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We obtain some new Hermite-Hadamard type inequalities for products of convex functions. We conclude that the results obtained
in this work are the refinements of the present results.

1. Introduction Some new integral inequalities involving two nonnegative

and integrable functions that are related to the Hermite-
If f: I — Risa convex function on the interval I, then,  Hadamard type are also established by many authors. In
for anY.a,b € I with a#b, we have the following double [9], Pachpatte established some Hermite-Hadamard type
inequality: inequalities involving two log-convex functions. An analo-

b gous result for s-convex functions is obtained by Kirmaci et al.

f < at b) < b J f(t)dt < f@-+f (b)_ (1)  in[10]. In [11], Sarikaya presented some integral inequalities

2 b-a 2 for two h-convex functions. Some Hermite-Hadamard type

inequalities for two operator convex functions are given by

Bacak and Tiirkmen in [12]. For recent results and general-

izations concerning Hermite-Hadamard type inequality for

product of two functions, see [13] and the references given
therein.

In this paper, we obtain new generalizations of Hermite-
Hadamard type inequalities for products of convex functions.
This result refines the Hermite-Hadamard type inequalities
given in Theorem 1.

a

This remarkable result is well known in the literature as the
Hermite-Hadamard inequality.

Since then, some refinements of the Hermite-Hadamard
inequality on convex functions have been extensively investi-
gated by a number of authors (e.g., [1-7]).

In [8], Pachpatte established two new Hermite-Hadamard
type inequalities for products of convex functions as follows.

Theorem 1. Let f and g be real-valued, nonnegative, and con-

vex functions on [a, b). Then,
2. Lemma

1t 1 1
EJ f ) g(x)dx < gM(a, b) + EN(% b), (@)  Lemma 2. Let f and g be real-valued, nonnegative, and
“ convex functions on [a,b]. If [c,d] C [a, b], then

a+b a+b 1
2 < d 1 (¢ 1 1
f( 2 >9< 2 ><b—aLf(x)g(x) x o ELf(x)g(x)dxg5M(c,d)+gN(c,al),
1 1 d
+=M(@b)+ N (@b), 2f<c;d>g(c;d>sdicj fx)gx)dx 4

where M(a,b) = f(a)g(a) + f(b)g(b) and N(a,b)
fa)g®) + f(b)g(a).

+ éM (c,d) + %N(c,d) ,



where M(c,d) = f(c)glc) + f(d)g(d) and N(c,d) =

F()g(d) + f(d)g(c).

Proof. We get the conclusions by f and g are nonnegative and
convex functions on [c,d] and Theorem 1. O
3. Main Results

Theorem 3. Let f and g be real-valued, nonnegative, and
convex functions on [a, b]. Then,

1t 1 1
[ FWamdx <10 < M @b+ N @b),
' )

S

where M(a,b) = f(a)g(a) + f(b)g(b), N(a,b) = f(a)g(b) +
f(b)g(a), t € [0,1], and

L(t) = %M(a,(l —t)a+tb)+éN(a,(1 “t)a+th)

N %M((l —f)a+thb) ©6)

+%N((1—t)a+tb,b).

Proof. Since f and g are convex on [a, b] and nonnegative, by
(2), we get

Lo’ d<1Mb le (7)
gfgLfﬁwgu)x_g (@.b)+ <N (a,b).

Firstly, f and g are convex on [a, (1 — t)a + tb] and non-
negative; applying (2) on [a, (1 — t)a + tb], we get

(1-t)a+tb
— [ rwemax

t(b-a)

a

< %M(a,(l—t)a+tb) (8)

1
+ gN(a,(l —t)a+tb).
Similarly, we can show that

1

b
m j(lft)a+tb f (%) g (x) dx

< %M((l “t)a+thb) ©)

+éN((1—t)a+tb,b).

Journal of Applied Mathematics

Multiplying (8) by t and (9) by (1 — t) and adding the
resulting inequalities, we get

b
[ gt

S%M(a,(l—t)a+tb)

. éN(a,(l —f)a+1tb) (10)

+%M((l—t)a+tb,b)

+ %N((l —t)a+tb,b) =L(t).

Using the fact that
t 1-t
gM(a,(l —t)a+tb) + TM((l —t)a+tb,b)

zg[f(a)g(a)+f((1—t)a+tb)
xg((1-t)a+tb)]
+%[f((l—t)a+tb)g((l—t)a+tb)
+£(b)g®)]
- gf(a)g(a)+%f(b)g(b)

+%f((1—t)a+tb)g((l—t)a+tb)

IN

S @g@+ B g®)

+ % [((1-1) f (a) +tf (b)]

x[(1-1t)g(a)+tg ()]

t+(1-1)*

= 3 f(a)g(a)+

L a-nt

1-t+£

f®)g(b)

N (a,b)

— 2 —
_ ! t;t M(a,b)+¥1\r(a,b),

éN(a,(l—t)a+tb)+%N((l—t)aﬂ.‘b,b)

=é[f(a)g((l—t)a+tb)+f((1—t)a+tb)g(a)]

+%[f((1—t)a+tb)g(b)

+f () g((1-t)a+tb)]
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< 2 [f @ ((1-1) g (a) +tg (b))
+((1=1t) f (a) +tf (b)) g (a)]
P a-nf@tf ®)g)
+f®) (1 -1 g(a)+1tg (b))]

=200 @@+ N (@b)]

Tt ot ) g9) + (1~ ) N (a,b)]

B 2, g2
00 A0y
(11)
we have
Lo < 2 v+ S N )
3 3
_ N2, 2
" ”13 D@ty + L N @y (2
= lM(a b)+lN(a b)
- 3 bl 6 bl bl
which completes the proof. O

Remark 4. Applying Theorem 3 for L(0) = L(1) = (1/
3)M(a,b) + (1/6)N(a,b), we get the result in Theorem 1.
So, we conclude that our results give an improvement of
Theorem 1.

Corollary 5. With notations above, one has the following ine-
quality:

b
—_— J f(x)gx)dx < 1nf L(t) < sup L(t)
b- 0<t<1 13)

—_

< gM (a,b) + gN(a,b),

where L(t) is defined in Theorem 3.

Theorem 6. Let f and g be real-valued, nonnegative, and
convex functions on [a, b]. Then,

<a+b> <a >

Jb x)g(x)d

a

% (o “b) v(*57)

1 a+b a+b
V() e

W‘
Q

—_

—

J f(x)g(x)dx

+ =M (a,b) + EN(a, b),

@‘

—-a

AN =

(14)

where M(a,b) = f(a)g(a) + f(b)g(b) and N(a,b) =

f@g(®) + f(a)g(b).

Proof. Since f and g are convex on [a, b] and nonnegative,
fort € [0, 1], we observe that

2f<a+b> <a;b>

=2f<t((a+b)/2)+(1—t)b

2
+(1—t)a+t((a+b)/2))
2
><g<t((a+b)/22)+(1—t)b
+(1—t)a+t((a+b)/2))
2
1 +b
SE f<t +(1—t)b>+f<(1—t)a+t 5 )]
X g<t >+g<(1—t)a+ta;rb>]
1 a+b
<3 f<t 1—t)b> < +(1—t)b>

+f<(1—t)a+t—> ((1—t)a+taT+b>]
A(s(222)0-0s0)
(a-nat i (24))

+((1—t)f(a)+tf<“+b))
<(19(22)+a-new))|
Ao o)
+f((1-t)a+t“7”>g<(1—t>a+t“7”’>]
+= [t(l—t)f( ) (a)
()

+(1-1) f(b)g(a)+(1—t)tf(b)g<a+b>




+(1-1) f(a)g(b)+(1—t)tf(a)g<

a+b

+t(1—t)f< ) (b)
tf(a+b> (a;rb)]
:%[f(t“; +(1—t)b)g<taT+b+(1—t)b>

+f<(1—t)a+t

+%[t(1—t)N<a,

+(1—t)2N(a,b)+t(l—t)N<

Integrating both sides of the previous inequality with

respect to t over [0, 1], we obtain
a+b a+b
2
f( 2 >g< 2 )
1]t a+b
< = t
<2[.[of< 2
" (ta+b
g 2
1 a+b
+J fld-t)a+t
0 2

+(1—t)b>

+(1—t)b>dt

a+b>g<(1—t)a+ta

2

a+b>+t2N<a+b)a+b>
2 2

a+ ,b)].
2

xg((l—t)a+taT+b>dt]

+l[lN<a’a+b>+lN<a+b)&b
216 2 3 2 2

)

+1N(a,b)+lN<a+b,
3 2
12

“2|b-a (

b
J f(x)gx)dx
a+b)/2

(a+b)/2
[ rwama]

1(1
+—[—N<
216

+ N(ab) é <

3 2

a+b

)

1

b
= P L f(x)g(x)dx

a’a;b>+ 1N<a+b,a+b>

2

2

)

)

>

(15)
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+iN<a’a+b>+lN<a+b,a+b>
12 2 6 2 2

+ N(ab)+i (‘”b,b).
12 2
(16)
On the other hand, we have
N(a,a+b>
2
~f@a(*20)+ (20 9@
(17)
S @G@+g®)+(f@+f ) g(@]
=f(a)g(a)+%N(a,b).
By a similar way, we obtain
N<a+b,b>
f(b)g(“;b)ﬁ(“b) ®)
%[f ) (g(a)+g®)+(f(a)+ f (b)) gb)]
= [ g®)+ ;N @b), (18)
a+b a+b a+b a+b
N<2’2>:2f(2>g(2>
<2 9@+ g ®)(f @+ )]
- %M(a,b) . %N(a,b).
So,
iN<a’a+b>+lN<a+b,M>
12 2 6 2 2
+1N(a b + (‘”b,b)
12 2
1 1
<—|f(ag(a)+=-N(ab)
12[ 2 (19)
+f©)g )+ 3N @b)]
+é[%M(a,b)+%N(u,b) +éN(a,b)
=@+ IN@b)
—6 a, +3 a, N
which yields the desired result. O
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4, Conclusion

In this paper, we establish some new Hermite-Hadamard
type inequalities for products of convex functions. The results
obtained in this work are the refinements of the present
results. An interesting topic is whether we can use the
methods in this paper to refine the Hermite-Hadamard ine-
quality for coordinated convex functions.
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