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We consider the blow-up phenomenon of sixth order nonlinear strongly damped wave equation. By using the concavity method,
we prove a finite time blow-up result under assumptions on the nonlinear term and the initial data.

1. Introduction

It is well known that nonlinear strongly damped wave
equation is proposed to describe all kinds of viscous vibration
system. The global well-posedness of third order nonlinear
strongly damped wave equation

Uy —aAu, —Au=f(u), «>0 x€Q,t>0, (1)

was studied by Webb [1] firstly. He gave the existence and
asymptotic behavior of strong solutions for the problem (1).
Then this result was improved by Y. C. Liu and D. C. Liu
[2]. The existence and uniqueness of strong solutions were
proved under the hypothesis of the weaker conditions. For
two classes of strongly damped nonlinear wave equation, the
finite time blow-up of solutions was proved by Shang [3]. A
number of authors (Chen et al. [4], Zhou [5], and Al'shin et al.
[6]) have shown the existence of the global weak solutions
and the global attractors for third order nonlinear strongly
damped wave equation.

For the fourth order nonlinear strongly damped wave
equation, there are also some results about initial boundary
value problem or Cauchy problem [7-9]. In [7], Shang
studied the initial boundary value problem of the following
equation:

Uy —Au—Au, —Auy, = f(u), xe€Q, t>0. (2

Under some assumptions on f andn = 1,2, 3, he investigated
the existence, uniqueness, asymptotic behavior, and blow-up
phenomenon of the solutions.

In [8], Xu et al. considered the initial boundary value
problem of fourth order wave equation with viscous damping
term

Uy = Oy + Uy xeQ, t>0. (3)

= fluo),
They proved the global existence and nonexistence of the
solution by argument related to the potential well-convexity
method.

In order to investigate the water wave problem with
surface tension, Schneider and Wayne [10] studied a class of
Boussinesq equation as follows:

2

Upp = Uy T Unpr + Pl — Unexrt T (Ll )xx’ (4)
where x,t,pu € R. This type of equations can be formally
derived from the 2D water wave problem and models the
water wave problem with surface tension. They proved that
the long wave limit can be described approximately by two
decoupled Kawahara equations. A more natural model seems
to be an extension from the classical Boussinesq equation as
follows (see [11]):

Uy = Uy, + (M + 1) Usxxx ~ Uxxxxxx T (uz)xx' ®)

Wang and Mu [12] studied the Cauchy problem of the
equation

Upp = Uy T Unert — U ™ Usexsextt T f(u)xx' (6)
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They obtained the existence and uniqueness of the local
solutions and proved the blow-up of solutions to the problem
(6). Esfahani et al. [13] studied the solutions of

Uy = Uyx + ﬁ u

XXXX tu

xxxxxx T (|u|06u)xx, (7)

where f = #1 and a > 0. They proved the local well-
posedness in L*(R) and H'(R) and gave finite time blow-up
results to the problem (7).

For the sixth order nonlinear wave equation with strong
damping term

Uy — Au— vAu, + Nu+ Nuy, = Af (1), (8)

H. W. Wang and S. B. Wang [14] established a global existence
result of small amplitude solutions of the Cauchy problem (8)
for all space dimensions n > 1. When v = 0, H. W. Wang
and S. B. Wang [15] studied the long-time behavior of small
solutions of the Cauchy problem for a Rosenau equation.
The decay and scattering for small amplitude solution are
established.

In this paper, we study a class of sixth order nonlinear
strongly damped wave equation:

- Auy = divd (Vu) + Au+ uNu+ Nu, xe€Q, t>0,
u(x,0) =uy(x), u,(x,0)=u(x), xeQ,
(Bu)(x,t)=0, x€0Q, t>0,

)

where g > 0, Q is a bounded domain of R” (n > 1) with a
smooth boundary 0Q, and 3;, i = 0, 1, 2, are homogeneous
boundary condition:

D= {uEC6(§) | %iuzviuzo,i:O,I,Z,xeaQ}.
(10)

By using the ideas of the concavity theory introduced by
Levine [17], we prove the finite time blow-up results under
assumption on the nonlinear term div&(Vu) and the initial
data v, u;.

2. Preliminaries and Main Results

In this section, we introduce some notations, basic ideas, and
important lemmas which will be needed in the course of the
paper.

Let H = Z*(Q) be a Hilbert space which is equipped with

the scalar product (u, v IQ v(x)dx.
Now, we define
Au = —Au— uNu - Nu, 1)

where A : D — H is a symmetric linear operator and
satisfies (u, Av) = (Au,v) forallu,v € D € H.

For the nonlinear term div(Vu) of the problem (9),
¢ = (0,,05...,0,) : D" — H" is a vector function which
satisfies the following conditions.
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(a) Assume that the Fréchet derivative &, is a symmetric,
bounded, linear operator on H" and that x — &, is
a continuous map from D" to (H)".

(b) The scalar valued function G : D — Ris defined by

Gu) = Ll (diva (pVu),u)dp

- L (Ll divé (pVu) udp) dx

_ L (Ll dip (L’m divé (V2) dz> dp> dx
- L (Lu div 3 (V2) dz> dx,

where G(u) denotes the potential associated with
div 3(Vu). The Fréchet derivative of G(u) is G,, which
can be shown to act as follows:

G,v = (div ¢ (Vu),v), (13)
forall u,v € D.
(c) Assume that for some « > 0
(dive (Vu),u) 22 Qa+1)G (u), (14)
forallu € D.

To obtain the finite time blow-up result, we need the
following interpolation inequality of Evance [16] for function

in WP (Q).

(12)

Lemma 1. Forall u € Wéc’p(Q), ifl < p < oo, jand k are
integers, and 1 < j <k, (j/k) < a < 1, then
j ko ||¢ 1-a k,p

[l = Dl 8y € W7 00,

(15)

where (1/q) - (j/n) = a((1/p) = (k/n)) + (1 -a)((1/r) - (1/n)),

with the constant C depending only on (p, 1, j, k, &, n) and Q.
In particular, if j =2,k =3, and p = q = r = 2, one has
Vu e W2 (Q).

(16)

%], = A O

Lemma 2. Assume that u € W03’2(Q) and 0 < pu <
(1/Cy) (with C, depending on the constant C of Sobolev’s
interpolation inequality); then (Au,u) > 0.

Proof. By Lemma 1, we see that

D], @ < c||D ul, Q)llDulle Gy Yue W (Q).
17)
Using Young’s inequality, we have
HD”mQ<WD“mMW"ﬁX
< Ca|Dul 0 + (1 - @) IDulzy ] (18)
< [| ot ||Du||§2(m] .
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For the operator A, using integration of parts, we have

(Au,u) = (~Au— pA’u - Au,u)

= Vel + [ 7] )~ 17 o
(19)
”V U]l 12 ”“V U2
1
= <C_1 - V) [V iZ(Q)’

where 0 < u < (1/Cy).

The verification of the action of G, can be proved from
the definition. The details, not being germane to this paper,
are omitted here. But a formula will be useful in the sequel as
follows. O

Lemma 3. Let G(u) = jol (diva(V(pu)), u)dp; then one has
t
Gw(®) =G ) = | (dive (Vu(n)).u, () dn
(20)
foru :[0,T) — D with a strongly continuous derivative u,.
Proof. By the chain rule and the action of G, we have

d d (! .
6= tj (dive (V (pu)) ,u) dp

| W

- j (6 (V (pu)), Vi) dp

Il
|
[S— &

P (5qu - Vu,, Vu) + (6 (pVu),Vu,)dp

(G- Vi Via)) + (5 (V) Vit dp

1
|
< —
)

1 d
== ], P (o). ¥10) + (3 (oY), V) dp
1 d R
- 4 [P0 (0¥, V)] dp
= (dive (Vu),u,),
(21)

where we have used the symmetry of 5, in the fourthline. [J
The following lemma contributing to the result of this

paper is analogous to Corollary 1.1 of [17] with slight modi-
fication.

Lemma 4. Assume that & is homogenous of degree 1 + y for
somey > 0 (ie, d(sh) = G (h) for all s > 0 and for all
h € D). Let (h,, diva(Vhy)) > 0 for some hy € D. Then there
are infinitely many vectors u, such that

1
G (1) > 5 (g, Aug)

)~ ””VZ”O iz(Q)} :

(22)

1
3 [[Vuo m) + Vi,

Proof. Let u, = sh,, where s is large enough so that

1
IG (hy) = syj (divé (pVhy) o) dp
0
1
> E (hO’AhO)
1
- E ["V h LZ(Q) + ”Vh ||L2(Q) AM"V h LZ(Q)]
(23)
Then for all

_ Kj(z ") ["VSho"iZ(mJr [Vholq0)- ”"Vzh"”;(n)]

0= 2(divé (Vhy) , hy) ’
(24)
we have
1
G (1) = j (div (psVhy), sho) dp
0
1
- -j (& (psVhy), sVhy) dp (25)
0

= G () > %(uO,AhO).

The local existence of solution for the problem (9) can
be obtained by the standard Faedo-Galerkin approximation
methods. The interested reader is referred to Lions [18] or
Robinson [19] for details. ]

Next, we are ready to state the blow-up result of this paper.

Theorem 5. Let u : [0,T) — D be a strongly continuously
differentiable solution of (9) in the D norm. Suppose that 0 <
p < (1/C,) with (C, depending on the constant C of Sobolev’s
interpolation inequality) (divé(Vu),u) > 2Q2a + 1)G(u),

where (G(u) = jol (div&(pVu), u)dp). Finally let u, satisfy
(ug> Aug)

1
G (ug) > 5

- ””VZL‘O";(Q)] :
(26)

= % ["V3”0"i2(9) + ||V“0"iz(o)



Then the solution u can only exist on a bounded interval [0, T),
and in fact

T< (4oc2ﬁ(u0,u0)

+ [ (Vug, Vug) — 20 (g, uy)

+\/[(Vu0, Varg) — 20 (g 11y + 402 B (14, ”o)]2>
X <4042,8 ([(Vuo, Vi) — 20 (1, “1)]2

+40” B (1, uo))m)_l,
(27)

while also
2 ! 2
lim [uuumm g ||Vu||Lz(Q)dn] =+co,  (29)
and consequently

lim sup||u||%{1 = +00. (29)
t—>T"

Proof. For arbitrary Ty, B, 7 > 0 and t € [0, T)), let
t

F(t)= (u,u)+ L (u,—Au) dn
(30)

+(Ty - t) (ug> —Aup) + B(t +17)°.

A direct computation yields

F' (t) = 2 (u, ;) + (4, —Aus) — (ug, —Aug) + 2B (t + 7)

=2 (u,u,) + (Vu, Vu) — (Vug, Vi) + 2B (t + 1)

=2(uu,)+2 J: (Vu, Vuﬂ) dn+2B(t+1).
31

Suppressing the argument ¢, we see that

F" () = 2 (1) + 2 (4o 18,)

. (32)
+2 J (Vu, Vu”)”dq +2 (Vuy, V) + 2.
0
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Hence, from (30), (31), and (32), we find after some algebra
that

F'F - (a+ 1) (F' ()’
=4+ 1)S +2F (1) — Qo+ 1) (4 14,)]
+2F Uo (Vu, qu)qdn -2(ax+1) L (Vu,?, Vun) dﬂ]

+4(a+ 1) (Ty —t) (Vg, Vg

X [(“t’ u,) + J: (Vun, Vun) dn + [3]

+2F [(Vuy, Vitg) — Qe+ 1) B,

(33)
where
- t 2
§*= - (u,ut)+J (Vu,Vun)dn+[3(t+T)]

| 0
r t

+ | (wu) + J (u, —Au) dn + B(t + T)Z] (34)
L 0

X -(ut, u,) + Jt (Vu,l,Vun) dn + ﬁ] :
| 0

Using Schwarz’s inequality, we have

(u,10) (up11y) 2 (u ”t)27
t t t 2
J.O (Vu,Vu)dn JO (Vun,Vuﬂ) dn > Ho (Vu, Vun)dq] ,

t t
(u,u) L (Vun, Vun) dn + (u,u,) L (Vu, Vu) dn

t

> 2\/(14, u) (uy 1) Jt (Vu, Vu) dn J (Vu,v, Vun) dn

0 0
t

>2(u,u,) J (Vu, Vu,]) dn,
0

(u,u) B+ (up,u,) Bt + 7)?

> 2\/(u,u) (upo 1) P2t +1)°

>2(uu,)Bt+71).
(35)
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By (35), we have $? > 0. Let
H(t)
= (u,uy) — Qa+ 1) (up 1) + (Vuy, Vigg) — Qe+ 1) B
t

_ L (Auq, u)ﬂdn +2(a+1) J (Au,l, uq) dn

0
= (u,uy) — Qe+ 1) (up, uy) + (Vuy, Vig) — Qe+ 1) B

- J. (u,m,u)”dq +2(a+1) J- (”nn’”n) dn

0 0

- L [(Au, u), =2 (x+1) (Au,u,v)] dn

+ Lt [(diV(? (Vu), u), =2 (a+1) (di"3 (Vi) ’”n)] ar.

(36)
Thus
H' (t)

= =20 (ty, 1) + 20 (14, Aur)

+(dive (Vu),u), -2 (a+ 1) %G(u)

= =2a (Auy,u,) — 2a(div e (Vu) ,u,)
. o d
+ 4o (u,, Au) + (diva (Vu) ,u), -2 (a + 1) EG(L{)
= 2a (Vu,, Vu,) + 4a (1, Au)

+(diva (Vu),u), — (4a +2) %G (u).
(37)

Using the positive semidefiniteness of A, Lemma 3, and (14),
we have

t t

(Vun, qu) dn + 4o J (uﬂ, Au) dn

H () = H(0)+2(xJ
0

0
t
+J
0

= (4o +2) G () — Qo + 1) (ug, Autg)

(diva (Vu), u)” - (40 +2) %G (u)] dn

+ (up,uy) + (Vuy, Vi) — Qe+ 1) B

t
+ 2 J (Vuﬂ, Vu,l) dan + 2o (u, Au)
0

+ [(dive (Vu),u) — (4o +2) G (u)]

> (4o +2)G(uy) — Qa+1) (ug, Aug) — R+ 1) B

=2Qa+1) [G(uo) - % (Aug, ug) — § .

(38)

Thus, from what has been discussed above, we have

FF" — (a+1) (F')°
] (39)
>4Qa+1)F [G(uo) -3 (Aug, uy) — 5
Therefore, for any 3 > 0 such that
B<2G (”0) - (Auo’uo)
1

=2 (diva (pvuy).u)dp (40)

= IVl gy * 1900l = ]P0 |

FE" — (@ + 1)(F')? > 0 and (F*(t))" < 0. We see that F(t) >
0, for all t € [0,T,) and F'(0) = 2(ug,uy) + 2P > 0, if 7
is sufficiently large. Since a concave function must always lie
below any tangent line, so we have

F(t) < F(0) + [F*(0)]'t (41)
or
F(t) 2 F* 0)[F(0) -atF ()] /% (42)

we may choose T, such that T, > (F(0)/a(F'(0))) = T,
Thus, we see that the interval of existence of u must be
contained in [0, F(0)/a(F'(0))) and that the finite time blow-
up of solution of (9) is proved. Let

Bo = 2G (ug) — (Auy, up)

1
=2 J (diva (pVuy),uy) dp
0

2 2 2 (43)
- [||V3u0 @t "V”‘OHLZ(Q) - /"“vzuo LZ(Q)] ’
_ F0)  (ugup) + Ty (Viag, Vi) + pr?
e a(F1(0) 20 (ug, uy) + 2B

Since Ty > T, we have (F"“(t))” < 0. Even if we take T, =
T, we have

T, = [(“0’ Up) + 572] (20 (149, 7)) + 2B = (Vg V”‘O)]_l;
(44)



thus we must choose 7 so large such that 2af3t > (Vu,, Vi) —
20u(ug, uy). As a function, Tg, has a minimum at

T=1(p)

= ((Vuo, Vuo) -2a (uo) ”1)
(45)

+\/[(V“0’ Vi) — 20 (1, ”1)]2 + 40 B (uy, “0))

x (2aB) ",

and this minimum is

Te(p)

= <4a2ﬂ (”0’ Up)

+ [ (Vug, Vug) — 20 (g, uy)

+ \/[(Vuo: Vg - 20 (g, 1))+ 402 B (g, uO)]z)
x (4042[3 ([(Vuo, Vi) - 20 (g )]

+40 B (u4y, uo))l/z)il.
(46)

Since f3 is restricted to [0, ], we see that T, (s, attains its
minimum at 8 = f3,. Thus T' cannot exceed T (g,
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