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We discuss the Laplace transform of the Caputo fractional difference and the fractional discrete Mittag-Leffer functions. On these
bases, linear and nonlinear fractional initial value problems are solved by the Laplace transform method.

1. Introduction

The study of continuous fractional calculus and equations has
seen tremendous growth over the past few decades involving
many aspects [1-4], such as initial value problem (IVP),
boundary value problems (BVP), and stability of fractional
equations. Compared with the continuous fractional calculus
and fractional order differential equations, we can see that the
research about the discrete fractional calculus and fractional
difference equations has seen slower progress, but in recent
years, a number of papers have appeared, and the study
of the discrete fractional calculus and fractional difference
equations has been arising. For example, Podlubny et al. [5],
Holm [6], and Abdeljawad [7] have explored the definitions
of fractional sum and difference operators and obtained many
of their properties. Also, Atici and Eloe considered discrete
fractional IVPs in paper [8]; moreover, discrete fractional
BVPs were discussed in papers by Goodrich [9-11].

We know that the Laplace transform method has played
an important role in solving basic problems of differential
equations. Holm [6] developed properties of the Laplace
transform in a discrete and applied the Laplace transform
to solve a fractional initial value problem, which can be
described as

ANy ®) = f(®),

Ay(a+v-N)= A,

i

teN,,

i={0,1,2...,N—1}; A, € R.
¢))

In this paper, we will discuss the Laplace transform of
the Caputo fractional difference and the fractional discrete
Mittag-Leffler functions and use the Laplace transform
method to solve another kind of discrete fractional IVPs.

2. Preliminaries

Let us start with some definitions and preliminaries.

Definition 1 (see [8]). The generalized falling function is
defined by

W M, for t,u € R, ()
T(t+1-p)

where T denotes the special gamma function and t* = 0
whenever t + 1 — p € (—=N).

Here are some of the properties of the above fractional
function:

() AW — ‘ut(“_l);
(i) (t - !")t('u) _ ‘Mt(}”l);
(iii) t(ﬂﬂx) =(t- a)(ﬂ)t(tx);

(iv) g =T(u+1).
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Definition 2 (see [4]). The ath fractional sum of a function f,
for « > 0, is defined by

ACf(t) = e )Z(t—s D1 (), (3)

fortca+a,a+a+1,...=N,,.

Definition 3 (see [7]). The a-order Caputo left fractional
difference is defined by

ALF () = A IAf (s)

1 i) (n—a—1) (4)
T e : Z (t=s=1)" VA" f (),

wheren = [a] + 1,t € N,

win-a- f & = n € N, then AT f(t) =
Nef®).

In this paper, we will mainly discuss the problems
involving the Caputo left fractional difference.

Definition 4 (see [6]). The Laplace transform of the function
f on the time scale

N,=Ny+a={a,a+1,a+2,...} (acRfixed), (5)

is represented by

Ao =y LD, (©

ioo(s+1)

Definition 5 (see [6]). One says that a function f : N, — R
is of exponential order r > 0, if there exists a constant A > 0
such that

|f @) < Ar,

Via a geometric series, it is straightforward to show that if
f: N, — Risof exponential order r > 0, then

L{f}(s) exist forall s e C\B_, (r). (8)

Let m € N, be given and suppose f : N,_,, — Rand
g : N, — R are of exponential order » > 0. Then for s €

C\ B—1(r))

for sufficiently large t € N,,. (7)

B 1 f(k+a m)
-m {f} (S) - (S+1) kzo S+1)k+1
9)

Lowm {f} () = (s + "L {f} (s)

m—1 (10)
- Z (s+ 1)m717kg (k+a).
k=0
Definition 6 (see [6]). For f, g :
convolution of f and g by

N, — R, define the

t—1
(f*g)(t):Zf(r)g(t—l—r+a), fort € N,. (11)
r=0

By a standard convolution on sums, it is understood that ( f *

g)(a) = 0.
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3. The Laplace Transform of
Caputo Fractional Difference

Lemma 7 (see [6]). Suppose f : N, — R is of exponential
order v > 1 and let « > 0 be given with N -1 < a« < N.
Then both L, AN fH(s) and L ,_ . \AA” f1(s) converge for
alls € C\ B__l(r), and

a—N
Luan (87710 = S 1 0,
Loan-o (A" f}(9) = (s + D70 (12)

N-1 _
- ZSJA";l*Jf(a+ N-a).
=0

Theorem 8. Suppose f : N, — R is of exponential order
r > 1 and let & > 0 be given. Then for each fixed € > 0, AT f
is of exponential order r + € and L, _ {AT f1(s) converge for

all s € C\ B_,(r).

Proof. Consider the relationship between Caputo fractional
difference and Riemann-Liouville difference

« « = (t_ )(k—(x) k
AT (1) = A%f (1) - ;,mA f@, )

and in Lemma 7 we have
|ATf @)

N-1 (k—cx)
_ A _ (t_a) k
=A% f () go—r(k— Y@

(k~a)
< |2 )]+ Z r(zk Y A f @

(14)

N N- Akf(a)
<o)+ Zr(k— +1)(t—a)*¥

N
<Yt (2’) (r+ N K(r 4 o)
k=0

N-1 k
" Z A f(a)

N-1-a
ST(k-a+1) (t-a)

>

since for sufficiently large T, when t > T,, (r + €)' will

eventually grow larger than the function (t — @)~ '™, So we
get

|AGS ()]

(r + e)t

N N-1 k
N-k A" f (a)
) ,;)(_1) ( >(r+€) +Zr(k—¢x+1)

= A(r +e).
(15)
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Choose s, € C\ B_,(r); there exists an €, > 0 small enough

so that sy € C\ B_(r + €;), and Lemma 7 tells us that AT, f(¢)
is of exponential order r + ¢, so it follows from (7) that
Lin-o{AG f}(s) is well defined. |

Theorem 9. Suppose f : N, — R is of exponential order
r > 1and let & > 0 be given with N = 1 < « < N. Then for

seC\B_,(r)

Lon-a {0CS}(8) = (s + DV "L, {f} (s)
N-1 Sj+oc—N

) mAN*Hf (@).
=0

(16)

Proof. Since ATf(t) = A_(N_"‘)ANf(t), then
Lon-a {AGSH(S) = Loy (A (AVF)} 5). ()

Because L, oA N {gl(s) = ((s + DV*/sN )L, {g}(s)
and

N-1
L AAYFHs) = VL {f} )= Y AN @), (18)
j=0
we get
La+N—o¢ {A%f} (S)
N-«
e RIS
N-a N-1
- (sNLa R ORDRL (a))
=
N N-1 jta—N Neloi
=(s+1) sLa{f}(S)—;mA f(a).
19)
O

4. The Laplace Transform of Discrete
Mittag-Leffler Function

In paper [8], the discrete Mittag-Leffler function is intro-
duced as the following form.

Definition 10. For any constant A € Rand «, 3, t € C with
Re(x) > 0, the discrete Mittag-Leffler functions are defined

by
E,p(\t)

_ i)‘k t+ (k-1 (-1 ¢t +k@-1)FD (20
P I (ka + ) '

For 3 = 1, it is written that

Ey (Mt) = Ozo:,\k(t"L(k—l)(oc_l))(ka).

I'(ka+1) 1)

k=0

Theorem 11. We assume o > 0 and N — 1 < a < N in (20);
then for any fixed r > 1

|E,. (A 1)| < Ar' for sufficient large t € N,, A > 0.
(22)

And so L,{E, (A, t)}s exists for s € C\ B_, ().
Proof. For N — 1 < a < N, we have

t+ k-1 @-1)* (¢4 @k-1)(N-1)EV

I (ko + f3) I'(kN +1) ()

Moreover, for sufficiently large t € N, we get
(t+(k-1) (N -1)*
I'(kN +1)
_(t-k-N+1)---((t+(k-1) (N -1)))
B I' (kN +1)
< (t-N+1)---(t—-N+1+KN)
I'(kN +1)
< (t-N+1)---(t-N+1+KN)
['(kN +1) ’

(24)

then,
|Eqy (A, 1)]

S (t+ (k- 1) (o - 1))*
ZA T'(ka+1)

k=0 (25)

OZ(’:/\k(t—N+1)---(t—N+1+KN—1)

< T(kN + 1)

k=0
We know that
(1-2

,1)—(t—N+l)

:1+§(t—N+1)(t—N+2)...(t_N+k)Ak

!
& k!

~ SNE-N+1)Nt-N+1)---N({t-N+k) &
—1+g1 ) A

>1

QE-N+1)(t-N+1+N)---N(t-N+1+kN)
+k; (k!

x AK.
(26)

Now, it is easy to see that |E, (A, 1) < Ar' for sufficiently
large t € N,, where A > 1 isa constant and r > [A/(A — 1),
so the function E (A, t) converges and L ,{E, ; }(A, s) exists for
s € C\ B_(r).

We will discuss the Laplace transform of the discrete
Mittag-Leffler function E ; (A, £). O



Theorem 12. Let o > 0, a = « — 1; then one gets

a—1
— S— a-1 o
L {E, (L, D)} (s) = T |/\(s+ 1) |< |s|.
(27)
Proof. When a = « — 1, we have
L {E, (A, D)} (s)
e (ko)
_ JtH (k=1 (- 1))
La-t {,;) T (ke + 1) N
R k(t+ (k=1) (- D)*
- ,;L“‘l {A T (ka + 1) }(3)'
From Lemma 7 we get
et + (k=1) (a = 1))* s+ DM
Lirar {A T (ka + 1) } )= g
(29)
by (10), we conclude that
(t+ (k- 1) (a — 1)*
Lk+zx—1 { T(k(x N 1) } (5)
~ K (t+(k-1) (@—1)*
=(s+1)"L,_, { Tkat D) }(s) (30)
k-1 (ko)
f1-1 (L + Kk (o — 1))
_;(5“) Tkat1)
For 0 <[ < k — 1 Definition 1 implies that
I+k(@-1)"  Tl+k(@-1)+1) _o. ()
F(ka+1)  T(+1-ka)T(ka+1)
So, we get
(t+(k-1)(a-1)%*
Lk+o¢—1 { T (ka+ 1) } (s)
(32)

_ _ (ko)
t+k-1)(x-1)) }(s)'

=+ D Loy { I(keo+ 1)

Recalling (28), we have

(t+(k=-1) (@—1)* (s+ ke
La-t { I (ke + 1) } R skotl - 33)

Using (33), (27) can be rewritten as
La {Ea,l (/\’ t)} (5)

0 (k)
S, 1(t+(k— D (- 1) }(S)

prars I'(ka+1)
) ooAk (s+ l)k(oc—l) (34)
- kZ: gkot1
=0
a—1

s
- Ms+1D)*Y
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When « = 1, the result is Ly{E, ; (A, £)}(s) = 1/(s — A), which
coincided with integer order.

With this in mind, let us discuss the Laplace transform of
the Mittag-Leffler function E, ,(A,t); we will use this result
in the following section. O

Theorem 13. Lettinga > 0, a = o — 1, then one has

1

L, {Ey o (A1)} (s) = m

(35)
Proof. We recall that
E, o (A1)

Rt (k=) (- 1) ¢+ k(- 1)@ (6)
B ZA I (ka + &) )

k=0

By property (iii) of the generalized falling function, we get

k ((X _ 1))(er+zx—1)

Nkt
Bea b0 = 2T g (37)
Then
L {E ., (LD} (s) = OZO:/\kL (t + K (o — 1)) ke D .
a Waa /Y k=0 o=l Ir(k+1)«a)
IR CE i
- kg()/\ Skoc+a
— (5 + 1)“*1 OOAk (S + 1)k(0¢—1)
s* =0 sk(x
I S
- (s + 1)1_“3"‘ -\
(38)
O

5. Laplace Transform Method for Solving
Fractional Difference Equation with Caputo
Fractional Difference

In this section, we first consider the following Caputo

fractional difference equations:
ALy =Ay(t+a-1), y(a)=ay teN, (39)

whereA e RRO<a<1l,anda=a - 1.

The solution of (39) is given by Atici and Eloe in [8]
using the method of successive approximation; we will give
the solution of (39) by the method of Laplace transform.

Theorem 14. Equation (39) has its solution given by
Y (t) = aOEa,l (A’ t) >

Proof. Both sides of (39) carried out Laplace transform; we
get

Lu+N—o< {Aoé:y} (5) = )‘La+N—¢x {)’ (t ta- 1)} (5) . (41)

t € N,. (40)
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Equations (6) and (9) and Theorem 9 imply that

a—1
(s+ 1)L, {y}(s) - S—flao =AL,{y}(s). (42)
(s+1)*
Then
Safl
L, {y}(s) = W%- (43)

Since Theorem 11, we have the solution of (39):
Y (t) = aOsz,l (A’ t) >

This result coincides with the result of paper [7], which
obtains the solution of (40) using the method of successive
approximation.

Next, we consider the solution of Caputo nonhomoge-
neous difference equation

Aty =Ay(t+a-1)+f (1),

t € N,. (44)

y(a) =ay t €Ny,
(45)

where f: Ny - R,0<a<l,a=«a-1.

The following standard rule for composing the Laplace
transform with the convolution is necessary for solving the
fractional initial value problems (45). O

Lemma 15 (see [6]). Let f,g : N, — R be of exponential
orderr > 0. Then

L A(f * @)} () = Lo {fH () Lo {g} (9),
(46)

for se C\ (B_; ().

Theorem 16. Let f(t) : N, — R of be exponential order r >
0; then (45) has its solution given by

t—a

y(t) = @By M)+ Y Egu (Lt=1-5)f(s).  (47)

s=0

Proof. Using Laplace transform on both sides of (45), we
obtain

La+N—zx {Aacy} (5)
(48)

= /\LmN—a {y (t+toa- 1)} (s) + Loin-a {f} (),

because 0 < o« < 1; thatis, N = 1; similar to the above
discussion, it is easy to obtain the following:

a—1

1-a o S—
(s+ D)L, {y} (s) - (111 (49)

= ALy} + L {f (6 + 1 -} ().
Then we obtain

Sa—l

——q,
s —A(s+1)*! 0
1
+ 1-«
(s+1) %s*=A

L,{y}(s) =
(50)

Lu{f(t+1_(x)}(s)~

Carrying out Laplace inverse transform of both sides of (45),
according to (10), (28), (33), and (35), we have

y (t) = aOEoc,l ()‘) t)

t—1 51
+ZE“)“(A,t—l—r+a)f(r+l—oc). Y

Lettings =r —a =r — «a + 1, formula (45) yields

y(t) = agE,, (A, 1) + EE‘M At—=1-3)f(s), (52)

s=0

which is the expression of the Caputo nonhomogeneous
difference equation (45).

In our future research work, we will consider the solution
of fractional difference equations (39) and (45) in general
situation: N -1 <a < N, N > 1. L]
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