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The matrix equation AXBY = E with SX = XR or PX = sXQ constraint is considered, where S, R are Hermitian idempotent, B Q
are Hermitian involutory, and s = +1. By the eigenvalue decompositions of S, R, the equation AXB™ = E with SX = XR constraint
is equivalently transformed to an unconstrained problem whose coefficient matrices contain the corresponding eigenvectors, with
which the constrained solutions are constructed. The involved eigenvectors are released by Moore-Penrose generalized inverses,
and the eigenvector-free formulas of the general solutions are presented. By choosing suitable matrices S, R, we also present the
eigenvector-free formulas of the general solutions to the matrix equation AXB” = E with PX = sXQ constraint.

1. Introduction

In [1], Chen has denoted a square matrix X, the reflexive or
antireflexive matrix with respect to P by

PX=XP or PX=-XP, )
where the matrix P € " is Hermitian involutory. He also
pointed out that these matrices possessed special properties
and had wide applications in engineering and scientific
computations [1, 2]. So, solving the matrix equation or matrix
equations with these constraints is maybe interesting [3-14].
In this paper, we consider the matrix equation

AXB" =E ()
with constraint

PX =sXQ or SX =XR, (3)
where the matrices A € €™, B € €/, E € €™, the
Hermitian involutory matrices P,Q € €™, the Hermitian
idempotent matrices S, R € ", and the scalars s = +1.
Equation (2) with different constraints such as symmetry,
skew-symmetry, and PX = +XP, was discussed in [9-11, 15-
21], where existence conditions and the general solutions
to the constrained equation were presented. By generalized
singular value decomposition (GSVD) [22, 23], the authors

of [15-17] simplified the matrix equation by diagonalizing
the coefficient matrices and block-partitioned the new vari-
able matrices into several block matrices, then imposed
the constrained condition on subblocks, and determined
the unknown subblocks separately for (2) with symmetric
constraint. A similar strategy was also used in [18]; the
authors achieved symmetric, skew-symmetric, and positive
semidefinite solutions to (2) by quotient singular value
decomposition (QSVD) [24, 25]. Moreover, in [20], CCD [26]
was used for establishing a formula of the general solutions to
(2) with diagonal constraint.

In [19], we have presented an eigenvector-free solution to
the matrix equation (2) with constraint PX = +XP, where
we represented its general solution and existence condition
by g-inverses of the matrices A, B, and P. Note that the g-
inverses are always not unique, and they can be generalized
to the Moore-Penrose generalized inverses. Moreover, the
constraint which guarantees the eigenvector-free expressions
can be maybe improved further. So, in this paper, we focus
on (2) with generalized constraint PX = sXQ or another
constraint SX = XR; our ideas are based on the following
observations.

(1) If we set

S:%(I+P), R:%(I+5Q), (4)



then S and R are both Hermitian idempotent. The
above fact implies PX = sXQ is the special case of
SX = XR. So, we only discuss (2) with SX = XR
constraint and construct the PX = sXQ constrained
solution by selecting suitable matrices R, Q as (4).

(2) With the eigenvalue decompositions (EVDs) of the
Hermitian matrices R, S, matrix X with SX = XR
constraint can be rewritten in (lower dimensional)
two free variables X and Y. And the corresponding
constrained problem can be equivalently transformed
to an unconstrained equation

A,XB"+ 4,789 - K, 5)

with given coefficient matrices A i f?i, i=1,2(onecan
see the details of this discussion in Section 2).

(3) The general solutions and existence conditions of (5)
can be represented by the Moore-Penrose generalized
inverses of A;, B;, i = 1,2 [15, 20, 27-29]. However,

the formulas above are maybe not simpler because the

coeflicient matrices contain the eigenvectors of S, R.

In fact, the Hermitian idempotence of the matrices

S, R implies they only have two clusters different

eigenvalues, and their corresponding eigenvectors

appear in the expression of general solutions, and

existence conditions can be easily represented by S, R

themselves. So we present a simple and eigenvector-

free formulation for the constrained general solution.

The rest of this paper is organized as follows. In Section 2,
we give the general solutions and the existence condition
to (2) with SX = XR constraint by the EVDs of S, R.
In Section 3, we present the corresponding eigenvector-free
representations. Equation (2) with PX = sXQ constraint is
regarded as the special case of (2) with SX = XR constraint,
and its eigenvector-free representation is given in Section 4.
Numerical examples are given in Section 5 to display the
effectiveness of our theorems.

We will use the following notations in the rest of this
paper. Let €™ denote the space of complex m x n matrix.
For a matrix A, A™ and A" denote its transpose and Moore-
Penrose generalized inverse, respectively. Matrix I, is identity
matrix with order n; O,,,.,, refers to m x n zero matrix, and O,
is the zero matrix with order n. For any matrix A € €™, we
also denote

Pa=AA",  K,=1,-P,. (6)

So,

Pur=ATA, Ky =1,- Pan. ?)

2. Solution to (2) with SX=RX Constraint by
the EVDs
For the Hermitian idempotent matrices S, R, let

S =Udiag(I,,0, ) U",  R=Vdiag(I,0,,) V" (8
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be their two eigenvalue decompositions with unitary matrices
U, V, respectively. Then SX = XR holds if and only if

diag (I, 0,4 ) X = X diag (I,,0,_;), 9)

where X = U”XV. And the constrained solution X can be
expressed in
X =Udiag(X.7)V",  Xe@™,
(10)
7 ¢ gnhxnD

Partitioning U = [U,,U,], V = [V,,V,] and using the
transformations (10), (2) with SX = XR constraint is
equivalent to the following unconstrained problem:

1 vpH + vpH
A XBY + A,VBY = E, )
where
A, =AU, B, =BV, A,=AU,  B,=BV,
(12)

For the unconstrained problem (11), we introduce the
results about its existence conditions and expression of
solutions.

Lemma 1. Given A € €™, B € €71, C € €™, D € €,
and E € €™, the linear matrix equation AXB+ CYD = E is
consistent if and only if

‘@GKAE‘@DH = KAE, chKBHg)]H = EKBH, (13)

ot, equivalently, if and only if
KGK4E=0,  KuEKpn =0,
(14)
KEKgn =0,  EKguKjm = 0,
where G = K,C and ] = DKgu. And a representation of the
general solution is

Y = G'K4ED" + T = PuT P,
(15)
X=A"(E-CYD)B'+Z - P uZPy,

with

T = (CKgn)' (I, = CG'K ) ERgu] " + W = Py s WP,
(16)

where the matrices W € € and Z € €"? are arbitrary.

The lemma is easy to verify; we can turn to [27] for
details. The difference between them is that we replace the g-
inverse in the theorem of [27] by the corresponding Moore-
Penrose generalized inverse, and the expression of solutions
is complicated relatively. However, compared with the mul-
tiformity of the g-inverses, the Moore-Penrose generalized
inverse involved representation is unique and fixed.

Apply Lemma 1 on the unconstrained problem (11), we
have the following theorem.
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Theorem 2. The matrix equation AXB" = E with constraint
SX = XR is consistent if and only if
g’éK‘XlEg)Bz = KKIE’ ‘@KZEKE@TH = EKEI’ 17)
where
G=Kz A, TJ=B'Kz. (18)

In the meantime, a general solution is given by

¥ =G'K; BBY + (A,Kq1) (I, - 3,0'K; ) EKG J'

-~ Pen(AKan)' (I, - A,G'Ky ) EKG, T P

+ W — -@GHW(@B\? -P HW.@T

(A\ZKGH)

+<@7~I<@A

(&K1 HW‘@T‘QEQ”

X =& (E-A,YB)) B +Z - 5 2Pg,
(19)
where the matrices W and Z are arbitrary.

In order to separate Y from X of the second equality in
(19), we substitute Y into X. Let

Y, = ( o) (1, - A,G G'Kz, ) EKg J'
( o) (ln— A,G'Ky, ) EK3, T gy
T — ~p ~
X, =A'EB - A'A,y,BB,
(20)
together with
B!B,BY = (B!B,)"BY = BY
27272 T 242 2 T 20
(21
— — T Pe
A,Kgu(A,Kgn) A,Kgn = A,Kgn.
Then (19) can be rewritten as
Y=Y, +W- PeuW P = P 5. Kegt) W P;
+ ‘QGH‘@(XZK@H)HW‘@/:@E?’ (22)
X=X, +Z-PuZPy - K A,KeuWK;By B

3. Eigenvector-Free Formulas of the General
Solutions to (2) with SX=XR Constraint

The existence conditions and the expression of the general
solution given in Theorem 2 contain the eigenvector matrices
of S, R, respectively. This implies that the eigenvalue decom-
positions will be included. In this section, we intend to release

the involved eigenvectors in detailed expressions. With the
first equality in (8), we have
uul=s,  UUS=1,-S8,
(23)
vwi=Rr  VV7=1,-R
Note that U,A(AU,-)Jr is the Moore-Penrose generalized inverse
of AUU!, which gives

Pz = KA = (AUUM) (aUUR) = 44T = 2,, (249
where
H H
A, = AUU,” = AS, A, =AUU, =A(L,-S).
(25)
Then
Kg =1,- Pz =1,-P, =K,, GUy =K, A,
(26)
Set
B,=BV,V/'=BR,  B,=BV,V;'=B(I,-R), (27)
and denote
G=Ku A,  J=BKy. (28)

It is not difficult to verify that
v,J=], GUJ =G, (29)

together with

P =Gull(Gul)' = 2,

(30)
g = (1) (T) = P
Then the first equality of (17) can be rewritten as
PKy EPy =K, E, (31)
and the other can be rewritten as
Pa,EKp Py = EKp . (32)

Now, we consider the simplification of the general solution X
given by (10), which can be rewritten as

X =UXV'+U,vvy. (33)
Note that

UG = (GUl) =G",  KauUH = UK,

(34)
7t T
U,A% = Al



Together with (26),

~Ht —
Uy, v =1, (@* K; EB, +(A,Kgn)'

x (I, - A,G'Kz, ) EK J'
- PR Kgn)'
x (L, = A,G'Ky, ) EKp ' Ppo >V2H (35)
= G'K, BB + (A,Ken)'
X (Im - AzGTKAl) EKBIIT
- Pei(A,Kgn)'

x (L, - A,G'K,, ) EKp J' Py,

so we can represent U; Y, V) by a given expression of A;, B;,
E. Let

f (A1>A2; Bl) Bz, E) = GTKAIEB?T + (1421<GH)T
x (I, — A,G'K, ) EKy J'
- '@G”(AzKGH)T

x (I, ~ A,G'K,, ) EK ' Py
(36)

Hence, we have
U]'zY*VZH = f(Al’AzaBsz,E),
H tppHT _ At HH pHt
U, X,V," =A\EB] - AlA,U,Y,V,"B,’B,

+ opHT + HHT
= A EB; —AlAzf(Al,Az,Bl,Bz,E)B2 B, .
(37)

Since

VoK =V, (I = 25) = (1, - V,I(V]) ) Vo = Ky Vs,
(38)

then
— o~ ~17 ~pgT
U, (Z - PauzPgp - K| A KeuWK;BY B ) V!
= U, ZV{" = P asU, ZV Py

t H HHT
- A A, KenU,WV, KB, B,
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U, (W - P gy - P s

W Ps
H
+@6H@(XZK6H)HW979§¥) V2
= U,WV,! = PulU, WV, Py
H
= Pa gy VWV Py

H
+ g)GH‘@(AZKGH)HUZWVZ P]@Béi.

(39)
Letting
U, zvy +U,WVv," = F, (40)
it is not difficult for us to verify SF = FR. Together with
AU =0, AU, =0, VI'Bi=0, V/Bl=o,
(41)
the following equality holds:
PysU, ZV{ Pyt + PnU, WV, P
= (Pas + P ) (UWV, + U, 2V
(42)
X (P + Py )
= (Pun + P ) F( Py + Pt ).
Note that
GU, =0,  A,KeuU, =0. (43)
Then
A KgUyWVy! = AyKgn (UWV, + U ZV]T) = A, KgnF.
(44)
Hence,

T T
A" A, KnU,WV, 'K BB = ATA,KquFK,BYBY,
H H
Pk UsWVy Py = PP U WVy' P P

= @(AZKGH)HF@/ - @GHg)(AzKGH)HFP/@Bgl.

(45)
Substituting the expressions above into (33) yields that
X=A"EB" 4 f(A,, A, B, By, E)
~ AT A,f(A,, Ay, By, B, E) BB + F
— (Pasr + P ) F (Pt + Py ) (46)

+ HHT
- AlAzKGHFK]B2 B;
_ ‘@(AzKGH)HFg)] + ‘@GH‘O])(AZKGH)HFP]‘@B?I'

We have the following theorem.
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Theorem 3. Let

A =AS, A, =A(I,-9),

(47)

B,=BR, B,=B(I,-R).

The matrix equation (2) with constraint SX = XR is consistent
if and only if
PKp EPy =Ky E, Py EKg P =EKg, (48)
with
G=Ku A,  J=BKy. (49)

In the meantime, a general solution is given by

:
X =A'EB" + f(A,, A, B, B, E)
~ A A,f (A, Ay B, B, E)BYBY + F
—(PA§1+9)GH)F(93{J+9)B§I) (50)
+ HHT
~ AYA,KgnFK, B} B!

— ‘@(AZKGH)HFg] + @GHQ@(AZKGH)HFPIQBI;,

where the arbitrary matrix F satisfies SF = FR and f(A,, A,,
By, B,, E) is determined by (36).

4. Eigenvector-Free Formulas of the General
Solutions to (2) with PX=sXQ Constraint

For this constraint, if we set S and R as (4), it is not difficult to
verify that S, R are Hermitian idempotent, and the constraint
PX = sXQ is equivalent to

SX = XR. (51)

By Theorem 3, we have the following theorem.

Theorem 4. Let
1 1
A1:£A(In+P)’ A2:§A(In—P)’
1 1 2
BI:EB(In+sQ), BZ:EB(In—sQ).

The matrix equation (2) with constraint PX =
consistent if and only if

sXQ is

PKp EPy =Ky E, Py EKy P = EKg,  (53)
with

G=Kuy A,  J=BKy. (54)

5
In the meantime, a general solution is given by
T
X =AVEB" + f(A,, A, B,,B,,E)
~ AYA,f (A, Ay By, B, E) BB + F
_<PAII—I +=@GH)F(<@B{—I +‘9§B§‘) (55)

+ H,HT
- AIAZKGHFKIB2 B;
_ @(AzKGH)Hng + gGH‘@(AZKGH)HFP]‘@B;]’

where the arbitrary matrix F satisfies PF = sFQand f(A,, A,,
By, B,, E) is determined by (36).

5. Numerical Examples

In this section, we present some numerical examples to
illustrate the effectiveness of Theorems 3 and 4. For simplicity,
we set m = n = p and restrict the coefficient matrices A, B
and the right-hand-sided matrix E to #". The coefficient
matrices A, B are randomly constructed by

A =Udiag(oy,...,0,) V', (56)

where the orthogonal matrices U and V are constructed as
follows:

[U,temp] = qr (1 - 2rand (n)),
(57)
[V,temp] = qr (1 — 2rand (n)),

and the singular values {o;} will be chosen at interval (0, 1).
For the computational value X of (2) with constraint PX =
sXQ or SX = XR, the residual error €y, the PQ-commuting
error €pg, SR-commuting error €gp, and consistent error
Cond,,, are denoted by

err

ex = “E - AXBH"F, epq = IIPX — sXQllp,
€p = [ISX — XR||p,
(58)

Cond,,, = max{Hg‘jc;KAlE@B2 - KAIE”F ’

err
|24, EK 5, Py - EK |}

Example 1. In this example, we test the solutions to (2) with
SX = XQ constraint by Theorem 3. The coefficient matrices
A, B are constructed as in (56), and the right-hand-sided
matrix E is constructed as follows:

E=AX,BY, (59)
where X, satisfies
RX, = X,S, (60)

and S, R are symmetric idempotent. That implies that the
constrained equation (2) is consistent, so the residual error
€x and consistent error Cond,,, should be zero with the
computational value X.

err



TABLE 1: Variant matrix sizes » for the solutions to (2) with SX = XR
constraint.

n CPU (s) €x €sr Cond,,,

100 0.38 1.14 % 10712 6.53 x 1071 7.12 % 1072
300 1.34 32351072 443%107° 563 %1072
500 5.62 412107 476%107° 224 %107
700 14.55 391107 754%107° 543 % 107!
900 29.63 231%107%  3.13%1072 1.37 « 1071
1100 55.34 936 %107  6.64%107%  219x107"

TABLE 2: Variant matrix sizes # for solutions to (2) with PX = XQ
constraint.

n CPU (s) €x €pg Cond,,,

100 0.42 6111072  561%107"°  231%107"
300 2.83 207107 973%107°  4.34%107"°
500 8.21 5.85 % 10717 1.55 %1072 3.61% 107"
700 14.53 117107 224%1072%  537%107%
900 28.54 260107 461%107" 818107
1100 52.81 535% 107  492%107" 653 % 107"

For different », the residual error ey, SR-commuting error
€sp> and consistent errors Cond,,, can reach the precision
107, but all of them seem not to depend on the matrix
size n very much, and the CPU time also grows quickly as
n increases. In Table 1, we list the CPU time, €y, €4, and
Cond,,,, respectively.

err?

Example 2. We test the solutions to (2) with PX = XQ
constraint by Theorem 4. The test matrices A, B, and E are
constructed as in (56) with X, satisfying

E=AX,BY, (61)
where X, satisfies
PX, = X.Q, (62)

and P, Q are symmetric involutory.

For different n, the numerical result is similar to those of
Example 1; that is, the residual error ey, PQ-commuting error
€pq> and consistent errors Cond,,, can all reach the precision

107", but it seems that they do not depend on the matrix
size n very much. However, the CPU time grows quickly as
n increases. In Table 2, we list the CPU time, €y, €pg, and
Cond,,,, respectively.

6. Conclusion

In this paper, we consider (2) with two special constraints
PX = sXQ and SX = XR, where P, Q € & are
Hermitian involutory, S, R € €™ are Hermitian idempotent,
and s = +1. We represent the general solutions to the
constrained equation by eigenvalue decompositions of P,
Q, S, R, release the involved eigenvector by Moore-Penrose
generalized inverses, and get the eigenvector-free formulas of
the general solutions.
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