)-fw

ot)y-t @

IO
if f is continuous at ¢ and ¢ is right-scattered. If ¢ is right-
dense, then the derivative is defined by

t) —
o= tim TO2T, ®
s—t* t—s

provided this limit exists. A function f: T — R is said to
be rd-continuous if it is continuous at each right-dense point
and if there exists a finite left limit at all left-dense points.
Denoted by C4(T, R) the set of rd-continuous functions on
Tand Crld(T]', R) the set of differentiable function on T, whose
derivative is rd-continuous. The derivative f* of f, the shift
¢ of f, and the graininess y are related by the formula

f7=f+uf® where f7=foo. )

We will make use of the following product and quotient
rules for the derivative of the product fgand the quotient f/g
of two differentiable functions f and g:

(f9)* 1) = A g + f (0 (1) g" (¢)
=fOg" O+ g,

A A A
(L) - Ls0-s0s0

E g(t) g(o(t)) if gg”+0. (1)

For b, ¢ € T, the Cauchy integral of f* is defined by

(10)

L FOat=f©O-fb). (12)
The integration by parts formula reads
L JROFIONY
C (13)
S CHICENICPICRY WACPRCEY
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and the infinite integral is defined by

Joof(s) As = lim J.tf(s) As. (14)
b t—=oo Jp

For more details, see [8, 9].

3. Several Lemmas

In this section, we present five lemmas that will be needed in
the proofs of our results in Section 4. Lemma 1is the theorem
1.93 of [8]; Lemma 2 is the simple corollary of theorem 1.90 in
[8]; Lemma 3 is the theorem 41 in [25]; and Lemma 4 is the
theorem 3 in [26].

Lemma 1. Assume thatv : T — R is strictly increasing and
T := v(T)isatimescale. Letw : T — R. vaA(t) and w™ (v(t))
exist on T¥, where

T* _ T\ (p(supT),supT], if supT < oo, (15)
T, if supT = oo,
then
(wo v)A = (wZ ° v) Ve (16)
Lemma 2. If x is differentiable, then
1
(x")* = px® J [hx” + (1 - h) x]""dh. (17)
0

Lemma 3. Assume that X and Y are nonnegative real num-
bers, then

AXY I -xP<a-1YH vas 1, (18)
where the equality holds if and only if X = Y.

Lemma 4. Leta,b € T with a < b. Then for positive rd-cont-
inuous functions f, g : [a,b] — R we have

b b ) 1/q
J |f(s)g(s)|As§(J |f(s)|PAs) (j lg(s)|qu> ,

(19)
where p > land1/p+1/q=1.

Lemma 5. Assume that (H,)-(H,) and (4) hold. Let x(t) be
an eventually positive solution of (1). Then there exists t; €
[ty, 00)1 such that

200, (a0 20) <o Qo)

Proof. Suppose that x(t) is an eventually positive solution of
(1). There exists t; € [ty, 00)y such that x(t) > 0 and x(z(¢)) >
0 fort € [t;,00)y. From the definition of z(t), we get z(¢) > 0
fort € [t;,00)y, and at the same time for ¢ € [t;,00), from
(1) we get

(a0 2 o) <o. (21
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Hence, a(t)le(t)|y Z2() is decreasing. So, Z2(t) is either
eventually positive or eventually negative. Therefore, for
arbitrary t € [t;, 00)y, we have

22 () > 0. (22)

Otherwise, we assume that (22) is not satisfied, then there
exits t, € [t;,00)y such that Z8(t) < 0forallt € [t,, 00).
By (21) we have

a0 " @0 <aln) [ ()] 72 () = -m!
(23)

fort € [ty,00)y, where M = [a(t,)]"Y™V|Z%(t,)| > 0. By
(23), we get

(—ZA (t))y—l S M1

> t € [ty 00)p, (24)

that is

A 1 1/()/71) (2 )
t) < -M|—— , LE|ty, . 5
2 (1) [a(t)] [t2, 00);
After integrating the two sides of inequality (25) from ¢, to
t € [t,,00), we have

1/(y-1)
] As, t € [t),00);.

z(t) < z(tz)—ML [ﬁ
(26)

Nextly, we find the limits of the two sides of (26) whent —
00. From (4), we get lim, _, . z(t) = —0o. Therefore, z(t) is
eventually negative, which is contradictory to z(¢) > 0. So
the inequality (22) holds. This completes the proof. O

4. Main Results

Firstly, the two famous results of Philos [24] about oscillation
of second-order linear differential equations are extended to
(1) when condition (4) is satisfied.

Theorem 6. Assume that (H,)-(H,) and (4) hold. Let H :
Dy = {(t,s) : t = s = tyt,s € [ty,00)1} — R be rd-
continuous function, such that

H(t,t) =0, t>ty H(t,s)>0, t>s>t,,
(27)

t,s € [tg,00)p

and H has a nonpositive continuous A-partial derivative
H™:(t, ) with respect to the second variable and satisfies

H (t,s)
H(t,T,)

—H" (t,s) = h(t,s) (H (&, S))(y—l)/y)

2Ty | t— 00

0 < inf [lim inf ] <oo, Ty € [ty,00);, (28)

(t,s) € Dy, (29)

where h : Dt — R is a rd-continuous function. If there exist
a positive and differentiable function 8 : T — R such that

8%(t) > 0 fort € [ty, 00)1, and a real rd-continuous function
Y : [ty, 00)r — R such that

r a(r(s))
T, (8 (s) @ (s))y_1

lim sup G (t,5) As < oo,

t—oo H(t,T)
(30)

ro 8 (s) 7™ (s) (%(a(s))

y/(y-1)
As = 00, 31
1, (a(z(s)Y> D 6<a(s))> s=co, (D)

;
P H T

x Jt [LH (t,5)8(s)q(s) (1 =7 (z(s))"
T (32)

a(z(s) -GY (t,s) | As

B P (8(s)T2(s))"

> ¥ (T),

where G(t,s) = 0%(s)(H(t, )"V = 8(s)h(t,s), G, (t,s) =
max{0, G(t, )}, ¥, (t) = max{0, ¥(1)}, T € [Ty, 00)y, then (1)
is oscillatory on [t,, 00).

Proof. Assume that (1) has a nonoscillatory solution x(t) on
[ty, 00)7. Without loss of generality we may assume that there
exists a t; € [ty, 00)y, such that x(¢) > 0 and x[z(t)] > 0 for
all t € [t;, 00)y. By the definition of z(¢), it follows that

x(t) =z(t) —rt)x(z (1)
2z () -r(t)z(r(b) (33)

2(1-r()z(t),

Since lim, _, ., 7(t) = 00, there exists T}, € [t,, 00), such that
7(t) > t;, for all t € [T, 00)y. Then for t € [T}, c0)y, we have

t € [t;,00);.

x(@(®) =1 =r(z(®)z (). (34)
By Lemma 5 and (H;), we obtain that
1 1 A\Y-1 of _Ac\Y~1
zorzzor”’ a(z) 2a(z ) (35)

on [T}, c0)y (where (z")? is short hand for z29), and
a\1/(y-1)
ZA oT > (Q)TZAG (36)
(ao1) /(y-1)

holds. Moreover, using Lemmas 2 and 5, it follows that
A
(o]
1

=(y-1)(z-1)" j [h(z o) +(1-h)(zo1)]" dh

0
2(y-1(zen)" Ll [A(z o 7) + (1 = h)(z o )] *dh

=(y-1)(zo1) 2z )"
(37)



In Lemmal, let v = 7,w = z, and T is unbounded above by
(Hy),so TF = T,and T = w(T) = 7(T) = T by (H,); using
Lemma 1, we get
(z o T)A = (zA ° T) 2. (38)
Thus
[(zm’)"il]A >(p-1)(zo1)? (zA o‘r) - (39)

By the above inequality and the first inequality in (35), we
obtain that

(o0 G- en)et (40)
(zen)'

zot1?
holds on [T}, 00);. Now we define the function W by

a(z)"

(o)™

W=6 (41)

Then we have W > 0 on [T}, c0), and
wh (19) 9 [a(zA)Y—l]A
(o)™

y-1(z0 )7 1eh - 6[(z ° 1')”_1]A

(zoT) H(zoro) !

+ a”(zM)
(1)(<H4) an(x o ‘[)Y—l

- (zor)!
(zoT) 16" - 6[(z ° 1)7’71]A

(zor) H(z o)

Ac\Y-1
+ a"(z ”)

(34)
< —Lgd(1—ro1)"

(zoT)V 16" - 6[(z ° 1')”_1]A
(zor)' (zoTo)!

A
@ —Lgd(1 —ro1)' " + (;—UWU
Sa"(zm’)y_l [(z ° T)’H]A

(o) H(z 7o)

Ac\V~1
+ a”(z ‘7)

(40)
< —Lgd(1—ro1)"

5 we (y-1) (‘Sao(zm)y_l (zA 0 T) -
" 5 (zo1o)

w”

59

) (V _ 1)8TA(aa)Y/(Y*1)(ZAa)V

(ao T)l/(}’—l)(z o 7)Y

(36)
< —Lgd(1—-ro1) ' +6°
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(4Sl) ~Lgd(1 —ro1)' ' + 8“/;—:
(y-1)or* /(1)
- (ao T)I/(V*I)wa)}’/(y—l) (W )7’ !
(42)
and then we obtain
WA (t) < -Lg(©) 8 (1) (1~ (z (1))
0)

ey W (43)

- nsmt®
(@@ ®)(S @)

W (o (t)

on [T, 00)y, where A = y/(y — 1). Thus, for every t,T €
[Ty, 00)y with t > T' > T, by (13), we get

jEngawq@uerwwW*m
T
<H(tT)W(T) - Jt (=H™ (t,5)) W (0 (5)) As
T
8% (s)
8(o(s)
t (y=1)8(s) 7 (s)
_ H (t,
L & O 6

+ rH(t, s) W (o (s)) As
T

(W (0 (s))) s

D g, Tyw (T

. Jf S8 (s)H (t,s) =8 (o (s)) h(t,s) H/* (8, 5)
T 8(o(s)

X W (0 (s)) As
t (y-1)8(s)7" (s)
— H S
JT (5:5) (IO MR CICIONE
<H(t, T)W (T)

(W (0 (s))) As

. Jf 8% (s) HM VM (£,5) = 8 (s) h (¢, 5)
T 8 (0 (s)

x HY (t,5) W (0 (5)) As

t _ A
_J Ht,s) (y-1)8(s) 7" (s)
T

(@@ (NS (o ()
sH(t,T)W(T)+J

tG, (t,s)
t
—J H(t,s)
T

(W (o (s))*As

1/A
5 © (s))H (t,s) W (o (s)) As

(y-1)8(s)7" (s)
@@ NG (o (<))

(W (0 () As,

(44)
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where G(t,s) = 8 (s)HY VA (t, s) - 8(s)h(t,s) = 8°(s)HY
(t,s) — O6(s)h(t,s),G,(t,s) = max{0,G(t,s)}. So using
Lemma 3, let

. A 1/
X = [H(t s) (Y I)EI(S)T © A] W(a(s)),
CICIONACICIO)N)
_ /(A-1)
_ &mg( (=187 ) )“1 1
| A8 @O\ (@ () B (o () '
(45)
Using the inequality (18), we have
G, (ts) i
5o EIWEE)
(y-1)8(s)7" (s) A
, (W (0 (s)))
e Ceoy
G, (t,5) \M/*V 8(s) 72 (s) ey
< C( S ) ( A-1 A > ’
(0 (s)) (@@ )6 (0 (s)
(46)

where C = (A - DA™MDy - 1)™VAD — 1737 Thus

G, (t,s)
(0 (s))

H (t,5)W (0 (5))

(y-1)8(s) 2 (s)
»S 1 )
(a(z(s) (8 (0 (s))
a(r(s))
T (8 ()T ()

W) 47)

G (t,s).
From (44) and (47), we obtain

J; [LH t.9)8(s)q(s) (1 —r(z ()

_L))_IGY (t, S) As (48)
Y8 (s) T (5))

<H@GT)W(T),

that is,

LH (t,5) 8 (s)q (s) (1 — 7 (z ()"

it

a(z(s))

—WGK (t,s) | As<W(T).

(49)

From condition (32), we have

Y(T)<W(T), T €T, 00);

tim sup - E LH (1,5)8(s) g (s) (1 - r (z (s)))" ' As
>V¥(T).
(50)
By (44), we have
- (i’ 5 JTt LH (t,5)8 (5)q (s) (1 —  (z (s)))" " As
1 ! G+ (t) S) 1/A
<W(T)+ HED) JT e (s))H (t, s) W (0 (s)) As
~ J’tH L (y-1)8(s) 7 (s)
H®T) Jr CIION I CICIONE
x (W (o (s)))"As.
(51)
In the above inequality, take T' = T}, and write
B 1 LGL(ts)
A(t) = HT,) Lﬂ e (S))H (t,s) W (0 (s)) As,
1
BO= oty
t (y=1)8(s) 7 (5) 3
X H (t,s) (W (o ()" As,
h CIION M CIIONE
(52)
and meanwhile noting that (50), we obtain
litrgiorolf [B(t) — A(1)]
(53)

X r LH (t,s)8(s)q(s) (1 —r (7 (s)) " As

TO
<W (T,) - ¥ (T,) < c0.
Now we assert that
Joo 8 (s) T (s)
T, (a(r ()70 (o ()
holds. Suppose to the contrary that
ro 8 (s) 7™ (s)
T (a(z ()70 (o ()
by (28), there exists a constant & > 0 such that

(W (o (s)*As < 0o (54)

(W (0 (s))*As = 00,  (55)

inf [liminfLES) |5 50, (56)
s>T, t— 00 H(t, TO)



From (55), there exists a T € [T}, 00)y for arbitrary real
number M > 0 such that

1 M
W@ @)'as> v

(57)

Jt 8 (s) T (s)
T, (a(z ()8 (o ()

fort € [T, 00)y. By (13), we have

BO=mety
t
J fo-vmes
T,
y ( J 8 (u) T (1)
7, (a(r @) (S (o w)*
As
x (W (o (u)))AAu) }As
!
CH(t.T,)
t A
X JTO { [-(y-1) H* (t,9)]
© o swrtw
X J A-1 A
T (a(r @) (0 @) (58)
x (W (o (u)))"Au} As
o1
T H(t,T,)
t A
X JT { [—(y— 1)H" (t,s)]
y J 8 () T (u)
1, (a(r W))*' (8 (o )
x (W (o (u)))’\Au} As
1 t A, M
ZmJT[—(y—l)H (t,S)] (y—l)sAs
M H@T)
e H(,T,)

From (56), there exists a £, € [T,00)y such that H(t,T)/
H(,T,) > efort € [ty,00)7. So B(t) > M. Since M is
arbitrary, we have

tli)ngoB (t) = oo. (59)
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Selecting a sequence {T,}°, : T, € [I,00); with

lim, _, ., T, = oo satisfying
Jim [B(T,) - A(T,)] = liminf [B () - A ()] < co,
(60)
and then there exists a constant M, > 0 such that
B(T,) - A(T,) < My (61)

for sufficiently large positive integer n. From (59), we can
easily see

lim B(T,) = oo, (62)
and (61) implies that
lim A(T,) = co. (63)
From (61) and (62), we have
A(T
(n)—lz— MO _MO S— (64)
B (Tn) B (Tn) 2’IVIO 2
that is,
A(T,
(T,) 1 (65)
B(T,) 2

for sufficiently large positive integer #, which together with
(63) implies

(AT _ [A(Tn)

m ————— = l1m
n=eo[gr )"t n=o B(T,)

y-1
] A(T,)=o00. (66)

On the other hand, by Lemma 4, we obtain
A(T,)

HY (T, s) W (0 (s)) As

_ 1 JT" G, (Tn>5)
CH(T,,T,) Jr, 8(0(s))

TO H(Tn’ T())

) Jn { [ (y = DH(T,, )8()r(s) ](V‘W

W (0 (s))
[a((s)]"78 (0 ()

HY (T, 5)

{mwwnwcxn@
X
H (Tw TO)

[(y-—l)ff(vz,s)a(s)rA<s) (l‘w’y’
X As
H(T,,T,)

Jn(y—l)H(npga<er6)
Ty H (Tn’ TO)

|

/(y—1) (y-D/y
X[ W (0 () ry N
(@(z ()8 (o (s)
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T, y
y {J a(r(s) Gl (T,,,S)Hy,1 (T..5)

Ty HY (Tn’TO)

[ (y—1)H (T, s)8(s) T (s) ] " }1/1;
X As
H (Tn’ TO)

- G-o [ =1
- [B(Tn)] {H (Tn’ TO)
T

x J "a(z(s) G (T,s)
T,

0

1/y
X [8 (s) % (s)] IYAS} .

(67)
The above inequality shows that
v _ N\ o,
AT 00 [N a0y,
(BT~ H(TwTo) Jn, (8(s) 72 (s))"
(68)

Hence, (66) implies

. 1 JT" a(r(s))
lim -
=00 H (T,, Ty) 1, (8 (s) 72 (s))"

-G (T, s) As = oo,

(69)

which contradicts (30). Therefore (54) holds. Noting W(T') <
W(T) for T € [T, 00)y, by using (54), we obtain

ro 8 (s) T (s)

b4 AA
K (a(T(S)))A_l(MG(s))))‘( L (@ () As

p ro 8 (s) T (s)
T, (a(z () (0 (s)

~(W (0 (5)))As < 00,

(70)

which is contradicting with (31). This completes the proof.
O

Remark 7. From Theorem 6, we can obtain different con-
ditions for oscillation of all solutions of (1) with different
choices of 6(t) and H(t, s). For example, H(t,s) = (t — s)™
or H(t,s) = (In((t + 1)/(s + D)™,

Theorem 8. Assume that (H,)-(H,), (4), (28)-(29), and (31)
hold. Suppose that H, h, 8, and Y are defined in Theorem 6.
Assume that

t — 00

iming - | " LH (658 (5)q(5) (1 - 1 (x ()" As

H(t,T,) Jr,
< 00, (71)
e 1
lim inf
t—oo H(t,T)
X r [LH t,9)8()q(s)(L—r(T(s)'™
! (72)

_L))%GK t,s) | As
P (8(s)7(s))"

=¥ (T),

where T € [Ty, 00)p, G(t,s) = 6%(s)(H(t, s)Y = 8(s)h(t, s),
G, (t,s) = max{0, G(t, s)}. Then (1) is oscillatory on [t, 00)y.

Proof. Assume that (1) has a nonoscillatory solution x(t) on
[ty 00)y. Without loss of generality we may assume that there
exists a t; € [ty, 00)y, such that x(¢) > 0 and x[z(t)] > 0 for
all t € [t;,00)1. So z(t) > 0 and there exists a T, € [t;,00)y
such that

x(7(t) = (A -r(z(1)z(z () (73)

for t € [T, c0)y. Define the function W by

A\Y-1
W = 6%, te [To,oo)T (74)

We proceed as in the proof of Theorem 6 to obtain (44) and
(47), so that

T

X Jt [LH (£,5)8(s)q(s) (1 =7 (r ()"
(75)

_L))_IGK t,s) | As
P(8(s)T(s))"

<W(T).



Hence, (72) implies

Y(T)<W(T), Te [To,oo)T; (76)
litnlg)lfH (i’ D) Lt LH (t,5)0(s)g(s) (1 —r (7 () As
>¥(T);
(77)
Y (T)
. 1
< liminf
t—oo H(t,T)

X Jt [LH (£,5)8(s)q(s) (1 =r (T ()"

T
110 NS s)] As
Y8 (s) 72 (5))"
< liminf !
t—oo H(t,T)

X Jt LH (t,5) 8 (s)q(s) (1 =7 (t (5)))" ' As
T

— liminf ! Jt a(r(s))

Y
PRHED b pGee ey o0

(78)

From the above inequality and (71), we have

.. t a(r (S)) y
htrggng 1) L 0 (s))y_l G! (t,s) As < 00. (79)

Therefore, there exists a sequence {T,},>, : T, € [T,,00)y
with lim T, = oo such that

i L JTﬂ a(t(s))
n=0H (T, T) Jr (5(s)r2(s)) ™"

G! (t,s) As < co0.  (80)
Definitions of A(t) and B(t) are as in Theorem 6. From (44),

and noting (77), we have

limsup [B(t) — A (t)]

t— 0o

o 1

X Jt LH (t,5)8(s)q(s) (1 =7 (7 (s)))" " As
Ty

<W (T,) - Y (T,) < co.
For the above sequence {T,,}2,,
Jim [B(T,) - A(T,)] < limsup [B(t) - A(t)] < co.
o (5

We proceed by reduction to absurdity to obtain (54). The
rest of the proof is similar to that of Theorem 6 and hence is
omitted. This completes the proof. O
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If (4) is not satisfied, that is, if the condition (5) holds, we
can obtain the following result.

Theorem 9. Assume that (H,)-(H,), (5), and (28)-(32) hold.
Suppose that H, h, 8, and ¥ are defined in Theorem 6. Assume
that

© /1 (f X _ 1/()/—1)A ) )
LO (ELO g1 =7 (r ()] s) oo

holds. Then every solution x(t) of (1) is either oscillatory or
converges to zero on [t,, 00)y.

Proof. As the proof of Theorem 6, assume that (1) has a
nonoscillatory solution x(t) on [, 00);. Without loss of
generality we may assume that there exists t; € [¢,, 00), such
that x(¢) > 0 and x[7(t)] > 0 for all t € [t;,00)y. So z(t) > 0
and there exists ¢, € [¢;, 00)y such that

x(z(t) = (1 -r(z()z(z () (84)

for t € [t,,00)y. In the proof of Lemma 5, we find that z(t)
is either eventually positive or eventually negative. Thus, we
shall distinguish the following two cases:

(1) 2%(t) > 0 for t € [t,,00)s

(I) 2(t) < 0 fort € [t;, 00)7.

Case (I). When z2(¢) is eventually positive, the proofis similar
to that of the proof of Theorem 6, and we can obtain that (1)
is oscillatory.

Case (II). When z°(¢) is eventually negative, z(t) is decreasing

and lim, _, ,z(¢) =: b > 0 exists. Therefore, there exists T;, €
[t,,00), such that

zr@®)>z({t)>z(0 (@) =b=0, (85)

for t € [T, 00)y. Define the function u(t) = a(t)|z*
O 222() = —a(t)|(1)]"". Equations (1) and (85) yield

u (1) = —q @) f [(x ()]
<-Lb'q@) (1-r(z (1),

(86)
t € [Ty, 00);-

The inequality (86) is the assumed inequality of [8, Theorem
6.1] (see also [27, Lemma 1]). All assumptions of [8, Theorem
6.1] are satisfied as well. Hence the conclusion of [8, Theorem
6.1] holds, that is,

u(t) <u(T,)) - Lb"" Jt q(s)(L—r(z(s)) ' As
Ty
t (87)
<—Lp j q(9) (1= (x ()" As
Ty



Abstract and Applied Analysis

forall t € [T, 00)y, and thus

Jl 28 (1) At

Ty

< —bL V0D (88)

X Jl (L Jt qs)1-r(z (s)))y_lAs)l/(y_l)At

T, a(t) T,
forall I € [T, 00)y. Assuming b > 0 and using (83) in (88),
we can get lim;_, . z(I) = —oo, and this is a contradiction
to the fact that z(t) > 0 for t € [t;,00)y. Thus b = 0, that
is lim, _, ,,z(t) = 0. Then, it follows from (1 — r(t))z(¢t) <
x(t) < z(t) that lim, _, . x(t) = 0 holds. This completes the
proof. 0

Using the same method as in the proofs of Theorems 8
and 9, we can easily obtain the following result.

Theorem 10. Assume that (H,)-(H), (5), (28)-(29), (31),
(71)-(72), and (83) hold. Suppose that H, h, 8, and ¥ are
defined in Theorem 8. Then every solution x(t) of (1) is either
oscillatory or converges to zero on [t, 00).

Remark 11. The theorems in this paper are new even for the
casesof T=Rand T = Z.

Example. Consider a second-order half-linear delay 2-differ-
ence equation

[Flolo] kG0

te2Z, txty=2,
where z(t) = x(t) + (1/2)x(t/2). Here, we have
A=  r0=3  aO==,
(90)
f ) =u, T(t)=%, y=3.

Then T = 27 is unbounded above, o(t) = 2t, and u(t) =
t. Conditions (H,)-(H;) are clearly satisfied, and (H,) holds
with L = 1. Next, we have

t 1 1/(y-1) t 12
2
J[ﬂ] A5=J[s As — 00 ast — 00.
2 Lals 2
(2]

Hence (4) is satisfied. Now let H(t,s) = (f — s)%, then
(t-25)"—(t—s)” (2t —3s)-(-s)

H"s (t,s) =
s N (92)
=—(2t-35)<0 Vt>s>t,:=2.
Since
2t - 3s 272/3
—H" (t,s) =2t —3s = —[(t - 5)
(t _ 5)4/3 [ ]

2t —3s (y-1)/ %)
= W[H(f, ),

let h(t, s) = (2t — 3s)/(t — s)*'>; then condition (28) holds. We
have

AV
0 < inf [liminf 228D _ g | liminf £
eh | oo H(t,To) | =T | t=0 (1-T)) | (94)

=1<o00 VT € [ty,00);

so condition (28) holds. Let 8(¢) = t as t > 2, then 8°(t) = 1
forall t € [t,, 00)y, and

G(t,s) =8 (s) (Hts) =8 (s)h(t,s)

13 _ s(2t-39) 1/3 (95)
=H"'" (t,s) TR ) <H'" (t,s),
forallt > s > 2. Hence
Jt LS))_IG’; (t,s) As
T, (8(s)72(s))"

to(s/2)? 1/3 3 Lt -s)
< JTO C DR (H'P(t,5)) As = 16 JTO T A

2 2 2
=16[ 8 i__]_l [ 8 8t 2

- -— 4+ .
7t 3t ot 7Ty 3Ty T,
(96)
We get
t
lim sup J a(z(s) — G (t,5) As
t—oo H(t,To) J1, (8(s)72(s))"
<limsup| 16 [—é + 8 _ 2]
8> 8t 2
-16 i + Py e
7Ty 3Ty T,
-1 128 1
x ((t =T, = —— <00,
(( 0) ) 7 Tg

and thus condition (30) holds. Let ¥(t) = 1/4t, then

J~oo 8(5)TA (s) (‘{’+(a(s))>V/(y—l)As
7, (a(t(s))/¥ P\ 8(a(s))

[P s-/2) [(18s\MP s 1\
_JTO ((5/2)2)1/2<2_$> AS_LO Z(@) As

1 Ins|®

1 Jool
=— | =As=——2
256 Jr, s 256 In2

Ty

>

(98)
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that is, condition (31) holds. Since

jt LH (t,s)8(s)q(s) (1 —r(r (s)))y_lAs
T

1 [t (t—s)- 1 ([ 2
:_JMAS:_J 2 ) A
4 Jr s 4 Jr\ s s

1 2tInt 1| 22 2tInT
== |-2t- Ft] - -=- +T]|,
4 2 4

In T In2
(99)
then
t
lim sup - | LH (6989 () (1= (1) As
L
2T
(100)
Moreover, (97) implies
t
lim sup J a (7 (s)) —GY (t,5)As < ﬁ%
t—oo H(&T) Jr yv(8(s)78(s))" 63T
(101)
Thus, when T is enough large, we have
lim su !
t—>00pH (t) T)
t
X J [LH (£,5)8(s)q(s) (1 =r(z(s))"
T
(102)

_a(@(®)
Y (8(s)TA ()
1 128 1 1

> - > — = Y(T);
T ernia tD

G (t,s) | As

so (32) is satisfied. By Theorem 6, (89) is oscillatory on
[t, 00)r. Similarly, conditions (71) and (72) are satisfied as
well. By Theorem 8, we can also obtain that (89) is oscillatory.
But the other known results cannot be applied in (89).
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