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Weak and strong convergence theorems are established for hybrid implicit iteration for a finite family of non-self-nonexpansive
mappings in uniformly convex Banach spaces. The results presented in this paper extend and improve some recent results.

1. Introduction

The convergence problem of an implicit (or nonimplicit)
iterative process to a common fixed point for a finite family
of nonexpansive mappings (or asymptotically nonexpansive
mappings) in Hilbert spaces or uniformly convex Banach
spaces has been considered by many authors (see [1-9]).

In 2001, Xu and Ori [1] introduced the following implicit
iteration scheme for common fixed points of a finite family of
nonexpansive mappings {Ti}f\_jl in Hilbert spaces:

X, =%, +(1—e,) T,x

nXps M2 1, (1)
where T,, = T4 N> and they proved the weak convergence
theorem.

In 2005, Zeng and Yao [2] introduced the following
implicit iteration process with a perturbed mapping F in
Hilbert space H.

For an arbitrary initial point x, € H, the sequence {x,},,
is generated as follows:

Xy = 0 Xy 1 t+ (1 - “n) [T Xp — /\n[”F (Tnxn)] >

" n>1,

)

where T,, = T, mod ny-

Using this iteration process, they proved the following
weak and strong convergence theorems for a family of non-
expansive mappings in Hilbert spaces.

Theorem 1 (see [2]). Let H be a real Hilbert space and let F :
H — H be a mapping such that, for some constants k,n > 0,

F is k-Lipschitzian and n-strongly monotone. Let {T,}" | be N

nonexpansive self-mappings of H such that ﬂfzjzl Fix(T,) #0.
Let y € (0,2n/k*) and x, € H. Let {o, 302, € (0,1) and
A2, < [0,1) satisfying conditions Y2 A, < 0o and o <
a, < Bn> 1, forsomea, B € (0, 1). Then the sequence {x,}2,
defined by (2) converges weakly to a common fixed point of the

mappings {Tn}nN:1~

Theorem 2 (see [2]). Let H be a real Hilbert space and let F :
H — H be a mapping such that, for some constants k,n > 0,
F is k-Lipschitzian and n-strongly monotone. Let {Tn}fil be N
nonexpansive self-mappings of H such that (), Fix(T;) #0.
Let u € (0,2n/k*) and x, € H. Let {a, )2, < (0,1)
and {A,}2, < [0,1) satisfying conditions Y2, A, < 00
and o« < «, < B, n = 1, for some o, € (0,1). Then
the sequence {x,},>, defined by (2) converges strongly to a
common fixed point of the mappings {T,}\ | if and only if
lim inf,,_, o d(x,, (., Fix(T,)) = 0.

The purpose of this paper is to extend Theorems 1 and
2 from Hilbert spaces to uniformly convex Banach spaces
and from self-mappings to non-self-mappings. Our results
are more general and applicable than the results of Zeng and
Yao [2] because the strong monotonicity condition imposed
on F by them is not required in this paper.
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2. Preliminaries

Throughout this paper, we assume that E is a real Banach
space. T : D(T) € E — E is a mapping, where D(T) is the
domain of T. F(T') denotes the set of fixed points of a mapping
T.

Recall that E is said to satisfy Opial’s condition [10], if,
for each sequence {x,} in E, the condition that the sequence
x, — x weakly implies that

lim sup ||x, — x| < limsup |x, -y, (3)
forall y € E with y# x.

Definition 3. Let K beaclosed subsetof EandletT : K — E,
f:E — E be two mappings.

(1) T is said to be demiclosed at the origin, if, for each
sequence {x,} in K, the condition x,, — x, weakly
and Tx,, — O strongly implies Tx,, = 0.

(2) T is said to be semicompact, if, for any bounded
sequence {x,} in K, such that |x, - Tx,| —
0 (n — ©0), there exists a subsequence {x, } C {x,}
converging to some x* in K.

(3) T is said to be nonexpansive, if [Tx — Ty|| < [x — y|
forany x, y € E.

(4) f is said to be L-Lipschitzian if there exists constant
L > Osuch that || fx— fyll < Lllx— y| forany x, y € E.

Definition 4. A nonempty subset K of E is said to be a retract
of E, if there exists a continuous mapping r : E — K such
that rx = x, for any x € K. And r is called the retraction of E
onto K.

Remark 5 (see [3]). It is known that every nonempty closed
convex subset K of a uniformly convex Banach space E is a
retract of E and the retraction r is a nonexpansive mapping.

Suppose that K is a nonempty closed convex subset of E,
which is also a retract of E. Let x,, € K be any given point. Let
{T},T,,..., Ty} : K — E be N nonexpansive mappings with
T, = Tyamoany- Let f : E — Ebean L-Lipschitzian mapping.
Assume that {«,} isa sequencein (0,1) and {A,,;} € [0, 1), given
¢ > 0. Then the sequence {x,,} defined by

Xy = 0 Xy 1+ (1 - an) rTr/}nxn
=X, gt (1 - (xn) r [Tnxn - An.uf (Tnxn)] , nzl,

(4)

is called hybrid implicit iteration for a finite family of non-
expansive mappings {T}, T, . .., Ty} in Banach spaces, where
Ty = Tpmod ny and ¢ is a fixed constant.

The purpose of this paper is to study weak and strong
convergence of hybrid implicit iteration {x,} defined by (4)
to a common fixed point of {T},T5,..., Ty} : K — Ein
Banach spaces. The results we obtained in this paper extend
and improve the corresponding results of Xu and Ori [1],
Zeng and Yao [2], and others.
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In order to prove our main results of this paper, we need
the following lemmas.

Lemma 6 (see [4]). Let {a,}, {b,}, and {0,,} be three nonnega-
tive sequences satisfying

a < (1+498,)a,+b, VYn=12,.... (5)
Ifye 8, <ooandy 2 b, < 0o, then lim,, _,  a, exists.

Lemma 7 (see [5]). Let E be a uniformly convex Banach space.
Let b, ¢ be two constants with 0 < b < ¢ < 1. Suppose that {t,}
is a sequence in [b, c] and {x,}, {y,} are two sequences in E.
Then the conditions

Jim it + (1-t,) y,| = d,
lim sup ||x,| < d, (6)

limsup |y,| < d
n— o0

imply thatlim,, _, . llx,,—y,|ll = 0, whered > 0 is some constant.

Lemma 8 (see [6]). Let K be a nonempty closed convex subset
of real Banach space E and T : K — E a nonexpansive
mapping. If T has a fixed point, then I — T is demiclosed at
zero, where I is the identity mapping of E.

3. Main Results

Theorem 9. Suppose that E is a real uniformly convex Banach
space satisfying Opial’s condition and K is a nonempty closed
convex subset of E with a nonexpansive retractionr : E — K.
Let {T\,T,,..., Ty} : K — E be N nonexpansive mappings
with F = ﬂnN:I F(T,)#0 and let f : E — E be an L-
Lipschitzian mapping. Assume that {«,} is a sequence in (0, 1)
and {A,} C [0, 1) satisfying the following conditions:
(1) Y2 A, < 00;

(ii) there exist constants T, T, € (0, 1) such that

<(l-a,) <7, Vn>1l (7)

Then, the implicit iterative process {x,} defined by (4) converges
weakly to a common fixed point of {T},T,,..., T} in E.

Proof. Since F = [\, F(T}) #, for each g € F, we have
“xn - q" = "“n (xnfl - q) + (1 - ‘xn) (rT;\"xn - q)"

o o)+ (1) (T )

< (4 "xn—l - q" + (1 - (Xn) T:”.Xn - q'l
sy "xn—l - q" + (1 - (Xn) "Tn'xn - q"

+(1=a) At [ ()|
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—q]+ (1-a,) |x, - g
+(L=a) A | f (Tox,) = £ (9)]
+(1=a,) A £ (9]

< a, [x,y =gl + (1 - a,) |1, = 4
+ AL, = gl + A | f ()]

< &, ||xn—1

(8)
Simplifying we have
A uL
I = all < s =l + 2= e, — ]+ "“wau ©)
By condition (ii), 1 — 7, < «,,; hence from (9) we have
AL Ay
[l < beoea =l + P27 Pl + 25 1 ]
(10)

By condition (i), we know that A, — Oand A,uL — Oas
n — oo; therefore there exists a positive integer #, such that
AuL < (1 -1,)/2, for all n > ny; then we have

1-1,

I, —all < FE— %1 = 4l
+ —/\ptL If (@)
(11)
(1 = -l
1-7, - AuL) """
+ W If (@]
It follows from (11) that
2A,uL 2Mu
b=l = (14 2255 ) =l + 22 1 )
2
Vn = ny.

Takinga, = [x,—ql, 5, = 2A,uL/(1-1,),and b, = 2, u/(1-
7,))|l f(@)ll and by using 2221 A, < 00, itis easy to see that

oo
Z(Sn < 00,
n=1

It follows from Lemma 6 thatlim,, _, Ilx,, — gl exists for each
q € F. Hence, there exists M > 0, such that

ibn < 0. 13)
n=1

|x,—4q| <M, nx>o0. (14)

We can assume that

lim ||x, - g = (15)

n—00

where d > 0 is some number. Since {|x,, — |} is a convergent
sequence, {x,} is a bounded sequence in K. Since

"xn - q” = "an (xn—l - q) + (1 - an) (rTj"xn - q)” , (16)

by condition (i) and (8) and (15), that

lim sup “rT "Xy

n— 00

q“ = lirl;llsolip "rTﬁ"xn - rq“
< lim sup "T x, q”

< limsup ||T,x, - T,q|
n—00
+hmsup/\mu If (T,x,) - f (T,9)]|
+ lirllrlsolip/\n[/‘ “f (an)”
< limsup ||x, - q||
n—00
+ lim supA,,puL ||x,, - q||

+limsup,u|f(g)] <d
17)

Since E is a uniformly convex Banach space, from (15)-(17)
and Lemma 7 we know that

lim (x,_, — rTr’}”xn" =0. (18)

n— oo

By (18), we have that

”xn - xn—l" = “(‘xn - 1) Xp-1 (1 - “n) rTj”xn“
<(l1-ap,) "xn,1 - rT:"xn” — 0, (n— ).
(19)

It follows from (18) and (19) that
Jim [, = rTee,| < lim (e, -]
+ %1 rT X, ) 0,

(20)
Tim |x, - %] =0, ¥i=12..,N. (21)

By (14), we know

If (Tx )l < 1 (Tx,) = £ @] + | f (@)

<Llo-al @l =M @]
From (20), (22), and condition (i) we have
Jim [lx, - T,
< lim ([, =Ty + [T, ~ x| (23)

< lim (e, = Tymxa| + A EM + | £ (9)])) = 0.

n—



Consequently, for any j = 1,2,..., N, from (21) and (23) we
have

o = Twnll < oen = s + [ = Tsnss|

+ Tn+jxn+j - Tn+jxn||
<2 Xy — 'xn+j|| + xn+j - Tn+jxn+j|| — 0,
(n — 00).
(24)

This implies that the sequence

N
Ul - Tl — 0 1—0).  29)

j=1

Since, for each I = 1,2,..., N, {llx, — Tyx,l}72, is a subse-

quence of Ui\il {llx, — Tn+jxn||}zzl, therefore we have

Jim |x, - Tix, | =0, VI=1,2,...N. (26)

Since E is uniformly convex, every bounded subset of E is
weakly compact. Since {x,} is a bounded sequence in E, there
exists a subsequence {xn]_} C {x,} such that {xnj} converges

weakly to u € E. From (26) we have

lim =0, VlI=12,...N. (27)
n— 0o

xnj - Tlxnj

By Lemma 8, we know that u € F(T}). By the arbitrariness of
l€1{1,2,... N}, we have thatu € F = (|, F(T)).

Suppose that there exists some subsequence {xnk} C {x,}
such that x, — v € E weakly and v # u. From Lemma 8, v €
F.By (12) we know thatlim, _, . [lx,,—u| and lim,, _, [Ix, — VIl
exist. Since E satisfies Opial’s condition, we have

Xy, = u" < lim fx, — v”

Jim [, -] = tim. Jim

= Jim [, v = Jim [, ] @9

n—00

< lim
k— 0o

s, = o = Jim [, = ]
which is a contradiction. Hence u = v. This implies that {x,,}

converges weakly to a common fixed point of {T}, T,, ..., T}
in E. O

Theorem 10. Suppose that E is a real uniformly convex Banach
space and K is a nonempty closed convex nonexpansive retract
of Ewithr : E — K as a nonexpansive retraction. Let
{T,,T,,..., Ty} : K — E be N nonexpansive mappings
with F = (o, F(T,)#0 and let f : E — E be an L-
Lipschitzian mapping. Assume that {e,} is a sequence in (0, 1)
and {A,} C [0, 1) satisfying the following conditions:

(i) Y2 A, < 00;
(ii) there exist constants T, T, € (0, 1) such that

n<(l-a,)<1, Vaxl (29)
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Then, the implicit iterative process {x,} defined by (4) converges
strongly to a common fixed point of {T},T,,..., Ty} if and only
ifliminf, , d(x,, F(T})) =0 (foralll =1,2,...,N).

Proof. From (12) and (14) in the proof of Theorem 9, we have

"xn - q” < (1 + 6n) "xrkl - q" + bn < ”xrkl - q“
+ M6n + bn = "xn—l - ‘1" + ﬁn’

(30)

where §,, = 2A,uL/(1 - 1,), b, = 2A,u/(1 — ) f (@I, and
B, = MJ, + b,. Hence, d(x,,F) < d(x,_,,F) + f3,. Since
Y021 B, < 00, it follows from Lemma 6 that lim,, _, . d(x,,, F)
exists.

If {x,},>, converges strongly to a common fixed point p

of {T}, T,,..., Ty}, then lim, _, llx, — pll = 0. Since
0<d(x,F)<|x,~p|. (31)
we know that liminf, | d(x,, F) = 0.

Conversely, suppose liminf,_, d(x,, F) = 0; then
lim,, _, o,d(x,, F) = 0. Moreover, we have Y .°, f3, < 0o; thus
for arbitrary € > 0, there exists a positive integer N such that
d(x,,F) < €/4 and ijn B; < e/4foralln > N. It follows
from (30) that, for all n,m > N and for all p € F, we have

I = %l < I = 2 + % =

<lex-pl+ X Bi+len-pl+ Y B;

j=N+1 Jj=N+1

<2|xy - pl +22ﬁj-
=y
(32)

Taking infimum over all p € F, we obtain

[ee]
I, = x| < 2d (x5, F) + ZZﬁj <e, Vnmm=N. (33)
=N

Thus, {x,};, is a Cauchy sequence. Letting lim,, _, . x,, = u,
then, from Lemma 8, we have u € F. This completes the proof
of the theorem. O

Theorem 11. Suppose that E is a real uniformly convex Banach
space and K is a nonempty closed convex nonexpansive retract
of Ewithr : E — K as a nonexpansive retraction. Let
{T},T,,..., Ty} : K — E be N nonexpansive mappings with
F = (L, F(T,) #0 and at least there exists a T;, 1 < 1 < N,
which is semicompact. Let f : E — E be L-Lipschitzian map-
ping. Assume that {,} is a sequence in (0,1) and {A,} € [0, 1)
satisfying the following conditions:

(i) sz:)l A, < 00;
(ii) there exist constants 1,,T, € (0,1) such that

n<(l-a,)<1, Vnx>1l (34)

Then, the implicit iterative process {x,,} defined by (4) converges
strongly to a common fixed point of {T|, T, ..., Ty} in E.
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Proof. From the proof of Theorem 9, {x,} is bounded, and
lim, _, o llx, — Tix, | = 0, foralll = 1,2,... N. We especially
have

Jim |x, = Ty x,| = 0. (35)

By the assumption of Theorem 11, we may assume that T} is
semicompact, without loss of generality. Then, it follows from
(35) that there exists a subsequence {xnk} of {x,} such that
{xnk} converges strongly to p € K. Thus from (26) we have

“P - Tlp“ - kh_,néo ”x”k B Tlxnk' = nh_,néo “xn - Tlxn” =0,
vi=1,2,...N.
(36)

This implies that p € F. In addition, since lim,,_, [Ix,, — pll
exists, therefore lim,, _, [lx,, — pll = 0; that is, {x,} converges
strongly to a fixed point of {T}, T, ..., Ty} in E. The proof is
completed. O
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