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We consider the linear programming problem with uncertainty set described by (p,w)-norm. We suggest that the robust
counterpart of this problem is equivalent to a computationally convex optimization problem. We provide probabilistic guarantees
on the feasibility of an optimal robust solution when the uncertain coefficients obey independent and identically distributed normal

distributions.

1. Introduction

Robust optimization is a rapidly developing methodology to
address the optimization problems under uncertainty. Com-
pared with sensitivity analysis and stochastic programming,
the robust optimization approach can handle cases where
fluctuations of the data may be large and can guarantee
satisfaction of hard constraints which are required in some
practical settings. The advantage of the robust optimization
is that it could prevent the optimal solution against any
realization of the uncertainty in a given bounded uncertainty
set. The robust linear optimization problem where the data
are uncertain was first introduced by Soyster [1]. The basic
idea is to assume that the vector of uncertain data can be
any point (scenario) in the uncertainty set, to find a solution
that satisfies all the constraints for any possible scenario from
the uncertainty set, and to optimize the worst-case value of
the objective function. Ben-Tal and Nemirovski [2, 3] and
El Ghaoui et al. [4, 5] addressed the overconservatism of
robust solutions by allowing the uncertainty sets for the data
to be ellipsoids and proposed some efficient algorithms to
solve convex optimization problems under data uncertainty.
Bertsimas et al. [6, 7] proposed a different approach to
control the level of conservatism on the solution that has the
advantage that leads to a linear optimization model. For more
about the robust optimization, we refer to [8-15].
Consider the following linear programming problem:

T
max ¢ X

st. Ax<b,
x € P*,
€]
where x € R™, A € R™" is a uncertain matrix which

belongs to an uncertainty set U, ¢ € R™', and P* is a given
set. The robust counterpart of problem (1) is

T
max ¢ x
st. Ax <b,
(2)
x € P¥,
AeU.

An optimal solution x* is said to be a robust solution if
and only if it satisfies all the constraints for any A € U.

In this paper, we consider the linear optimization problem
(1) with uncertainty set described by (p,w)-norm for the
reason not only to make up the disadvantages of the uncertain
parameters of all possible values that will give the same
weight, but also to consider the robust cost of the robust
optimization model which is mentioned in [6]. We suggest
the robust counterpart of problem (1) that is a compu-
tationally convex optimization problem. We also provide
probabilistic guarantees on the feasibility of an optimal robust
solution when the uncertain coefficients obey independent
and identically distributed normal distributions.
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Here is the structure of this paper. In Section 2, we
introduce the (p, w)-norm and its dual norm and give the
comparison with the Euclidean norm. In Section 3, we show
that the linear optimization problem (1) with uncertainty set
described by (p, w)-norm is equivalent to a convex program-
ming. In Section 4, we provide probabilistic guarantees on the
feasibility of an optimal robust solution when the uncertainty
set U is described by the (p, w)-norm.

2. The (p,w)-Norm

In this section, we introduce the (p, w)-norm and its dual
norm. Furthermore, we show worst-case bounds on the
proximity of the (p, w)-norm as opposed to the Euclidean
norm considered in Ben-Tal and Nemirovski [2, 10] and El
Ghaoui et al. [4, 5].

2.1. The (p,w)-Norm and Its Dual. We consider the ith
constraint of the problem (1), a/x < b. We denote by J; the
set of coeﬁﬁaents a;j>and G, j € J; takes values in the interval
[a;; — G;j» a;; + ;] according to a symmetric distribution with
mean equal to the nominal value a;;. For every i, we introduce
a parameter p;, which takes values in the interval [0, |J;]]. It is
unlike the case that all of the a;;, j € J; will change, which is
proposed by [1]. Our goal is to protect the cases that are up to
[ p;1 of these coeflicients which are allowed to change and take
the worst-case values at the same time. Next, we introduce the
following definition of (p, w)-norm.

Definition 1. For a given nonzero vector, w € R" with w; > 0,

j=1,...,n, we define the (p, w)-norm as
L, = max w;|yil ts 3)
o = a1 20
with y € R".

Remark 2. Obviously, | y| pw IS indeed a norm, since

1) ||y||Pw > 0, and ||y|| = 0ifand only if y = 0, since

w is not a zero matrlc, with w; > 0,j=1,...,m
(2)
o = max w. lav.
ol = o max A Z o)
(4)
= |“| max w X — |a| :
{siscrisi<[ p]} ]% i |y]| 71,
(3)
Ix+ 51,
Z wj 'xj + yj|

= max
{siscrisi<[p1} | jes
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) (IS8 1) ;Swf i

+ max ZLUJ .XJ|

{siscrisis[p1} | jes

< ”x”p,w + "y"p,w'

(5)
Remark 3. (1) Supposed that
Dnzpyz-2y,20
(11) wl :w2: :wLPJ :l,LU[p] =p—[pJ,wiSw“ﬂ,
[pl<i<m

then the (p,w)-norm degenerates into D-norm studied by
Bertsimas and Sim [6]; that is,

Ivl, = Y il +e-1eD Iyl - ©

{sutlscy, |S|<[pj teN\s} | s

@) Ifw = (1,...,1)7 and p = n, then (p,w)-norm
degenerates into L', and we can get IIyIIP)w = yll,,, = Z?zl Vi
i=1,...,n

B)Ifw = (1,...,1)T and p = 1, then (p,w)-norm

degenerates into L™, and we have || y| o
i=1,...,n
Next we derive the dual norm.

=yl = max|yl,

Proposition 4. The dual norm of the (p, w)-norm is

Isl,, = max {H Is/wlll}, ?)

T .
,w,) ,wj>0,]: 1,...,n

withw = (W, w,, ...

Proof. The norm | y| paw 19 equivalent to

n
"y"p,w = maxz;”jwj 'y]|
i=

I/\

(8)

n
S.t. Z

O<y; <1,

w; >0, j=1,...,n

According to linear programming strong duality, we have

min [p]r+2tj
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st r+t; ij'yj|,

r>0,

w; >0, j=1...,n
)

Then, [|yll,,,, < 1ifand only if

n
[plr+Y <1, ret 2wy,
j=1 (10)

r>0, t;>0,

f wj>0,

j=1...,mn

is feasible.
We give the following dual norm ||S||;’w by

* !
Isll 0 = | rlnax s y. (1)

y |p,w51
From (10) we obtain that

!
"5”;,11; = maxs y

n
st. [p]r+ th <1,
j=1

wiy;—r—t;<0, j=1...,n

j
(12)
j=1L...,mn

w; >0, j=1....n

Using the LP duality again we have

lsll;,,, = min 6

s.t. [p]@—Zyj—Zvjzo,
i1

j=1

G—M]_VJZO, jzla---)n)
(13)

(Mj_vj)wjzsj) j=L...,n

0>0, p;20, »;20,
j=1...,mn,
w; >0, j=1,...,n

Thus,

||s||;’w = min6

5j|

wj

st. 0>-—, j=1,...,n

3
9 > z;lzl 'S]' /w]
[p]
w; >0, j=1...,n
(14)
and we obtain that
N s s/w
||s||P)w = max{ —1 "{/—1"1} . (15)

Remark 5. (1) When the (p, w)-norm degenerates into D-
norm, we can get its dual norm:

sl = max (lislleos lslly/p) - (16)

(2) When the (p, w)-norm degenerates into L', we can get
its dual norm:

Islle = Nslloo- 17)

(3) When the (p,w)-norm degenerates into L™, we can
get its dual norm:

sl = lsll- (18)

2.2. Comparison with the Euclidean Norm. The uncertainty
sets in the related literatures have been described using the
Euclidean norm and it is of interest to study the proximity
between the (p, w)-norm and the Euclidean norm.

Proposition 6. For every y € R",

) ) Ljes Wj
min 1 min {wj} N <
jes Vn

e _ e

- ")’”2 - jes

min 1 minkeN {l/wk}
= 5’ 1
ZkeN w}% |'p] ( 9)
< —”y”;’w <max{—""" min {L}
71, Vkew w} [p] KN Lk

Proof. First, we will give a lower bound on | y|| PJU/ llyll, by
solving the following problem:

max Z yjz.
jEN (20)

st ylpw=1
where N = {1,...,n}.

LetS = {1,...,[pl}; we can get that y; > y,,Vj € S, and
¥j < ¥ Vj € N\S. Itis easy to see that the objective function



can never decrease if welet y. = y,,Vj € N\ §; then we have
that (20) is equivalent to the following problem:

max Y y;+(n=[p])

j€S
s.t. ij |yj| =1,
jes

wj>0,

Yizyeo JES

Y = 0.
(21)

Our goal is to maximize the convex function over a poly-
tope; then there exists an extreme point optimal solution for
the above problem. We can get the |S| + 1 extreme points:

j €j ieS
= > € >
y w, J
(22)
yIS|+1 _ €
Zjes wj

where e; is the unit vector with the jth element equal to
one and the rest is equal to zero. Obviously, the problem can

get the optimum value of max{maxjes{l/w]?}, /(X jes wj)z}.
Then the inequality follows as

||y||2 < max {max {i} N \/ﬁ

jes (w; ] Yjesw;

[l @

by taking the square root.
By the same way, in order to obtain an upper bound of
Iyl pw /lI¥ll,, by solving the following nonlinear optimization

problem:
min Z y];
jeN (24)
s.t. ||y||P’w =1,

clearly, the objective function can never increase with y; =
0,Vj € N\ S, and we can show that the above problem is
equivalent to the following problem:

min Z yJZ.

j€S
.t Ayl =1
§ %wl |y]| (25)

wj>0,

y;20, jeS

Firstly, we use Lagrange multiplier methods reformulat-
ing the problem as

L(%M)=ny-+u<zw,~yj—l>- (26)

jes jes
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Applying the KKT conditions for this problem, an opti-
mal solution can be found:
w::

j .
> J€S 27
> jes w? @7)

Vi =

otherwise, y; = 0. It is easy to see that the optimal objective
valueis 1/ ;g w?. By taking the square root, we have that

1
I, > —=l,.s
2 m P (28)

that is,
9], < Jz Wy, 29)
jes
Since
1< M < Vn,
171,
(30)

1 e,
Vi = D,

So we can deduce that

min{i} < ||;V/w||1 < "

keN | wy B ||J’||z _\/m’

! < ||y/w||00 < min {L} , (31)
N I7 N & A
bty = max {] ] 1T}
b wleo™ [p]
withw = (wy, w,,...,w,), w; >0,i=1,...,n.
Thus, we have
. 1 IninkEN {l/wk}
min ,
\/ZkeN wi (7]
(32)
< 1717 - n - { 1 }
71 ke w [p] N Lk
Therefore, the results hold. O

Remark 7. (1) When IIyIIP,w = IIyIIP, we obtain the compari-
son between D-norm and Euclidean norm easily; that is,

wln 2] P -
mln{l,\/ﬁ}s ||)’||2 <\lpl+(p

The comparison between the duality of D-norm and
Euclidean norm is

mm{%,%}%gmax{g,l}. 64
2

o))’ G3)
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(2) When (p, w)-norm degenerates into L' and L™, the
comparison results are

1< M <V,
Iy,

- Dbl
“Tl,

(35)

3. Robust Counterpart

In this section, we will show that the robust formulation of (1)
with the (p, w)-norm is equivalent to a linear programming
problem.

We consider the following robust formulation of (1) with
the (p, w)-norm:

T
max ¢ x
Zalx + max Zéiuwy-
i 557
{sisicrulsil=[pi1} | jes,
<b, i=1,...,n (36)
36
—Y;i<x; <Y j=1...,n,
I<x<u,
y;20, j=1L...,n
wj>0, j=1...,n

If p; is selected as an integer, the protection function of
the ith constraint is

max
{Si1S;:< T3S 1=p;}

Bi(xpi) = 2 x| 67
JeSi
Note that when p; = 0, Bi(x, p;) = 0, the constraints are
equivalent to the nominal problem. And if p; = |Ji|, w; = 1,
Vj, we have the method of Soyster [1]. Likewise, if we assume
thaty, >y, 22y, 20andw; =w, =--- =w, =1,
wry, = p - Lpl, we have the method of Bertsimas and Sim
[6]. Therefore, by varying p; € [0, |];]], we have the flexibility
of adjusting the robustness of the method against the level of
conservatism of the solution.

We need the following proposition to reformulate (36) as
a linear programming problem.

Proposition 8. Given a vector x*, the protection function of
the ith constraint,

Bi(x", pi) = Y aw; 'x;' » (38)

max
{silsicllsi|=[ 2.1} jes;
is equivalent to the following linear programming problem:

Bi (x*, p;) = max Z aiw; 'x;'zij

jeJi

st. Y z;<[p],

j€li

0<z;<1, VYjeJ,

w; >0, j=1,...,n

(39)

Proof. An optimal solution of problem (39) obviously con-
sists of [ p;] variables at 1, which is equivalent to a subset

{Si | Si c ]i’ |Si| = [pz]} . (40)

The objection function of problem (39) converts to

> awilx| ¢ (41)
JESi
which is equivalent to problem (38). O

Next we will reformulate problem (36) as a linear pro-
gramming problem.

Theorem 9. Problem (36) is equivalent to the following linear
programming problem:

T
max ¢ X

s.t. Z ;X + z;

+Zt1]_ i=1,...,n

Jj€l;
Zi+t; > aw;y; Vi, je;
—yjsx;<y; j=L...,n (42)
li<xj<u; j=1L...,n
t; =20 Vi,je],
y;20 j=1....n,
z;20 i=1,...,n
w;>0 j=1...,n
Proof. First, we consider the dual problem of (39):
Ztij‘*[PJZl
Jj€li
s.t. z+t,]2awj'x' Vi, je ],
t; 20, VjeJ, (43)
z;20, i=1,...,n,
w; >0, j=1...,n

Since problem (39) is feasible and bounded for all p;, €
[0,1];1], by strong duality, we know that the dual problem
(43) is also feasible and bounded and their objective values



coincide. By Proposition 8, we obtain that f;(x", p;) is equiv-
alent to the objective function value of (43). Substituting in
problem (36), we have that problem (36) equals the linear
programming problem (42). O

Remark 10. When (p, w)-norm degenerates into D-norm, we
have the following robust counterpart of problem (36) [6]:

T
max ¢ x

Zaljx]+zl"

+Y pisb, i=1...n

J€J;i

Zi+ pij = @y, Vi je; (44)

_)/ng y], j=l,...,1’l,

li<x;j<u; j=1L...,n

pijZO, Vi, jeJ;,

y;20, j=1L...n

ZZO) l=1, ,T’l

4. Probabilistic Guarantees

In this section, we will provide probabilistic guarantees on the
feasibility of an optimal robust solution when the uncertainty
set U is described by the (p, w)-norm.

Proposition 11. We denote by S, and t; the set and the index,
respectively, which achieve the maximum for 3;,(x”, p;) in (38).
Assume that x* is an optimal solution of problem (42). The
violated probability of the ith constraint satisfies

5) ) (45)

<Za,]x] >b> r<zyij’7ij2
Jj€l;

1 ifjes;,

where

> lfJEL\Sl) (46)

* . ~ *
ro=argmina.. (X, .|.
& res; i | r l

Proof. Let x*, S! be the solution of problem (36). Then the
violated probability of the ith constraint is

Pr<Za,]xJ > b>

<Za1] xjt Z %5 > b)
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Z ij 0 ’xj' > Z a;W; |x1 |>

—~ *
Z Mij%j |x]. | > ), @ 'x] ' ’711)
jeS

JETNS]
771] ij |X]| > By |x | Z ( 7]1’]’))

>
JET\S! jest
Hiidis | Ip]
Z ij 7]|JC ]|| + Z 7’1] Z >

o
o
o
o

o
o

JETNS! jest j=1
(il
Z Yiitlij > Z j
Jj€J; j=1
[pi]
IRCEDNTEE
J€li j=1
(47)
LetE = Z;p ’1] wj; we get the result. O

Remark 12. Clearly, & is related to p; and w = (w;,w,,...,

w,)"; the role of the parameter X; or p; (for w is a given
vector) is to adjust the robustness of the proposed method
against the level of conservatism of the solution. We define 2
and p; as robust cost and protection level, which control the
tradeoft between the probability of violation and the effect to
the objective function of the nominal problem.

Naturally we want to bound the probability
Pr(¥e; vifi; = E). The following result provides a
bound that is independent of the solution x*.

Theorem 13. Let 1), j € J; be independent and symmetrically
distributed random variables in [-1, 1]; then we have

. &)’
Pr Vit 2 B | < exp (— ) (48)
<JZJ T ) 207

Proof. Let 0 > 0. Then we obtain that

Pr < Z Yijtlij = f)
IS

E[exp (9 2jel, Vi)
exp (OE)

* TTjes,E [exp (Oy;my)]
B exp (0E)

[jer2 Jy 2% <(9Yij’7)2k/ (Zk)l) dr,, (n)
exp (68)
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[Tjes, Zio ((e)’ij)Zk/ (Zk)!>
<
exp (68)

_ i exp (07;/2)
h exp (02)

02
< exp(|]i| 5 —95),

where we use the knowledge of Markov’s inequality, the
independence and symmetric distribution, and y; < 1.
Selecting 0 = E/|J;|, we obtain the result of Theorem 13. [

(49)

5. Conclusions

In this paper, we introduce the definition of (p, w)-norm, its
dual, and some propositions to show a new uncertainty set.
We suggest that the robust counterpart of linear program-
ming problem described by (p, w)-norm is a computationally
convex optimization problem. We provide probabilistic guar-
antees on the feasibility of an optimal robust solution when
the uncertain coeflicients obey independent and identically
distributed normal distributions.
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