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We investigate further the invariance properties of the bounded linear operator product AC"” BY D and its range with respect to the
choice of the generalized inverses X and Y of bounded linear operators. Also, we discuss the range inclusion invariance properties

of the operator product involving generalized inverses.

1. Introduction

Throughout this paper, by “an operator” we mean “a bounded
linear operator over Hilbert spaces” Let the symbol Z(%, %)
denote the set of all bounded linear operators from Hilbert
space # to Hilbert space #. In particular, L(#) =
LK, H). For A € L(H,FK), the symbols A", Z(A), and

W (A), respectively, denote its adjoint, range, and nullspace.
Recall that an operator X € ZL(XF,Z) is called the
Moore-Penrose inverse of A € L(H, K) if X satisfies the
following operator equations:
(1) AXA=4; (2) XAX=X;

)
(3) (AX)" = AX;

(4) (XA)" = XA.
If such an operator exists, then it is unique and is denoted
by A" (see, e.g., [1-4] for details). It is well known that the
Moore-Penrose inverse A" exists if and only if Z(A) is closed.
Leti € {1,2,3,4}. If X satisfies the equation (i), then X is an
{i}-inverse of A and is written as X = A®. The set of all {i}-
inverses of A is denoted by A{i}. Obviously it is well defined
that Ali, j} < A{i} 0 Alj}, i, € {1,2,3,4} and write X®7
when X € Afj, j}.

In 1971, Rao and Mitra [2] first discussed the invariance
property of a matrix product ABYC with respect to any
choice of BY and presented the necessary and sufficient

conditions for such a matrix product to be invariant without
respect to the choice of B". From then on, the invariance
property has attracted more and more researchers to inves-
tigate it and showed its importance in theoretic research of
many aspects, such as range invariance (see [5]), rank invari-
ance (see [6]), invariance of the eigenvalues, singular values,
and norms of matrix products (see [7]). The representational
results, for example, have necessary and suflicient conditions
for the invariance properties of R(ABYC) (see [5]) and of
rank (ABVC) (see [6]).

Recently in [8], the authors discussed the invariance of
expressions of the matrix product KL MYN. In [9], using
the method of extremal ranks, the authors study the range
inclusion invariance of the triple matrix product involving
generalized inverses. And in [10], exploiting the matrix form
of a bounded linear operator, the authors researched the
invariance properties of the bounded linear operator product
T, XT; with respect to the choice of the generalized inverse X
of a bounded linear operator.

In this paper, we investigate further the invariance prop-
erties of the bounded linear operator product ACY BV D and
its range with respect to the choice of the generalized inverses
X and Y of bounded linear operators. Also, we discuss the
range inclusion invariance properties of the operator product
involving generalized inverses. The paper is organized as fol-
lows. In Section 2, we introduce some lemmas. In Section 3,
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we present the equivalent conditions of the operator product
ACYBYD being invariant without respect to the choice of

B and C, which involve some inclusive relations among
ranges of operators mentioned, the reverse order law for the
{1}-inverses of B and C, and ACHP B2 p being invariant
without respect to the choice of B*? and C"?. And we also
establish the relationship between invariance properties of
ACYBYD and its range under some condition. In Section 4,
we deduce the range inclusion invariance properties of the
operator product involving {1}-inverses, {1, 2}-inverses, and
the some inclusive relations among ranges of operators
mentioned.

2. Lemmas

In the section, we will introduce several lemmas as follows.
The following lemma, with respect to generalized inverses of
an operator, is similar to [1, Corollaries 2.1, 2.3, and 2.4], [2,
Page 28], and [9, (3.3)] for a matrix.

Lemmal. Let A € L (H, K).
(i) If A% € A{1}, then

Al ={AY +w - AV AawaA" W e 2 (%, 7)}
={aV+ (1-4aVA)W,

+ W, (1-AAV): W, e (X, ), i=1,2}.
2)

(ii) Consider
A{1,2} = {X,AX,, X; € A{l}, i=1,2}
={[AT+(1-ATA) W, | A[A" + W, (1 - AAT)]

W, e Z(H, ), i=1,2}.
(3)

(iii) If A e A{1,3}, then A{1,3} = {A" 4+ (I -
AW W e Z(H, )}

(iv) If AM € A{1,4), then A{1,4} = {A"Y + W(I -
AAYY W e L(H, X))

Lemma 2 (see [11, Lemmas 1.1 and 1.2]). Let A € L(H, K)
have a closed range. Let | and 7, be closed and mutually
orthogonal subspaces of , such that # = %, ® ¥ ,. Let
and F, be closed and mutually orthogonal subspaces of K,
such that # = K&K ,. Then the operator A has the following
matrix representations with respect to the orthogonal sums of
subspaces #H = H 0K, = R(A") o N (A) and K = R(A)@®
N(A")=F, 0 K,

(i) Consider

(B (E)- ()
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where D = A A7 + A, A’ is invertible on Z(A). Also,

+ (AD o)

A _(A’;D‘l 0/) ®)
(ii) Consider
_ (A 0), (2(47) H,

a=(a0): (W)~ (7)  ©
where E = ATA| + A} A, is invertible on Z(A"). Also,

+ _(EAT ET'A}
A -< 0 0 . (7)

In particular,
(A, 0\ [(R(A") R (A)
a=(5 o) (5%) —(F@) @
where A is invertible. Moreover,
_ (AT 0\ [ (A R(A")
A= (o) () — (W) o

The next lemma, with respect to generalized inverses of
an operator, is similar to [8, Lemma 3] for matrices.

Lemma3. Let A € L(F, K ) and B € L (I ,.F) have closed
ranges. Then AWB = 0 for every W € ZL(7, F) if and only if
A=0o0rB=0.

Proof. If either A or B is zero, then AWB = 0 for every W €
Z(F, 7).

Assume A,B#0. Then, by Lemma 2, A and B can be
represented, respectively, as the following matrix forms:

A= (0 0)- (W) = (7).

B (B 0): (20— (20
0 0) \ #/(B) N (BY))’
where A, and B, are invertible in L(R(A"), Z(A))

and Z(R(B*), #(B)), respectively. Then take 0#W,;, €
FL(R(B), B(A")) because Z(B), Z(A*) # 0 and define

_(Wu 0} (2B Z(AY)
w=("5 o): (M) — (3) o
Thus if AWB = 0, then A;;W;;B;; = 0 and therefore W;; =

0 because of the invertibility of A, and B;;. This leads to a
contradiction. Hence AWB # 0 and then the result holds. [

Lemma 4. Let A € L(H,K) have a closed range, B €
L(H, F). Then

R(B)c #(A") iff BA'A=B. (12)

Proof. “=” Since Z(A) is closed, A" exists and then Z(B*) ¢

R(A*) = B(ATA). Thus, there exists an X € Z(J, H) such
that B* = ATAX. Hence B= X*ATAATA = BATA.

“<” Since B* = (BATA)* = A*(BA")*, #(B*) ¢ Z#(A*).

O
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3. Invariance Properties of Operator Product

In the section, we first present the main result of invariance
properties.

Theorem 5. Let nonzero operators A € L(J,#), B €
L(EK), C € L(FF), and D € L(H,K) have closed
ranges. Then the first three statements below are equivalent.
Moreover, suppose that AC'B'D has closed range. Then the
following statements are equivalent:

(i) ACYBYD does not depend on the choice of C'")
C{1} and BV € B{1};

(i) R(A*) < R(BO)"), #(B) < R(C), R(D)
R (BC);

(iii) ABC)VY'D does not depend on the choice of(BC)(l) €
(BC){1} and CVBYW € (BC){1} for every CV e C{1}
and BY € B{1};

(iv) Z(AC B D) does not depend on the choice of C'V) €
C{1} and BY € B{1}.

m

N

Proof. (i)=(ii): Since ACYBYD does not depend on the
choice of CV € C{1} and BY € B{1}, we have

ACYBYD = AC'B'D. (13)

Take BY = B" + U(I - BB) and CV = C" + (1 - CTCO)V,
and put them into (13). Then A[CT+(I-C'C)V][BT+UUI -
BB")]D = AC'B'D; namely,

AC'U (1 - BBT) D+A (I - C*c) VB'D

(14)
+A(I-C'Cc)vu(1-BB")D =0.
By the arbitrariness of V and U,
AC'U (1 - BBT) D=0, A (1 - c*c) VB'D =0,
(15)
A(1-c'c)vu(1-BB")D=0.
By Lemma 3,
AC' =0 or (I—BB*)D =0,
A(I-c'C)=0 or B'D=0, (16)

A(I—CTC)=0 or (I—BBT)D=0.

So if (I - BB")D#0, then AC" = 0 and A(I - C'C) = 0.
Thus A = 0, which contradicts A # 0. Similarly, A(I-C'C)#0
implies D = 0, which also leads to a contradiction. Hence
A(1-c'c)=o, (1-BB")D =0. (17)
Next take BY = BY + (I - B'B)lU andC? = C" + V(I -
CC"), and put them into (13). Then A[CT+Vv(I -cch[B" +
(I - B'B)UID = AC"B'D; namely,

AC'(1-B'B)UD+ AV (I-CC")B'D
(18)
+AV (I-cC")(1-B'B)UD = 0.

3
By the arbitrariness of V and U and Lemma 3,
AC'(1-B'B)=0, (I-cC")B'D=0,
(19)
(r-cc")(1-B'B) =o.
By the above equation and (17),
A=AC'C=AC'B'BC, D =BB'D=BCC'B'D,
(1-B'B)=cC'"(1-B'B).
(20)

Namely, Z(A*) ¢ Z((BC)"), #(D) < R(BC), #/(B) <
R(C).

(ii)=(iii): The inclusion /' (B) € Z(C) imTplies I-B'B=
CC'(I — B'B) and then I — B'B = (I - B'B)CC' by the
definition of the Moore-Penrose inverse. So the two equations
lead to CC'B'B = B'BCC' and therefore BCC'(I - B'B) = 0
and (I - CC")B'BC = 0. Consequently, for every C) € C{1}
and BY € B{1},

BCcCBWBC = BC[C" + (I-C'C)V, +V, (I -CC")]
x [B"+(1-B'B)U, +U, (I-BB")| BC
= [BCC" + BCv, (1 - cCM)]
x [B'BC + (I - B'B)U,BC]

= BCC'B'BC = BC.
(21)

That is, C' B € (BC){1}.

Note that Z(A*) ¢ R((BC)*) and R(D) < R(BC)
imply A = XBC and D = BCY for certain operators X, Y,
respectively. Then, by Lemma 1,

ABC)WD = XBC

x[C'B"+ (1-C'B'BC)U
(22)
+V (I-BCC'B")| BCY

= XBCC'B'BCY = AC'B'D.

That is, A(BC)(I)D does not depend on the choice of(BC)(l) €
(BO){1}.

(iii)=(): It is obvious.

Now we consider the situation under AC'B'D having
closed range. It is evident that (i)= (iv). We will show that
(iv)=(ii).

Obviously, #(ACVBYD) R(ACTB'D) holds for
every CV e C{1} and B € B{1}. Then ACBYD has
closed range and therefore

(AC'B'D) (AC'B'D)" = (acBYD) (acVBYD)'.
(23)



Putting CY) = C"+(I-C"C)V and B = BT +U(I - BB")
into (23) yields

(AC'B'D) (AC"B'D)'
(24)
— (AC'B'D+4,) (AC'B'D +4,),
where
Ay =AC'U(I-BB")D+A(I-C'C)VB'D
(25)

+A(1-C'C)vu(1-BB")D.

Putting C" = C" + V(I - €C") and B = B" + (I - B'B)U
into (23) yields

(AC'B'D) (AC"B'D)'
(26)
- (AC'B'D+4,) (AC'B'D +4,)",
where
A, =AC'(I-B'B)UD + AV (I-CC")B'D
(27)

+ AV (1 - cc*) (1 - B*B) UD.

By the arbitrariness of V and U, (24) and (26) lead to A; =
0, i = 1,2. From these, as the argument in (i)=(ii) above, we
can reach (ii). O

Note that AC'B'D = 0 ifand only if Z(B'D) ¢ #(ACH).
Thus, we have the following corollary.

Corollary 6. Let nonzero operators A € L (I, %), B €
LK), C € L(F, ), and D € L(H, K) have closed
ranges. Then the following statements are equivalent:

(i) ACYBYD =0 holds for every cW ¢ C{1} and BWY ¢
B{1};
(i) R(A") < R((BC)"), #/(B) < R(C), Z(D) <
R(BC), ®(B'D) ¢ #(AC");
(iii) A(BC)(UD = 0 holds for every (BC)(I) € (BC){1} and
cWBW ¢ (BC){1} for every cW ¢ C{1} and BY ¢
B{1}.

Corollary 7 (see [10, Theorem 2.1]). Let nonzero operators
A e LIH)B ¢ LH K), and C € L (I, K) have
closed ranges. Then the following statements are equivalent:

(i) the operator product ABY'C does not depend on the
choice ofB(l) € B{1};
(ii) R(A") € R(B*), R(C) < R(B).

When A = BC = D in Theorem 5, we have the next result.

Corollary 8. Let nonzero operators B € L(F,K), and C €
ZL(F, F) have closed ranges. Then the following statements are
equivalent:
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(i) BCCWBWBC does not depend on the choice of C'V) €
C{1} and BV e B{1};
(i) #(B) < Z(C);

(iii) CVBY € (BC){1} for every cW e c{1} and BY «
B{1}.

Next we will research the situation with respect to {1, 2}-
inverses.

Theorem 9. Let nonzero operators A € L (I, %), B €
L(FK), C e LI, F)and D € L(H,K) have closed
ranges. Then the first three statements below are equivalent.
Moreover, suppose that AC'B'D has closed range. Then the
following statements are equivalent:

(i) AC"?BM D does not depend on the choice of "2 €
C{1,2} and B € B{1,2};

(i) R(A*) < R((BC)"), #(B) < R(C), RD) <
R(BC);

(i) A(BC)(I’Z)D does not depend on the choice of
(BC)™ € (BC){1,2} and CMPBM? ¢ (BC){1} for
every C"? e C{1,2} and B ¢ B{1,2};

(iv) Z(AC?BY2 D) does not depend on the choice of
c? ¢ C{1,2} and B? € B{1,2}.

Proof. (ii)=(i): Z(A") ¢ R((BC)") and #(D) < R(BC)
imply A = W, BC for some W, and D = BCW, for some W,,
respectively. By Lemma 1, C? = X,CX, and B"*? = Y, BY,
where X; € C{1}, Y; € B{1}, i = 1,2. So, by Theorem 5,

ACT D W, BCX,CX,Y; BY,BCW,
= W,BCX,Y,BCW, (28)
= AX,Y,D = AC'B'D

and then (i) is true.
(i)=(ii): Since AC*?BM?D does not depend on the
choice of C? € C{1,2} and B*? € B{1,2}, we have

ACTPBYPp = ACTB'D. (29)

First of all, we will show AC"#0 by contradiction. For
this, assume AC™ = 0. Take C? = [CT+(I-CTC)V,]C[CT +
V,(I-CC")]. Then putting AC"™? = AV,C[C" +V,(I-CC")]
and B = B'B[B' + U,(I - BB")] into (29) leads to

Av,c[C"+V,(1-cC")|B'B[B"+U, (I-BB")| D =0.
(30)

Namely,
0= AV,CC'B'D + AV,CV, (I-CC") B'D
+AV,CC"B'BU, (I - BB") D (31)

+AV,CV, (I-CC")B'BU, (I - BB") D.
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By the arbitrariness of V}, V,, and U,, the condition that A# 0
and C #0, and Lemma 3,

CC'B'D =0,
(32)
(1-cc")B'D =0,
CC'B'B=0 or (I-BB")D=0,
(33)

(I—CC*)B*B =0 or (I—BB*)D =0.

By (32), B'D = 0 and then (I — BB")D # 0 since D #0. Thus,
by (33), B'B = 0 and then B = 0, which contradicts B+0.
Hence AC" #0.

Now take B*? = [B + (I - B'B)U,]B[B' + U, (I - BB")]
and C"? = C', and put them into (29). Then

AC'B'BU, (I - BB") D + AC" (I - B'B)U,BB'D

+AC" (I1-B'B)U,BU, (I - BB") D = 0. o
By the arbitrariness of U, and U, and Lemma 3,
AC'B'B=0 or (I-BB")D=0,
AC'(I-B'B)=0 or BB'D=0, (35)

AC'(1-B'B)=0 or (I-BB")D=0.

Soif (I-BB")D#0, then AC'B'B = 0and AC"(I-B'B) = 0.
Thus AC" = 0, which contradicts ACT # 0. Similarly, ACT(I -

B'B) #0 implies D = 0, which also leads to a contradiction.
Hence
AC'(I-B'B) =0, (1-BB")D=0.  (36)

Next take B"? = BT and " = [CT+(I-CTC)V,]C[CT+
V,(I — CC")], and put them into (29). Then

AC'cv, (1-cC")B'D+ A(1-C'C)v,CcC'B'D

+A(1-c'c)v,ev, (1-cct)B'D =o. o
By the arbitrariness of V; and V, and Lemma 3,
AC'C=0 or (I-CC")B'D=0,
A(I-C'C)=0 or CC'B'D=0, (38)

A(I—c*c) =0 or (1—CC*)B*D= 0.

Soif (I - CCHB'D #0, then AC'C = 0 and A(I - C'C) = 0.
Thus A = 0, which contradicts A # 0. Similarly, A(I-C'C)#0
implies B'D = 0. But, by (36), B D # 0 since D # 0, which also
leads to a contradiction. Hence

(r-cc")B'D=0, A(I-c'Cc)=0. (39

Consequently, by (36) and (39),

D =BB'D = BCC'B'D.
(40)

A= Ac'c = AC'B'BC,

Namely, Z(A™) € Z((BC)") and Z(D) < Z(BC).
Take B = [B' + (I- B'B)UIBB" and C"? = C'C[CT +
V(I - CC")], and put them into (29). Then, by (36) and (39),

AC'cv (1-cc')(1-B'B)UBB'D = 0. (41)

Since ACTC = A#0and BB'D = D#0, then (I - CC")(I -
B'B) = 0; by the arbitrariness of U and V and Lemma 3, we
have /(B) € Z(C).

(ii)=(iii): By Theorem 5, Statement (iii) is obvious.

(iii)=(ii): When replacing C and B in Statement (i) by BC
and I, respectively, we immediately get Z(A*) ¢ Z((BC)")
and Z(D) ¢ R(BC) in view of the equivalence between (i)
and (iii).

Now we will show #(B) < Z(C). Since C*?B1? ¢
(BC){1}, for any C"? ¢ C{1,2} and B™? € B{1,2}, by
Lemmal,

BccVBWBc = BccWccW BV BBV BC
(42)
= Bcc"P B BC = BC.

Using Corollary 8, we have 4/ (B) < Z(C).

The remainder is to discuss the situation under AC'B'D
having closed range. It is clear that (i)=(iv). Following the
process of the proof of (iv)=(ii) in Theorem 5, we can also
turn out (iv)=(ii) by the argument in the proof of (i)=(ii).

O

Remark 10. Obviously Theorems 5 and 9 are equivalent. If
either B and C is zero, then it must be false that ACYBYD
does not depend on the choice of c e c{1} and BY «
B{1} except for A = 0 or D = 0. But it is always true

that AC"?B"? D does not depend on the choice of C"? ¢
C{1,2} and B"? € B{1, 2} because 0 is the only {1, 2}-inverse
of 0.

Finally we will investigate the situations with respect to
{1, 3}-inverses and {1, 4}-inverses.

Theorem 11. Let nonzero operators A € L(F,#), B €
L(FK), C € L(F,F), and D € L(H,K) have closed
ranges. Then the first two statements below are equivalent.
Suppose that AC'B'D has closed range. Then the following
statements are equivalent:

(i) ACYY B D does not depend on the choice of '™ €
C{1,3} and B € B{1,3};
(i) B(A*) < R(C*) and R(ACN)*) < R(B*), or
R(D) € N (B*) and N/ (B) = 0;
(iii) Z(AC B D) does not depend on the choice of
¢ e C{1,3} and B € B{1,3}.



Proof. (i)=(ii): Clearly, AC"YB"D = ACTB'D. Putting
¢t = ¢+ (1-C'C)V and B*? = B" + (I - B'B)U into
this equation leads to
A(I-C'C)VB'D + AC' (1- B'B)UD
(43)
+A(I-C'C)V(I-B'B)UD =0
for any U and V. Then
A(I-C'C)=0 or B'D=0, AC'(I-B'B)=0,

A(I—C*C) =0 or I-B'B=0.
(44)

Thus AC" = AC'B'Band A = AC'C, or B'D = 0 and B'B =
I. Hence (ii) is true.

(ii)=(i): By Lemma 4, Statement (ii) implies AC'B'B =
AC" and AC'C = A, or B*D = 0. So B'D = 0. Since //(B) =
0and B(I - B'B) = 0, B'B = I. Now, by Lemma 1,

ACBMD
=A(C"+(1-C'C)V)(B"+(I-B'B)U)D (45)
= AC"(B" +(I-B'B)U) D = AC'B'D.

That is, Statement (i) is true.
Now consider the situation under AC"B' D having closed
range. Apparently, (i) implies (iii). We will show (iii) = (ii).
Obviously, %(AC(M)B(M)D) = R(AC'B'D) holds for
every C" e C{1,3} and B ¢ B{1, 3}. Then AC"* B D
has closed range and therefore

(ACTBTD) (ACTBTD)T :(AC“’3)B“’3)D) (AC(1’3)B(1’3)D)T,

(46)

Similar to the argument above, putting ¥ = C' + (I -
C'C)V and B*® = B' + (I- B'B)U, the above equation leads
to
A(I-C'C)VB'D + AC' (1- B'B)UD
(47)
+A(I-C'C)V(I-B'B)UD=0

and then (ii) can be reached. O

Corollary 12. Let nonzero operators A € L (I, %), B €
L(EK), C € L(FF), and D € L(H,K) have closed
ranges. Then ACBYD = 0 holds for every C* ¢
C{1,3} and B ¢ B{1,3} if and only if R(A*) < R(C"),
R(ACH*) € R(B*), and R(B'D) ¢ N (AC"), or (D) ¢
N (B*) and /' (B) = 0.

Corollary 13 (see [10, Theorem 3.1]). Let nonzero operators
A e LSFH),B e LHK), and C € L(IH,K) have
closed ranges. Then the following statements are equivalent:

(i) the operator product AB™C does not depend on the
choice ofB(1’3) € B{1,3};
(i) R(A") € R(BY).
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Note that X € A{1,3} if and only if X* € A*{1,4}.
Thus we have the next theorem by Theorem 11 and then the
following corollaries.

Theorem 14. Let nonzero operators A € L(F,7), B €
L(FK), C € L(F,F), and D € L(H,K) have closed
ranges. Then the first two statements below are equivalent.
Suppose that AC'B'D has closed range. Then the following
statements are equivalent:

(i) ACMY B D does not depend on the choice of ™ €
C{1,4} and B"Y € B{1,4};

(ii) B(D) < R(B) and #(B'D) < R(C), or R(C*) ¢
N(A) and /' (C*) = 0;

(iii) Z2(ACMY B D) does not depend on the choice of
Cc™ e C{1,4} and B™Y € B{1,4}.

Corollary 15. Let nonzero operators A € L(J,7), B €
L(FEK), C € L(F,F) and D € L(H,K) have closed
ranges. Then AC™ B D = 0 holds for every C™* ¢ C{1, 4}
and B™ € B{1,4} if and only if #(D) < R(B), Z#(B'D) ¢
R(C), and R(B'D) < WN(AC"), or R(C*) < N(A) and
WN(C*) =0.

Corollary 16 (see [10, Theorem 3.4]). Let nonzero operators
A e LI H),B ¢ LH K), and C € L(IH, K ) have
closed ranges. Then the following statements are equivalent:

(i) the operator product AB*C does not depend on the
choice ofB(1’4) € B{1,4};

(ii) R(C) < R(B).

4. Range Inclusion Invariance Properties of
Operator Product

In the section, we will discuss the range inclusion invariance
properties of the operator product involving generalized
inverses. The following theorem is concerning the equivalent
conditions of the topic.

Theorem 17. Let nonzero operators A € ZL(F,K), B €

L(F, ), C e L(H,T), and D € L(M,FK) have closed
ranges. Then the following statements are equivalent:

(i) Z(ABVC) € R(D) holds for every BY € B{1};
(ii) Z(ABMPC) € (D) holds for every B* ¢ B{1,2};

(iii) Z(A) € R(D); or Z(C) < X(B), Z(AB'C) ¢ %(D)
and (A - B'B)) ¢ %(D).

Proof. (i)=(ii): It is obvious.
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(ii)=(iii): By Lemma 2, we have the following matrix

form:
A= () (50) — (7))

p=(% 0):(5) — ().
o= (e o) (36) = (76h)
o= (53 o)+ (%)) — ()

)= (i
B = (Béll 3) : </%((BB*))> - ( & (B) )

+ _(F'D}, F'D;\ ( #(A) R (D*)
D‘( 0 o ) \w@an) "\ )
(48)
where B;; and F = DjD,; + D; D, are invertible

in Z(%(B*), %(B)) and Z(%(D")), respectively. So, by
Lemmal,

B" = [B"+(1-B'B) X| B[B" +Y (I - BB")]
(5 T )
XZI XZlBHYlZ '
where X = (Xij), Y = (Yij), i,j=1,2.

The inclusion Z(AB?C) ¢ X (D) is equivalent to (I —
DD"YABYYC = 0; that is,

(I - D11F_1DT1)A113I11C11 + (I - D11F_1DT1)A11Y12C21
+ (I - D11F71D>1k1) ApXuCn
+ (I - D11F_1DT1) A Xy B Y,Gh =0,
Dle_lDrlAuBl_llcll + D21F_1DIF1A11Y12C21
+ D21P_1DT1A12X21C11

—1 *
+ DZIF DIIAIZXZIBIIYIZCZI =0.
(50)

Thus, from the two equations above and the arbitrariness of

X and Y,],

(I - D11F_1Dr1)A12X21C11 =0, (51)
—1 %
(I -DyF D11)A11Y12C21 =0,
(52)
—1 ~*
(I -Dy,F Du)A12X21BnY12C21 =0,
D21F_1DT1A12X21C11 =0, (53)
—1 ~*
Dy F DALY ;G =0,
(54)

—1 ~*
DZlF D11A12X21311Y12C21 =0.

If C,; #0, then, by (52) and (54),

—1 % —1 %
(I-D,F'D}|)Ay;=0,  DyF'DjA; =0, 5

j=12.

Namely, (I - DDMA = (
Thus Z(A) € R(D).

IfC,, = 0, then (I - BB")C = 0.and C,, # 0. Therefore the
former implies Z(C) € % (B) and the latter, by (51) and (53),
implies

(I-Dy,F'D}))Ay, (I—DuF‘lDIJAn) -0
7D21F71DT1A11 7D21F71DTIA12 ’

(I-D,F'D}|)A;, =0, D, F'DjjA;,; =0. (56)

Namely, (I - DD")A(I - B'B) = 0, and %(A(I - B'B)) ¢
R (D).

It is clear that Z(AB'C) ¢ (D). As a result, we reach
(iii).

(iii)=(i): If Z(A) € R(D), then Z(ABVC) ¢ R(A) ¢
R(D). Since Z(C) < AR(B), I - BB)C = 0. Since
R(AB'C) € #(D)and Z(A(I-B'B)) ¢ %(D), AB'C = DX
for some X and A(I — B'B) = DY for some Y. Then

ABVC=A(B"+(1-B'B)U+V (I-BB"))C
= AB'C+A(I-B'B)UC + AV (I-BB")C (57)
= D(X +YUC)
and therefore Z(ABC) ¢ %(D). O

Remark 18. When A, B, C, and D are matrices,
R(A'D*)c #(B") < D**A(I-B'B)=0
— % (A(I-B'B)) c./(D™)
= (DY) = % (D),
(58)

where symbol K* denotes any matrix with m rows such that
R(K™) coincides with the orthogonal complement of % (K)
for K € C™" (see [9] for details). So by the argument in
[9, page 97], Theorem 17(iii) is equipollent to [9, Theorem
2(ii)(c)] for matrices when C # 0.

In the following theorem, we state the range inclusion
invariance involving {1, 3}-inverse and {1, 4}-inverse.

Theorem 19. Let nonzero operators A € ZL(7,#), B €
L(F, ), C e LH,F), and D € L(M,FK) have closed
ranges. Then the following statements are equivalent:

(i) Z(AB"C) ¢ R(D) holds for every B € B{1,3};
(ii) Z(AB'C) ¢ R(D), %(A(I - B'B)) < %#(D).

Proof. (i)=(ii): By Lemmas 1 and 2, we get

Bl ©
B“’”:BH(I—BTB)X:( 11 )
X21 X22 (59)

where X = (Xij), i=1,2.



We know that Z(AB"YC) ¢ %(D) is equivalent to (I —
DD")AB"C = 0; namely,

—1 % -1
(I -DyF Du) [AuBuCu + ApXyCh + A12X22021]
= 0,

D21F_1Df1 [AllBl_llcll + ApXy G+ A12X22C21] =0.
(60)

Thus, from the two equations and the arbitrariness of X,

—1 %
(I_DIIF D11)A12X21C11 =0,
(61)
—1 %
D, F D11A12X21C11 =0,

—1
(I -DyF Du) A XG5 =0,
(62)
—1 %
Dy F "Dy A X5Ch = 0.

If C,; #0, then, by (62),

(I-DyF'Df;)A;, =0, D, F'DjjA,=0. (63)
If C,; = 0, then C;; #0 and therefore, by (61), we also get
(63). Hence, from (63), (I — DD")A(I - B'B) = 0; namely,
R(A(I - B'B)) ¢ #(D).

It is clear that Z(AB'C) < %(D). Consequently, (ii) is
reached.

(ii)=(i): Since Z#(AB'C) < %(D) and Z(A(I - B'B)) ¢
% (D), AB'C = DX for some X and A(I - B'B) = DY for
some Y. Then

AB"C = A(B"+(1-B'B)U)C
(64)
= AB'C+A(I - B'B)UC = D(X + YUC)

and therefore Z(AB"YC) ¢ (D). O

Concerning {1, 4}-inverses, we have the following result.

Theorem 20. Let nonzero operators A € ZL(f,K), B €
L(F, ), C e L(H,F)and D € L(M,K) have closed
ranges. Then the following statements are equivalent:

(i) Z(ABMYC) ¢ R(D) holds for every B € B{1,4};

(ii) Z(A) € R(D), or B(C) < R(B) and R(AB'C) ¢
R (D).

Proof. (i)=(ii): By Lemmas 1 and 2,

-1
B =B"+X(I-BB") = (BH X”),
0 Xy (65)

where X = (X,-j), i=1,2.
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The condition Z(AB*YC) ¢ (D) is equivalent to (I —
DD AB™C = 0; namely,

—1 ~* -1
(I_DllF Du) [AnBuCu + A X1,Co +A12X22C21]
= O’
—1 % —1
Dy F "Dy, [A11311C11 + A X G+ A12X22C21] = 0.
(66)

Thus, from the two equations and the arbitrariness of X,
(I - D11F71Dr1) Ay X;pCy =0,
D21F71DTIA1,~X,»2C21 =0, (67)
i=1,2.
If C,; #0, then, by the four equations above,
(I-Dy,F'D}) Ay =0,
D, F'D},A,; =0, (68)
i=1,2.

Hence (I - DD")A = 0; namely, Z(A) € Z(D).

If C,, = 0, then (I - BB")C = 0 and %(C) < %(B).

It is clear that Z(AB'C) ¢ % (D). Consequently, (ii) is
reached.

(ii)=(i): Since Z(AB'C) < %(D) and Z(C) < R(B),
AB'C = DX for some X and C = BY for some Y. Then

AB"C=A(B"+U(1-BB"))C
(69)
= AB'C+ AU (I-BB")C = DX

and therefore Z(ABYC) ¢ #(D).
If #(A) € R(D), then clearly Z(AB"YC) ¢ (D). O
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