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In succession to our earlier work, we further provide some new generalized Gronwall inequalities and apply these inequalities to
the study of qualitative estimations of solutions to certain fractional differential equations.

1. Introduction

It is well known that the Gronwall inequality contributes
significantly to research on many differential and integral
equations. An increasing number of generalizations of this
inequality have been made in recent years to derive qualita-
tive properties of solutions to various fractional differential
equations. One remarkable result was obtained by Ye et al. in
2007 and is presented below.

Theorem 1 (see [1, Theorem 1]). Foranyt € [0,T),
u) <a(t) +b(t)J t - )P u(s)ds, 1)

where all functions are nonnegative and continuous. The
constant 3 > 0. b is a bounded and monotonically increasing
function of [0, T); then

u(t)Sa(t)+L [Z(b(;)(rg; (t-s)""a(s) | ds, o

€[0,T).

This result continuously extends and improves and has
been widely used in many studies (e.g., see [1-8]). Among
them, our previous research [5] provides the following
generalizations to deal with complex fractional differential
equations.

Theorem 2 (see [5, Theorem 1.4]). Foranyt € [0,T),
n t
. AV
u(t)<a(t)+ Zlb ® L -9 u()ds,  (3)

where all functions are nonnegative and continuous. The
constants 3; > 0. b (i = 1,2,...,n) are bounded and
monotonically increasing functions of [0, T). Then

u(t)<al(t)

N N (b T (B
+§<llzlzk1_ln [ (B)]

(YL, Br)

k

(4)

X J. (t - s)z"k:1 Fi-lg (s) ds) ,

0
€[0,T).
Theorem 3 (see [5, Theorem 1.5]). Foranyt € [1,T),
iy (s)

u(t)<a(t)+Zb(t)J ( s) (5)

i=1
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where all functions are nonnegative and continuous. The
constants 3; > 0. b (i = 1,2,...,n) are bounded and
monotonically increasing functions of [1,T). Then

u(t)<af(t)

2 & MLl 1)
" ; (1’,2’%}(:1 r (Zf:l ﬁi’)

A [CORTI !

te[l,T).
(6)

=

In this paper, we aim to discuss further issues by
using the aforementioned conclusions and suitable analytical
techniques according to the above facts. We will establish
several new classes of generalized Gronwall inequalities in
the next section. In the last section, we will qualitatively
analyze certain fractional differential equations to highlight
the applications of the inequalities.

2. Main Results and Proofs

We introduce the useful Young’s inequality with € > 0 (see
[9, page 622]); that is, for any a,b > 0 and 1 < p, g < +00,
1/p+1/q=1,

ab < ea? + C (e) VY, (7)

where C(e) = (ep) ¥/Pq".
The first main result and its proof procedure are presented
as follows.

Theorem 4. Foranyt € [0,T),
n t
u(t)y<a(t)+ybh (t)J t-s) ' (s)u (s)ds,  (8)
i=1 0

where all functions are nonnegative and continuous. For any
i €{1,2,...,n}, the constants 3; > 0 and 0 < A; < 1, and

the function b,(t) is bounded and monotonically increasing on
[0,T). Then

u(t)y<a()

.y

=1

( no TTE [B ()T (By)]
(YL, Br)

>

17,2",...k"=1

t Zf:] ﬁ,‘”l
xj (t-s) ﬁ(s)d5>,

0

telo,T),
9)
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where

n A\ M=)
a~(t):a(t)+Z(1—Ai)<?’> b (1)

i=1

B qa-ay o (10)
SRR O rE

b(t)=¢-b(t).
Here ¢ is an arbitrary given positive number.
Proof. By Young’s inequality,

G (s)uM (s)

Ai/(1-1))
<e- [w\i (S)]l//\i + (%) (1= (S)]l/(l—/\i)

Ai/(1-1;)
ew@+(2) -0 ),
(11)

which implies that, for any ¢ € [0, T),

u(t)<a(t)+ ib, ®) Lt (t - )P (s)uM (s)ds
i=1

<a(t)+ ib,. (t)

i=1

t
_of ).
X L (t—s) {8 u(s)
A, \M0-2
; (?> (1-1)
o (s)]““‘“} ds
n Ai Ai/(1-1;)
={a(t)+izzl(1—)»,-)<;> b, (t)
X Jt (t —s)Pt [ (s)]l/(l_)t")ds]>
0
n t
+Ye b(1) J (t - ) u(s)ds
i=1 0

=alt)+ iz?i t) jt (t — )P 1w (s) ds.

i=1 0
(12)

We immediately derived estimation (9) by using Theorem 2.
This estimation completes the proof of Theorem 4. O

Our second result can be proved in the same manner
by applying Young’s inequality and Theorem 3. The proof
procedure is similar to that of Theorem 4 and is omitted here.
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Theorem 5. Foranyt € [1,T),

1 t il C. A
u® <a®+ b L <ln E)ﬁ GOUTE) o g
i=1

N

where all functions are nonnegative and continuous. For any
€ {1,2,...,n}, the constants ; > 0 and 0 < A; < 1, and

the function b;(t) is bounded and monotonically increasing on
[1,T). Then

u(t)<al(t)
00 n Hf:l [Ei' (t) r(‘Bir)]
+
,;1 <1’,2’§k’_1 r (Zf‘czl /31")
xj zzlﬁ’ 1 ais)d5>’
€[1,T),
(14)
where

n Ail(1=A;)
E(t)=a(t)+2(l—)ti)<%) b (t)

i=1
[ s

b(t)=¢-b(t).
Here ¢ is an arbitrary given positive number.
Evidently, the following two corollaries are directly
obtained by using Theorems 4 and 5 when choosing f3; = 1
foranyi e {1,2,...,n}.

Corollary 6. Foranyt € [0,T),
ult) <al(t)+ Zb (t)J ¢ (s)u (s)ds, (16)

where all functions are nonnegative and continuous. For any
€ {1,2,...,n}, the constant 0 < A; < 1, and the function by(t)
is bounded and monotonically increasing on [0, T). Then

u(t)<a(t)

. " I b ()
(3 Do
1,2,...k'=1 '

-1
X J-t t -1 as) ds) ,
0

tel0,T),
(17)

>~

3
where
A\ /A2
=alt 1- b,
a) = a(>+2( (8) : (1)
¢ _ 18
X J [c; ()] ds; (18)
0
bt)=¢-b(t).
Here ¢ is an arbitrary given positive number.
Corollary 7. Foranyt € [1,T),
u(t) <a(t)+ Zb t) J M (19)

where all functions are nonnegative and continuous. For any
€ {1,2,...,n}, the constant 0 < A; < 1, and the function by(t)
is bounded and monotonically increasing on [1,T). Then

u(t)<a(t)

& m I be (1)
+z( LU
12! :

=1

=~

(20)

where

n A, \ M)
E(t)za(t)+Z(l—)ti)<?’> b (1)

i=1

J [ ()]1/1 A)ds (21)

s
bj(t)=¢-b(t).
Here ¢ is an arbitrary given positive number.

Our next task is estimating the nonnegative and continu-
ous function u(t), which satisfies, for any ¢ € [0, T),

u(t)Sa(t)+b(t)Jtc(s)u(s)ds
0
(22)
+Zb (t)J (t - )P ¢ (s) u™ (s) ds,

where all the functions are nonnegative and continuous. For
anyi € {1,2,...,n}, the constants 3; > 0 and 0 < A; < 1, and
the functions b(t) and b,(t) are bounded and monotonically
increasing on [0, T'). Put

M; () = max{b (s) ¢ ()} - (23)



4
Suppose that
At)=a () +b(t) jot c(s) e W g () g
B,(t) = b (t) + EOO MO [ewpwdo 5,
b (24)

Obviously, B;(t) > 0( = 1,2,...,n) are bounded and
monotonically increasing functions. Moreover, we assumed
that

Ai/(1=A;)
At = A(t)+Z(1 <A8) B, (t)
i=1

x Jt (t -9 c (s )]1/(1 A 2
0

B;(t) =eB;(t), i=12,...,n

Here ¢ is an arbitrary given positive number. The third main
result is given as follows.

Theorem 8. For any t € [0,T), the nonnegative and contin-
uous function u(t) satisfies the inequality (22); then

u(t) < A

oo n k ~'/ -1
n z < Z H1:1 [Bl (t) 1—‘([51 )]
k=1 \1",2,..k'=1

r (Z:‘Czl /31")

x Jt (t—s)Ze Bl A (s) ds> :
0

tel0,T),
(26)

where the expressions A(t) and B,(t) are described in (25).

Proof. Suppose that
I(t)=a(t)+ Zlb (t) E (t-s)"q()u (s)ds.  (27)
Then, (22) transforms into the following form:
u®)<I®)+b() J c(s)u(s)ds. (28)
Therefore,
c(t)u(t) <c(t)1(t)+c(t)b(t>j c(s)u(s)ds. (29

Letting u, (t) = c(t)u(t), I,(t) = c(£)I(t), and J,(t) = c(t)b(t)
obtains

u )<L )+ 1) J u, (s)ds. (30)
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By using the classical Gronwall inequality (see [10, page 15]),
we have

t t
u, () < I, (t) + T, (t)J I, (s) el 1w g, (31)
0
that is,

()<I(t)+b(t)j ¢ (s) I (s) ek @ g

= [a ) +b(t) Jt c(s)al(s) eI c w)b(w)dwd
S ' Bi—1 A
b0 L (t =G () (s) ds

+b(t)Zj J ¢ (s) el cwbwaw

x b, (s) (s = )P e, (v) M (v) dv ds,
(32)

given that

n

> Ltj B (s) ¢ (s) ek e

i=1
X (s — v)ﬁ"flc,- (v) uh (v)dvds
[ [ b5y (9 omwe
1:21 J J s)c(s)e’
X (s — v)ﬁ"_lci v) ui (v)dsdv

<e Ji cwb(w)dw

X ZM (t) J Jt (s =) (v) M (v)dsdv

i=1

wbwdw e 1
_ ejﬂ c(w)b(w) wz_Mi )
i=1Pi

X Jt (t - V)ﬁrl

0

t-v)g W) ui (v)dv

t |
<e Jo c(w)b(w)dwz_ EM, (1)

i=1Fi
t
X J (t - V)ﬁ"_lc,- v) ui (v) dv,
0
(33)

where the function M;(¢) is defined in (23). Combining (24),
(32), and (33) yields the following inequality:

ut) <A+ iBi (t) Lt t - (s)u (s)ds.  (34)

i=1

The estimation (26) is obtained according to Theorem 4. This
process completes the proof of Theorem 8. O
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In the same manner, the final result in this section can be
obtained by applying the conclusion of Theorem 5.

Theorem 9. Foranyt € [1,T),

t
u(t)ga(t)+b(t)J1c(s)u(s)%

where all functions are nonnegative and continuous. For any
i € {L,2,...,n}, the constants 3; > 0 and 0 < A; < 1, and
the functions b(t) and b(t) are bounded and monotonically
increasing on [1,T). Then

(35)

u(t) <A@

15, [B: T (B)]
1,2, k'=1 r (Zle /31")
(36)

f () ).

tell,T),

where

Xi/(1-1,)
At) = A(t)+Z(1 A)(£> B (1)

i=1
th<lns)ﬂt e ()]1/1 Mi' (37)

1
B;(t)=¢- B, (t).
Here

At =a() +b(t)J ¢ (s) ek cwhw @) (s) =

Int-b(t) M @) cmurawrn  (38)

i

B (t) = b (t) +

i=1,2,...,n

Also M;(t) = max,,,{b(s)c(s)}, and e is an arbitrary given
positive number.

The proof procedure of Theorem 9 is relatively similar to
that of Theorem 8. Hence, the procedure will not be presented
in this paper.

3. Applications

In this section, we apply the main results in Section 2 to
provide qualitative conclusions for solutions of certain frac-
tional differential equations. First, the definitions and some
properties of the Riemann-Liouville fractional derivative and
integral need to be recalled.

Definition 10 (see [11-16]). For any 0 < f < 1 and a
continuous function w, the fth Riemann-Liouville type frac-

tional order derivative Dﬁw and the corresponding fractional
integral operator I ﬁw are defined by

t
hw (1) = ﬁ L t - )P w(s)ds;
p (39)
B L d( .
Drw (t) = T-p)dt Jo (t—s)"w(s)ds.

Lemma 11 (see [13, Lemma 2.2]). Forany 0 < $ < 1 and a
continuous function w,

IEDRw (1) = w () + k- 77, (40)

where k is a certain constant in R.

Lemma 12 (see [17, Page 14]). For any o, 3 > 0 and a
continuous function w,

Iglﬁw t) = I;Hﬁw t);

s DB+ 4
rf T(a+p+1) +[3+1) '

Given the aforementioned preliminary knowledge, we
consider the following initial value problem:

N Db e ()i ()] + D [ ()] = F (b ()

i=1

{illl;rﬁiﬁnﬂ [Ci (t) u/\i (t)] + I;{*ﬁnﬂ [u/\o (t)]}
i1

:8’

t=0

(42)

where all functions are continuous. Moreover ¢;(t) > 0 and
the constants A, 3; > 0 (i = 1,2,...,n). Consider A, > 0,
deR,and 1> B,,, > max, ;. {f}

Theorem 13. Suppose that, for anyt € [0,T] and y,z € R,

i

|f (ty) - f(t,2)] < o (43)

Cnt1 (t) ')’ "=

where the function
Aper €(0,1).

Cu41(t) > 0 is continuous and the constant
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(i) If Ay > max, ;.. {A;}, then for any solution u(t) of the e - B by
problem (42), ’ =u () + ;IR [Cz (Hu (t)]
|u (1) tPre1=1
r(ﬁwrl) kn+1r(ﬁn+1) Zkr ﬁrHl :81) >
S{Kﬂﬂ (46)
Z ( il & where k;,i = 1,2,...,n+ 1, are some constants. Therefore,
+ —
12!k =1 (Zle :Bi’)
t 1/, = {J f(s,u(s)) ds}
% j (t - S)Zfﬂ ﬁi”lxo (s) dS)]> , 0
0 _ {IIIZ_ﬁHH Ignﬂf (t,u (t))}L:O
t e [0, T] s n
(44) _ {lel;rl;fﬁnn [Cz ) uhi (t)]
i=1
where (47)
s o) |
— t n+1" 1 1 _
A () = J (t - )P £ (5,0)| ds £=0
S A ol n
n+l A A- il (Ag=A,) + kn+1r ﬁn+1) + Zl:kir (ﬁn+1 - ﬁz)
— ([1-= _t =
i )(M n
e - 6+kn+lr ﬁn+l)+zkir (/))n+1 _/31');
SRR IO &
(45)
that is,
Here ¢ is an arbitrary given positive number.
(ii) If Ay < min,_;_,.,,{A;}, then the continuous solution of c _
problem (42) is unique. kn+1F (ﬁnﬂ) + Zkir (ﬁn+l - ﬁz) =-4. (48)
Proof. Sincel > f8,,,, > max,.;,{f3;}, we obtain the following
by using Lemmas 11 and 12: Integrating this equality into (46) obtains
15 f (b (1) .
u”(t)
ﬁnﬂ ﬁnﬂ A
= I DR [l ()] StPri=1
—ﬂ“ﬂmum—zﬁkaw 0]+
n (ﬁn+1)
& S 1 DB [ (1) u (1] Lo sipm-1 (49)
i=1 = —F— (t - S) e f (Sr ( )) ds+ —
F(ﬁnﬂ) JO r(ﬁnﬂ)

— IgmlDﬁnH [uAO (t)] n
_Zﬁj (t - )P (s)uM (s)ds.
n ZI}% (Ignﬂ_ﬁiDﬁnﬂ_ﬁi [Ci (t) LlAi (t)])

i=1

LetU(t) = ut °(t), and applying (49), given the fact that
= 1M (8) + K,y tP 7!

" . - lf(s,u(s))|S|f(s,0)|+lf(s,u(s))—f(s,0)| 0
Y (e () u (t) + kPPt 50
+;R@(m (t) + k; ) 60 e G
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obtains the following:
U (£)] = |u (t)]

1 ' _ Bl |8|tﬁn+l_l
gy b sl

Yt [ 9 g @

|8| tﬁnﬂ_l
r (/3n+1)

1 t —_ ﬁnﬂ’l
r(ﬁnﬂ) JO (t S) |f (S’ 0)| ds +

n+l
1

Zr(/31)

i=1

J'(z‘—s)lgx c(s)|u(s)| ids

_ | S LR |5|fﬁ"“l}
_{F(ﬁm) J, 9P 15 s olds+ Ta

n+l
1 J Bi- Ai/A
(t = s/ () |U ()" ods.
2T
(51)
If Ay > max;_;,.1A;}, then, foranyi € {1,2,...,n+ 1},0 <

A;/Ay < 1. According to Theorem 4, for any t € [0, T],
U (1) < A, (£)

00 n+1 Ek
2 X
k=1 \ 12, k=1 T (Zizl ﬁi’)

t k .
X J (t- 5)2i=1 ﬁ;'_lAO (s) dS) ,
0
(52)

where the expression of Zo(t) is shown in (45). Hence, the
conclusion of (i) is derived.

In proving (ii), we assume that problem (42) has two
continuous solutions ¢ and v. Combining with the fact that
¢(t) € C[0,T] for any 1 < i < n+ 1 and the boundedness
of the continuous function on a closed interval, there exists a
finite number M which satisfies that, for any ¢ € [0, T],

M > max {|u(t)| @), max |q (t)|} )
<isn+
Cauchy’s mean value theorem provides
O WO LI
|t (&) = v ()] = [ue () - v )] |
)t &

(54)

A A-A
= @ -Vl gl
0
where&;, i =1,2,...,n+1, are the numbers between u(t) and
v(t). The following estimation is deduced by applying (53) and
the hypothesis of A; < min,_;_,,,;{A;} in (ii):

|t (1) - v ()] < ;— o (1) = v )] MM, (55)
0

holds foranyt € [0,T]andi =1,2,...
(53), and (55) obtain

v (o)
J (i’ S)ﬁnﬂ 1
X [f(su(s)) = f(s,v(s)]ds

I
rB) o 7Y

i=1

,n+ 1. Therefore, (49),
| ) -

“Jr

X [u)“' (s) - v (s)] ds

(56)
_ melo fot
IS
X6 (s) [u (5) = v (9)| ds
ntl LA-A, ot
<2 b
x [t (s) = v (5)| dis.
According to Theorem 2,
|t 1) - v 0)] <0, (57)
which means that
ut)y=v(), telo,T]. (58)
This completes the proof of (ii). O

Moreover, we can also address the following initial value
problem with the Hadamard type fractional derivative:

ZD 76 d () uh ()] + DY [ (0)] = g (tu(t)s
{lel;'ai_anﬂ [di ) b (t)] + Ill_I_‘an [u]/o (t)]} =1,
i=1 _
t=1 (59)

where all functions are continuous. d;(t) > 0 and the
constants y;,e; > 0 (i = 1,2,...,n). Alsoy, > 0,1 € R, and
1> a,,, > max,,,i«}. Forany a € (0, 1) and a continuous
function w, the operators Dy; and I7; are presented below (see

[18, page 110]):
o B 1 d t E\w(s)
Drw(®) = I'(l-«) <tdt>L <lns> s ds
. . N (60)
« _ t ““lw(s
Lw(t) = @ L <ln s) p ds

We are able to deduce the following result by Theorems 3 and
5.



Theorem 14. Suppose that, for any t € [1,T] and y,z € R,
lg(t, y) = g(t,2)| < d,. @)|y" — 2¥'|, where the function
d,.1(t) > 0 is continuous and the constant y,,, € (0, 1).

(i) Ify, > max,_;,.11y;}, then, for any solution u(t) of
problem (59),

|u (8]

0 n+l k

RVNOEDY D i—)

k=t \ 12 k=11 (Zizl &t

1/v
t Y
xj (mf) A5 :
1 s s
te[l,T],
(61)
where
Ay (t)
_ |’7l (In t)%n*l
1—‘(‘xn+1)
1 AR AN ds
) NS
i NG ,[1 (ns l95,0) s (62)

ntl ) A\ Y/ o)
2 (-0)(5)
i:1r(“i) Yo/ \ €Yo

t ;-1
x J (11’1 E) [dz (S)]Vﬂ/()’()_%‘)é'

1 S S

Here ¢ is an arbitrary given positive number.

(ii) Ifyy < min, ;.. {y;}, then the continuous solution of
problem (59) is unique.

The proof procedure is similar to that of Theorem 13.
Thus, the procedure is omitted here.
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