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All ad-nilpotent elements of the infinite-dimensional Lie superalgebra Q over a field of positive characteristic are determined. The
natural filtration of the Lie superalgebra () is proved to be invariant under automorphisms by characterizing ad-nilpotent elements.
Then an intrinsic property is obtained by the invariance of the filtration; that is, the integers in the definition of () are intrinsic.
Therefore, we classify the infinite-dimensional modular Lie superalgebra Q) in the sense of isomorphism.

1. Introduction

The theory of modular Lie superalgebras has obtained many
important results during the last twenty years (e.g., see [1-
4]). But the complete classification of the simple modular
Lie superalgebras remains an open problem. We know that
filtration structures play an important role both in the
classification of modular Lie algebras and nonmodular Lie
superalgebras (see [5-8]). The natural filtrations of finite-
dimensional modular Lie algebras of Cartan type were proved
to be invariant in [9, 10]. The similar result was obtained
for the infinite-dimensional case [11]. In the case of finite-
dimensional modular Lie superalgebras of Cartan type, the
invariance of the natural filtration was discussed in [12,
13]. The same conclusion was obtained for some infinite-
dimensional modular Lie superalgebras of Cartan type (see
[14-17]).

In the present paper, we consider the infinite-dimensional
modular Lie superalgebra Q(r,m, q), which was studied in
paper [18]. Denote the natural filtration by (Q(r, m,q);1);>--
We show that the filtration is invariant under automor-
phisms by determining ad-nilpotent elements and subal-
gebras generated by certain ad-nilpotent elements. We are
thereby able to obtain an intrinsic characterization of Lie
superalgebra Q(r, m, q).

The paper is organized as follows. In Section 2, we
recall some necessary definitions concerning the modular
Lie superalgebra Q. In Section 3, we establish some technical

lemmas which will be used to determine the invariance
of the filtration. In Section 4, we prove that the natu-
ral filtration (Q(r,m, q)[i])iz,2 is invariant. Furthermore, we
obtain the sufficient and necessary conditions of Q(r,m, q) =
QF',m', q'); that is, all the Lie superalgebras are classified up
to isomorphisms.

2. Preliminaries

Throughout the work F denotes an algebraically closed field
of characteristic p > 3 and F is not equal to its prime
field I1. Let Z, = {0,1} be the ring of integers module 2.
Let N and N, denote the sets of positive integers and non-
negative integers, respectively. Form > 0, letE =
{z),...,2,,} € F beasubset of [ that is linearly independent
over the prime field II, and let H be the additive subgroup
generated by E that does not contain 1. If A € H, then we
let A =Y" Az and Y= yIA‘ ---yfn'",where 0<A; <p.
Givenn e Nand r = 2n+2,weput M = {1,...,r — 1}.
Let py,...oppy €Fand py =0, pj+p,, =1, j=2,...,n+
1. If k; € N,, then k; can be uniquely expressed in p-adic
form k; = Y2, €,(k;)p", where 0 < ¢&,(k;) < p. We set x:.c" =
Hi:oxf;(k"). We define a truncated polynomial algebra

A=F[x0x5... > Xp 100 Xp 12 Vo> Vi)
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2
such that
P _
xij—O, VieM, j=0,1
2)
yle, i=1,....m
For k;, k] € N, it is easy to see that
xf"xf" = k+k’¢0<=>e (k,) +e, ( ;)<p,
(3)
v=0,1,....
Let Q = {(ky,....k,_;) | k; € Np,i e MY Ifk = (k;,...,

k k.
kT—l) € Q: we set xk = xll ...xrill.

Let A(q) be the Grassmann superalgebra over F in
q variables &, ,,...,§,, ., where g € N and g > 1. Denote by
Q the tensor product AQRpA(g). The trivial Z,-gradation
of A and the natural Z,-gradation of A(g) induce a Z,-
gradation of Q) such that Q) is an associative superalgebra:

0= AR Ay  Or=ARAWQ): @)

For f € A and g € A(qg), we abbreviate f ® g to fg. Let

By = {(ipigo oy |7+ 1<i; <iy < - <ip <r+q},

q

B(q) = U[EBk>

k=0
)
and where B, = @. Given u = (i;,...,i;) € By, weset |u| =
kAu} = {iy,....jpand & = & ---& (lz] = 0,87 = 1).
Then {xkyAE” | ke QA e H,ueB(q)} isan F-basis of Q.

If | f| appears in some expression in this paper, we always
regard x as a Z,-homogeneous element and | f| as the Z,-
degree of f.

Lets =r+q, T =1{r+1,...,s)and R = M UT. Put
M, ={2,...,r = 1}. Set ¢; = (8;,...,0;_;) and x; = x; =

x;o for i € M. Define i = 0,if i € Mj,and i = 1,if i € T. Let

i+n, 2<i<n+l1,

.l . .

1 =1i—-n n+2<i<r-1,
i, r+1<i<s,

(6)

1, 2<i<n+1,
n+2<i<r-1,

I, r+l<i<s.

Let D, D,,..., D, be the linear transformations of Q such
that

ki x"eyr e, e M,

b}
D, (x*y*&) = 1 fyhae (7)
——, €T,
0¢;

where k; is the first nonzero number of g,(k;), & (k;), ...,
&, (k). Then Dy, D,,...,D; are superderivations of the

superalgebra Q and |D;| = 1. Set

Z HiXjog — ZZJyJa 7126’8{ (8)

JEM, je€T
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where I is the identity mapping of Q. Let f € Q be a Z,-
homogeneous element and g € (); we define a bilinear
operation in Q such that

[f.9]=D,(f)a(9)-3(f) D, (9)
+ Y YYD (F) D (g).

ieM,uUT

€

Then Q becomes a simple Lie superalgebra. If 2n + 4 — g #
0 (mod p), we see that A +27'g —n —2#0. In the sequel, we
always assume that 2n+4 — g # 0 (mod p). In some cases,
we denote Q) by Q(r,m,q) in detail and call Q(r,m, q) the
Lie superalgebra of Q-type.

Now we give a Z-gradation of Q: Q = (D), where

Q; = span; {xkyAE” | Z ki +2k +ul-2= j]» . (10
ieM,
Let Q) = D5, Q; forall i > —2. Then Q = Q5 > Q_y; >
- are called the natural filtration of Q.

3. Ad-Nilpotent Elements

Let L be a Lie superalgebra. Recall that an element y €
L is called ad;-nilpotent if there exists at € N such that
(ady)t(L) = 0.If y € Lis ad;-nilpotent, it is also called
ad-nilpotent in brief. Let G be a subset of L. Put nil(G) =
{x € G | x is ad;-nilpotent}, and Nil(G) is the subalgebra
of L generated by nil(G).

Leta € Ny and a = Y2 €,(a)p” be the p-adic expres-
sion of a, where 0 < ¢,(a) < p. Then

pad (a) = (pad, (a),pad, (a),pad, (a),...) (11)

is called the p-adic sequence of a, where pad,(a) = ¢,(a) for
all v € N,. For k = (k;,k;,...,k,_;) € Q, we define the p-
adic matrix of k to be

pad (kl)
k

d
pad (k) = b :( 2 . (12)

pad (kr—l )

Since pad(k) isa (r — 1) x co matrix with only finitely many
nonzero elements, we can set

ht (k) = max {] e N | 3i € M, pad; (k;) #0}. (13)

Ifz = Y ock,A’uxky)‘f” € Q is a nonzero element
with ey, , € F, then we may assume
ht (z) = max {ht (k) | a ., #0}. (14)

For ¢,d € N, we define [k 4 = Z:ll Z?:c pad;(k;) and
lkllz == llkll 4- Now for any ¢ € N and xkyAE“ € ), define

S, (K y1E) = Ikl + 211Kl + lul + pady (ky) . (15)
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Lemmal. Let k,k' € Q and t € N,. Then the following state-
ments hold.

(i) X*x* #0 & pad(k) + pad(k') = pad(k + k').

(ii) Ifkl' #0, then |k - ell, + 20K - ell,, = IIk'IIt +
2||k/||1‘t — 1, where i € M,.

(iii) Let xkyAE” € Qandt > ht(xkyAE”). Then
S, (xFyren > 3.

Proof. (i) We see that

pad (k;) pad (ki)
d(k d (K}
pad (k) +pad (K) = [ © :( 2 [ pae)
pad (k,) pad (k;)
(16)
pad (k;) + pad (ki)

pad (k,) + pad (k;)
pad (k,) + pad (k)

Note that x*x* #0 & e (k) +e,k) < p & pad,(k;) +
pad, (k) < p © pad,(k;) + pad,(kj) # 0 (mod p), for all
i € M,v e N,. By the uniqueness of p-adic expression, we
have x*x* #0 & pad, (k;) + pad, (k) = pad, (k; + k), for all
i€ M,veN,. Thus

K 0 = pad (k) + pad (k')

pad (k;) + pad (ki)
pad (k,) + pad (k;)

pad (k,) + pad (k;) 17)

pad (k1 + k;)
pad (k, + k)

=pad (k+ k'),
pad (k; +k))

as desired.

(ii) If pado(kl{) #0, then pad(k; -1)= (pado(kl{) -1, pad,
(k;),...). We see that ||k — ell, = &', -1, K" - ell,, =
"k’”u- So (ii) holds.

If pady(k;) = 0 and pad,(k]) #0 for b > 1, then we can
assume that

pad (k) = (0,...,0,pad, (k!),pady,, (ki),...).  (18)

Hence pad(kl{—l) = (p-1, ...,p—l,padb(kl{),padbﬂ(k;),...).

3
(a) If t < b, then we get
||k' - ei”t + 2|'k' - e""u =t+1)(p-1)+2t(p-1)
> -1, (19)
e+ 2, -1 -
(b)If t =b and p > 3, then
| —eil, + 2| - e, =t(p-1)+20+ D (p-1)
+3(3pad, (k) - 1)
> 3pad, (k:) -1,
€], + 2], ~ 1 = 3pad (i) - 1.
(20)

(c)If t > b, then
[ - e, + 2 e,

=¥ ~el, ~2¥ ~el,, + 3K ~el,,.,

2 [, + 2, -1+ 3K e,

=[], + 2], - v
Thus (ii) holds.
(iii) By |k|+2k, +|u| = i+2 > 3, we have Z(pado(ki)p0+

padl(ki)p1 +---) +2pady(k,) + |u| = 3; thatis, Y pad,(k;) +
2pad,(k,) + lul| = 3. O

Lemma 2. Let x*y'& € Q, xk,y”EV € Qupt = max{l,
ht(x* Y&}, i € M, UT. Then the following statements hold.

() 1f &' y7' Dy (¢ ') # 0,
then c?t(xk,y”EVDl(xkyAfu)) > 8, (X yrE) + 1.

(ii) If x*y*€“D, (x* y1€") %0,
then cS’t(xkyAE“Dl(xk’y”E")) > St(xky)f“) + 1.

(iii) If D, (" y"8")Dy (£ y*8) 0,
then cS’t(Di(xk,y"fv)Di' (*y1E9) 2 (1) + 1.

Proof. (i) As xk’y"E"kI‘xk_el yreu = kka,xk_ely'”)‘E”EV #0,
¥ x4 = x¥-4 20, Then we have
S, (xkrngle (xkyAEu)) _ “k' + (k- el)"t

+ Z“k' + (k- el)"l,t + |ul

+|v| + pad, (k; + (k; - 1)) .
(22)



By the equality above and Lemma 1, we get pad(k' +(k—e;)) =
pad(k’) + pad(k — e,). Thus

pad, (k; + (k, - 1)) = pad, (k} ) + pad, (k, - 1),
K"+ (e =ep)], = K], + Ik ~eull (23)

[+ el = Il + Tk =erl
Hence
S, (xk' YIE'D, (xkyAEu))

= [¥, + 2], + v+ pads (k1)

+ |k = e, + 2|k — e, + lul + pady (k; = 1)
(24)

> 8, (A y18) + Ik, + 20K +
+pad, (k) -1-1

> S, (xkyAE”) +1.

(ii) The proof is completely analogous to (i).

(iii) Fori € M,;, by assumption of this lemma, we

K —e; xk_ei’

have x # 0, which combined with Lemma 1 yield

S (D, (x*y"8") i (+*5€))
_ s, ( K ki»;x(k’+e,-)+(k—ei;)y)t+;1 1% gv)
= (K =€)+ (k=en)], + 2| (K~ ;) + (k=e)]
+[ul + |v] + pad, (K, +k})
> K], + 2K, + vl =1+ il + 21l
+ul - 1+ pad, (k,) + pad, (k})

> S, (xky)LE”) +1.
(25)

For i € T, it is easily seen that ¢, (k' —¢;) + &,(k — e;) =
ev(k/) +¢,(k) < p. Also by Lemma 1, we obtain

s.(D; (xk'y”f”) D; (¥5'8))
_ (xk'+ky/\+r1 Eu—(i) Ev—(i') )

= ||’ +k||t +2||K' +k||u tlu—1]+]v-1|

(26)
+pad, (k| +k,)
> 8, () +3-2
=8, (xky’\E”) +1.
Hence Lemma 2 holds. O
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Lemma 3. Let x*y*&" ¢ Q,xk’yﬂﬁv € Q) and t > max{l,

ht(xk,ynﬁ")}. Let xk"y’vE”’ be a nonzero summand
of [xk’y”E",xky)‘E”]. Then é’t(xk”y)”,f"’) > <§’t(xkykf”) + 1.

Proof. By a direct computation, we obtain that
[xk' ngv) xky)tgu]
-D, (xk'yﬂgv) 3 (xk)/\fu) - D, (xky/\gu) 3 (xk,y”ﬁv)

+ Y EDVD, (1) Dy (518,

ieM,UT
(27)
which satisfies the conditions of Lemma 2. O
Lemma 4. Q;; € nil(Q).
Proof. Given t € N, put
L=-1)@t+1)(p-1+2(r-Dt(p-1)
(28)

+(p-1)+n+1.

Clearly, we have &,(x*y*&*) < I, for all standard basis ele-
ment x*y*& of Q.
Lett € Nsuch thatt > ht(z). For anyz =

Zk,,vck,)vxk Y& € Ty with 0# ¢y, € F, we have

adz (xky’\f”) = [z, xkylfu] =D, (2)0 (xk)’/\fu)
~0(2) D, (x*'8") (29)

+ Y i D;(2) Dy (x*y'E").

ieMuT

Note that ¢ > max{l, ht(xk, y1€")}. By using Lemma 3 repea-

tedly we see that (adz)”lt (xky)‘ﬁ”) = 0. Hence Q) < nil(Q).
O

Lemma5. (i) If f = Y,_, f, € nil(Q), where f, € Q,, then
f, € nil(Q).

@) If f =Y., f € nil(Qy), then f_, = 0.

(i) If f=Y._ | f, € nil(Qp), then f_, = 0.

(IV) Nil(Q[O] n Qg) = NII(QO n Qa) + Q[l] n Qa.

(v) Nil(Qg) = Nil(Q(q N Q).

Proof. (i) See Lemma 5 in [14].

(ii) By (i), we see that f_, is ad-nilpotent. If f_, +#0,
then [y*, x™] = =D, (x"3(y")) = (A-1)k; x™ ey for
allm > 0and A+1. By a direct computation, we obtain
(adyl)"’(xmel) = (-D"1 - 1)" ym)‘ #0, contradicting the
nilpotency of f_,. Hence f_, = 0, as desired.
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(iii) Clearly, f_, is ad-nilpotent by virtue of (i). If f_, #0,
then we can suppose that f_; = }.c\; y,X; #0, where y; € F.
Thus there exists some y; # 0. By computation, we have

21 (-)"'D

; (xmej

(ZYixiyA) D
(30)

m—l)e/./ y/\'

[Zy,xy X" ] =
- [y

Similarly, we get (adf_,)"(x™") = [j1"(y;)" (k "y 40,
a contradiction. Consequently, f_; = 0.

(iv) Suppose that f = f, + f(;; is an arbitrary element of
nil(Qg; N Qp), where f, € Q) N Qg, f1; € QN Qg. By (1)
of this lemma, we see that f; € nil(Q, N Q) <Nil(Q, N Q).
Hence nil(Q5;NQ5) € Nil(QyNQ5)+Q(;;nQ5 and Nil(Qg;N
Q) SNil(Qy N Q) + QN Q.

Conversely, we have Q;;NQg € Nil(Qg; Q) by means
of Lemma 4. Clearly, Nil(Q, N Qg) <Nil(Q(y N Q). Thus
Nil(Qg N Qg) + Qpp; N Qg SNil(Qy) N Q). This shows that
Nil(Qo; N Qg) = Nil(Q N Q) + Qpy; N Qg as desired.

(v) It is obvious that Nil(Q(5; N Q)< Nil(Qg). Conversely,
we assume that f = th:-z £ € nil(Qp).

Then by (ii) of this lemma, f, = 0. Hence f = f_; +
frop € nil(Qg), where f; € Q_; N Qg and f, € Qg N Q.
It follows from (iii) that f_; = 0. Now f = f[, € nil(Qp).
Noting that Q;; < nil(Q), we have f = f,; <nil(Q N
Q) < Nil(Q; N Q). Thus nil(Qg) < NII(Q[O] N Qg), and
the assertion holds.

Lemma 6. Let i, j € M,. Suppose that x* y*E* is an arbitrary
standard element of Q. Then the following statements hold.

(i) x2y* € nil(Qy N Q).
(if) If [i] =
(iif) If [i] #

[j] and i# j, then x,»xjy" € nil(Qy N Qp).
[j] and j#i', then xixij € nil(Qy N Q).
(iv) x5 y* € nil(Q N Q).

Proof. (i) By a direct computation, we get

(adxizy’\) (xky}tgu) _ [xizy)t,xkyztfu]
=~ (1-24= 1) x}y"D, (x*5¢")
2[i) x;y" Dy (xkyAE“)
31

and x; y*D, o x,9"D; = x,*D; o x; y*D,. 1t follows from
the binomial theorem that

(adety")” (9%8) = (- (1 -2 - ) 22" D,)"
+(2 1] xiy’\Dir)pn> (xkyhfu) =0

(32)

(ii) Also by a direct calculation, we have

(adx,-xjy/\) (xky’\E”)
_ [xixjy)t’ xky/\gu]
- (1 —Hi Ui~ /\) xixijDl (xk)’hgu)

+[i]x;9" Dy (') + [j] %y Dy (£ 9*E).
(33)

Put A =—(1-p—p —/\)xixjy"Dl, B =[i]x;y
[]x; y)LDjr. Obviously,

D;, andC =

A A A
xl.xjy D1 (x]-y Di’ +x;y Dj')
A A
= (xjy Dy +x;y Dj/)xl

A A A A
Xy Dyx;y Dj, =x;y Dj, (xjy Di,).

xjy’\D1 , (34)

Hence (adx,-x]-yA)Pn(xky’\E”) = AP B+ <.

(iii) The proof is completely analogous to (ii).

(iv) According to (i), we see that x;x; y =
(1/4)[i, ;9™ %] €nil(Qy N Q). O

Lemma 7. Suppose that i, j,k € T are different from each
other, and y, x € . Then

(i) f = y&&;y" + x&&Y" € nil(Q) for y* + x* = 0.
(ii) EE;y" € nil(Qy 0 Q).

Proof. (i) Set x*y*&" be an arbitrary standard element of Q.
Then

(adf) (x*5"€")
= [fx e

= [y&Ey" 2 yE]

+ [xE&yt Ky (35)
= PAEE; Y Dy (F9E) +yEy' D, (")

+ 5y D; (K 51E") + xAEE;y Dy (2 5E)

+ xEy D; (X9 E) + xEy Dy (x55'E).

Put
A=pAEEY'D,  B=yEy'D,
C=y&y'D;,  D=x\&y'D,, (36)
E= ng}’ADi’ F= XgiyADk-
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Obviously,
A=B=C=D"=F=F=0,
AB=BA=AC=CA=AD=DA = AF (37)
=FA=BD=DB=BE=EB=CD
=DC=CF=FC=DF=FD=0.
Hence
(adf)’ = AE + EA + BC + CB + BF + FB (38)
+CE+ EC+ DE + ED + EF + FE.
Noting that y* + y* = 0, we obtain
(adf)’ = BCB + CBC + EFE + FEF. (39)

Similarly, (ad f)* = 0, and then f = y{iijA + x&EEY €
nil(Q).
(ii) Let k € T'\ {i, j}. It follows from (i) that

fi = y8&7" + E&y € Nil(Qy n ),

fo =& +y&& e Nil (Q, N Qg),  where Y =-1

(40)

Hence E,»Eij = —(1/2)(yf, - f>) € Nil(Qq N Q). O
Lemma 8. xiijA e nil(Qy N Qy) forie M, and jeT.
Proof. By a direct computation, we obtain

(adxi€p") (")

_ [xiij/\> xky/\Eu]

- (- (3-m-2) 580D, +10165'Dy - 5D,
y (xky/\gu) ‘

(41)

Put A = —(1/2 - y; = Mx;&;y" Dy, B = [i]€;y* D, and C =
~x;y"D;. Observing A> = B> = C* = 0 and AB = BA = 0,
we see that
(adxE;y*)’ = AC + BC+ CA+CB,
) (42)
(adxiijA)P =0, mneN.

Thus x;¢; y* € nil(Q, N Q5), as required. O
Lemma 9. The following statements hold

(i) ;i}l(ﬂo) = spang{x;x;y", x,E;y, EE v | i j € M, U

(ii) For ¢ > 3, nil(Q, N Q) = spanp{x,-xjy)‘,EZ»EJ-)/)L |
i,j € M UTIil,= [j]}.

(iil) For g = 2, nil(Qy N Qg) = spanm{xixjy)L |i,j € M}

Abstract and Applied Analysis

Proof. (i) Suppose that f = yx,y* + Zi,jeMluT(xixij +
x;€; YrEE i ") is an arbitrary element of nil(€,), where y, €
F. If y, #0, then [y,x, 9", y"] = ,(1 = M)y**. A direct
calculation shows that (adf)m(y)‘) =y (1-A)(1-21)--- (1-
mA)y™ #0. Thus fis not ad-nilpotent, contradic-
ting the nilpotency of f. Hence y;, = 0 and nil(Q;) <
span[F{x,»xjy’\,xiij)‘,Eiij)t | i,j € M; U T}. Obviously,
span[F{x,-x]-yA,xi«ijA,E,-f,ij | i, j € M, UT} is a subalgebra
of Q, which yields Nil(Q,) < span[F{x,-xij,x,-Ejy’\,E,-Eij |
i,j e M, UT}.

Conversely, we have span[,;{x,-xjy’\,x,-Ejy’\,E,-Ejy’\ |i,j¢€
M, UT} < Nil(Q,) by virtue of Lemmas 6, 7, and 8. It follows
that Nil(Q,) = span[F{x,»xjy",xiijA,E,»Eij |i,je€ M, UT}.

(ii) By (i) of the lemma, we have

Nil (Q, N Q)
C Nil (Qy) N Qg

= spang {x,x;p" EEy* i, j € My UT, [i] = [f]} .
(43)

Conversely, the assertion span[F{xixjy)‘,f,iij)L | i,j €
M, UT,[i] = [jI} <Nil(Qq n Q) follows from Lemmas 6
and 7.

(iii) Suppose f = yErHEsy/\"'Zi,jeMl Vijxixjy)L € nil(QyN
Qp), where y,y,; € F.If y #0, then ad f(§,y") = [f,E"] =
yE .y and (adf)*(EyY) = y*Ey**. A direct calcula-
tion shows that (ad f)*™(£,y") = y*™E.y*™* 0. It follows
that f is not ad-nilpotent. Thus y = 0. Then f = }, 5
yl-jx,-xjy" € nil(Qy N Qg) and nil(Q, N Qp) < span[F{xixjy’\ |
i,j € M,}. Note that spanF{xixjy’1 | i,j € M,} is a subalg-
ebra of Q. Hence Nil(Q, N Qg) ¢ span[F{x,-xij | i,j € M}
and (iii) holds. O

Let p be the corresponding representation with respect
to Qg module Q_;; that is, p(f) = adfl|y  forall f € Q.
It is easily seen that p is faithful. For f € €, we denote
by p(f) the matrix of p(f) relative to the fixed ordered [F-
basis:

Pty oy Eay 0 @)
Denote by gl(2n,q) the general liner Lie superalgebra
of 2n + gq) x (2n + q) matrices over F. Let e;; denote the
(s = 2) x (s — 2) matrix whose (i, j)-entry is 1 and 0 else-
where. Let E, denote the identity matrix of size n x n.
Put G = (_3 ). Let 8p(2n,F) be all the (2n) x (2n)

matrices set filled with A”G + GA = 0. Put

W = {(é g) €gl(2n,q) | A esp(nF),

(45)
B'G+C=0,D= —DT}.
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Set
& =W oFE,_,. (46)

Lemma 10. (i) p(Q,) = Z.
(i) If f € nil(Q), then p(f) is a nilpotent matrix.

Proof. (i) Let i, j,k € M, UT. By computation, we have

[ 2y ] = 18, y™ + (7] 8,y
N N (47)
[xpxk}’ ] =(1-m—-A)xy".

Hence p(x,-x]-) = [i]ej)i, + [j]e,-j/ and p(x;) = (1 — y -
ME,_,. The other cases are treated similarly. Thus (i) holds.
(ii) As f is a nilpotent elements, p(f) is a nilpotent
liner transformation. Then by the definition of p, we see
that p(f) is a nilpotent matrix. O

Lemmall. If f € nil(QyNQy5), f#0, then there existsa z €
Qg N Qg such that [ f, z] ¢ nil(Q, N Q).

Proof. By Lemma 9, we can assume that f =}, 5, yx; P

A A
Zl,teMl,kt Buxix y” + Zl,teT,kt xi:&i&y”> where y;, By, xi € F.
Suppose y;#0 for some i € M, and z = xj. A direct
calculation shows that

[f.2] =[] ‘Wz‘xz‘xz")/)t +h, (48)

where every item of h does not contain x;. Then (ad[f, z])
(xy) = 4y;y"xp. Thus (ad[f,2])"(xy) = 4"y"y"xs #0,
for all n € N, which implies that [ f,z] is not a nilpotent
element.

If y; = 0 forall i € M, then we let f;; #0 for some i, j €
M, and z = x;yxj yA. Also by computation, we have

[f.2] = [/] :Bijxixi’yA +h, (49)

where every item of h does not contain x;. Similarly,
(ad[f,2])"(xy) = [j1"Bly™x; #0, for all n € N, and then
[f,z] is not nilpotent.

Hence our assertion follows.

Ify, = 0Oand B; = Oforalli,j € M,, then f =
DleT <t Xltflft}’/\ € span[F{Elfty’\ | It € T,A € H}. We see
that p(f) is a antisymmetric nilpotent matrix. By Lemmas
9(ii) and 10, it is easy to see that there is z € spang{¢;€ i y)L |
i, j € T} such that [p(f), p(z)] is not a nilpotent matrix; that
is, [ f, z] is not an ad-nilpotent element. Hence our assertion
holds. O

Proposition 12. nilQ = Qy; @spanF{xixij,xiEjy’\,E,Ejy’\ |
AeH,i,je M UT}.

Proof. According to Lemma 4, we need only to determine all
ad-nilpotent elements in Q_, ® Q_; & Q. Forany n € N, a
direct computation shows that

(sa')' = (- 1Dy 40,
(adx,-y’\)n = (— (271 - Y - /\) x,-y’\D1 + [i] yAD,-r)n #0,
(adg;y")" = (- (27 - 2)£"D, + 'D;)" 20,
(adxlyl)n = (y)‘é -(1-X xly’\Dl)n #0.

(50)

Lemmas 6,7, and 8 imply that xixjy’\, xi’q’ij, and é’q’ij are

ad-nilpotent for i, j € M, UT. Hence our assertion holds. [J
4. Filtration and Intrinsic Property

Lemma 13. Qo N Q5 = Norg (Nil(Qg)) and Qg is invari-
ant.

Proof. Firstly, we prove the inclusion Q) N Q5 ¢
NorQE(Nil(Q5)). Lemmas 6-9 show that Nil(QQ, N Q) <
QN Qg, which combined with (iv) and (v) of Lemma 5, yield

[Qy N O, Nil (O N Q)] € Nil (O N Q)

[QO n ‘06’0[1] n Qa] - Q[l] n Qa.
(51)

Then
[Q‘O n Qa, Nil (Qa)] = [QO n .Qa, Nil (QO n Qa)]
(52)
c Nil (Qy N Qp)
that iS, Q[O] n Qa - NOrQE(Nll(Qa)).

Let us consider the converse inclusion. Suppose that f =
f72 + f[*l] € NOrQE(Nll(Qa)), Where f72 € sz and f[*l] €

Q- I f, #0, then [f, 8] = [f, 8] + [fionp x1€] =

yf€ + h ¢ Nil(Qp), where h € Qpandy € F a
contradiction. Consequently, f_, = 0.
Now suppose f = f_; + fio}, where f ) = ¥;cp, yixiy" €

Q. ¥ €F flo) € Q- If y_; #0 and y; #0 for some j €
M;, then we have | f,x?,] = 2[jlyx;yt +h ¢ Nil(Qg),
where h € ), a contradiction. Thus f; = 0and f =

flo) € Qo) N Q5. This proves the asserted inclusion.
By the proof above, we know that Qy, is invariant. ~ [J

Lemma 14. Q;;; N Q5 = {f € nil(Qp) | [f, Q) N Qg
nil(Qg)} and Q) is invariant.

N

Proof. Let /4 = {f € nil(Q) | [f,Qq N Q] <
nil(Qg)}. Suppose f € nil(Qy). By Lemma5, f_, = 0 and



f-1 = 0. Then we can assume that f = f, + f[;; € 4, where
fO € QO n Qa, f[l] € Q[l] n Qa Let fO :,EO Clearly, fO €
nil(Q). Lemma 5(1) implies that f, € nil(Q, N Q7). Accord-
ing to Lemma 11, there exists z € 0, N Q) such that [f,z] ¢
nil(Qy N Qg). Thus [fj;),2] ¢ nil(Qy N Q) and f;; is not
nilpotent, contradicting the result of Lemma 5. Hence f, =
0 and f € Q[l] n Qa, that iS, M - Q[l] n Qa

Conversely, [Q;;NQ5, QN Q5] € Q43N QG € nil(QpN
Qg) € Nil(Qg) = Nil(Qg;Ny). Itis obvious that Q;;NO; <
A and the proof is complete. O

Proof. (i) Put o = {f € Q7 | [£,Q7] € Q N Qgh

Suppose f = £, + figp where £, = Y,r iyt € Q40
Of flo) € Qpoy N Q7 and y; € F. Let y;#0 for some one j €
T.Then [£,E] = [f,&] + fiop &l = yiy* + Lfiop &)l ¢
Q_;;NQg; thatis, [f, £j] ¢ Qy;NQg. This contradicts f € .
Thus f_, =0.

Let f = fo + fj) be an arbitrary element of </, where
fo = Yiem,jer Vi,jxisjy/\ € QyNQy, fy) € QyNQy and y;; €
F. If there is a y,, #0, then [f,&] = [fo,&] + [fj1), €]
VXVt + [fup &l ¢ Q N Qp contradicting f € .
Hence f, =0 and f = fj;; € Q) N Q1. Consequently, & <
Qpy 0 Oy

Conversely, let f € Q;;;n Q7. Then [f,Q7] € [, Q] €
Qo) N Qg, which shows that Q;; N Q7 € .

(ii) We first prove the inclusion Q; N Q7 € [Qp, QN
Q). Suppose x*y*&* € Qo) N O, where & = &:&". Noting
that x,x*y*&" € Q) N Qg and Y = 22[E, x, x5 YY),
we obtain x* y"ﬁ“ € [Qf, Qp; N Q5. The converse inclusion
is obvious.

(iii) The proof is completely analogous to (ii). O

Theorem 16. Q) is transitive.

Proof. Assume the contrary. Suppose that there exists a
nonzero f € () such that [f,Q_;] = 0, wherel € N,.
Let t be the maximal exponent of x; of all monomial expres-
sions occurring in f. Then we may assume that

f _ Zxxky/\fu + wak’yﬂgv’ (53)

k=t k<t

where y,w € F. Forany j € M,, we have
0= [px] = Lal TGt e e s

where h is the sum of summand that the exponent of x;
is less than ¢. Since Y, Xl JkGix ke yrem

is linear indepe-

ndence, Pl AE” = 0; that is, kj, =0.Forany j € T, we get

0=[£§]= Y xy'e " +h, (55)

k=t
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where h is the sum of summand that the exponent of x; is

less than . Thus ¥, _, yx y)“q'” ) = 0; that is, x¥y*& does
not contain &; and f = x' y*,
If t = 0, then f € Q_,, contradicting / > 0. Let t > 0.

Then we can suppose

te k Agu K v
f=ax Y+ 3 xau Y+ Y w1 Y

ky=t-1 ky<t-1
(56)
where o, Xy ) > Wi ., € F. For j € M, we have
t-le, A
0=[fixj] =a(1-p)x""Pylx,
(57)

+ z Xk/\u[]]k* YN+,

ky=t-1

where h is the sum of summand that the exponent of x; is
less than t — 1. Thus

0((1 _ #j)x(t_l)elyij + Z Xk’)l’u [Jl] k;/Xk L’Iy E = 0.

k,=t-1
(58)

(t-De; A : M
“y"x; contains x; and Yy 1 Xiruli']

By o (1 — pj)x
k*xk ¢/ y*& dose not contain xj, we havet = 0,

contradlctlng t > 0. Hence () is transitive, as required. [

Theorem 17. Suppose that Q and Q' are the Lie superalgebr-
as of Q-type. If ¢ is an isomorphism of Q onto Q', then
o(Qp) = Q[i] forall i > -2.

Proof. As the isomorphism ¢ is an even mapping, we
have p(QF) = Qlﬁ and @(Nil(Q5)) = Nil(Qé). Hence
(p(Norﬂa(NiI(Qa)) = NorQ,a(Nil(Qla)). By Lemmas 13 and 14,
we obtain

¢ (Qio) N Q) = Qg N Oy,
@ (Qpy N Q)
= ¢ ({f € nil (Q)) | [fs Qo) N Q5] < il (Qq))})

= {f € nil () | [ £ n Q5] < nil ()}

= Q[ NQp.

(59)
Now by virtue of Lemma 15, we get
¢ (Qp N Q)
=¢({fe QL nOy| [f, Q5] € QN Q5})
! ! ! 12 1l
={f ey norl [£.05] < oy oz
= Q n .Q (60)

[0]
@ (Qy nOy)
=9 ([Op QN Q5))

! ! ! !
=[opomnag] =0 nop
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It follows that ¢(Qo)) = QEO]. Because Q5 € Q_;;, we have
¢ (Qy) = ¢ (Qy N Q5+ 0y N Oy)
= q)(Qa-I— Q[—l] n QT) = Q% + QE*]] n QIT (61)

’
= Q[_l].

Since Q) is transitive by the lemma above, we have Q;,,; =
{f € Q| [£Qryy] € Qp} forall i > 0. It is easy to show
that p(Qp;) = in] by induction on i. O

Theorem 18. Suppose that ¢ is an automorphism of Q.
Then ¢(Qy;) = Q) for alli > =2, that is; the filtration of Q) is
invariant under the automorphism group of Q.

Proof. This is a direct consequence of Theorem 17. O

Theorem 19. Let Q(r,m,q) and Q(r',m',q') be the Lie
superalgebras of Q-type. Then Q(r,m,q) = Q@' ,m',q") if
andonlyifr=r',m=m',q=4.

Proof. The sufficient condition is obvious. We will prove
the necessary condition. Assume that ¢ : Q(r,m,q) —
Q(r',m',q') is an isomorphism of Lie superalgebra. Accord-
ing to Theorem 17, we have

® (Q(r, m, q)[_z]) = Q(r', m', q')[fz],

! ! ! (62)
(P (Q(r) m, q)[—l]) = Q(r ,m, q )[_1]'
Then ¢ induces an isomorphism of Z,-graded spaces
! ! !
O(r,m q) 1y, O(r',m'sq )[—21 (63)
Q(r,m, q)_y, Qr',m',q')_y
It is easy to see that
Q(r,m,q),_
O m 4)y) = Q(r,m,q)_y»
Q(r,m,q),_y
(64)
Q(r', m',q')[ 2]
- Q(r',m',q') .
Q(T’I) ml) q’)[,l] -2

We conclude that 7 = m' by the dimension comparison.
Similarly, we also obtain an isomorphism of Z,-graded
spaces:

! ! !
Q(r,m, 9y _ Q(r ,m,q )[_1]
Q(r,m,q) Qr',m',q') ’

(65)

and the quotient space Q(_;;/Q; is isomorphic to Q_;. A
comparison of dimensions shows that r + g = r' + ¢’
Note that ¢(Q(r,m, q),) = Q(r',m',q')a, where @ € Z,. It
follows that » = v’ and g = ¢'. O
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