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We introduce the concept of an o -admissible non-self-mappings with respect to 7. and establish the existence of PPF dependent
fixed and coincidence point theorems for o #,-y-contractive non-self-mappings in the Razumikhin class. As applications of our PPF
dependent fixed point and coincidence point theorems, we derive some new fixed and coincidence point results for y-contractions
whenever the range space is endowed with a graph or with a partial order. The obtained results generalize, extend, and modify some
PPF dependent fixed point results in the literature. Several interesting consequences of our theorems are also provided.

1. Introduction and Preliminaries

In nonlinear functional analysis, one of the most significant
research areas is fixed point theory. On the other hand,
fixed point theory has an application in distinct branches
of mathematics and also in different sciences, such as engi-
neering, computer science, and economics. In 1922, Banach
proved that every contraction in a complete metric space
has a unique fixed point. This celebrated result have been
generalized and improved by many authors in the context
of different abstract spaces for various operators (see [1-31]
and references therein). In 1997, Bernfeld et al. [5] introduced
the concept of fixed point for mappings that have different
domains and ranges, which is called PPF dependent fixed
point or the fixed point with PPF dependence. Furthermore,
they gave the notion of Banach type contraction for non-self-
mapping and also proved the existence of PPF dependent
fixed point theorems in the Razumikhin class for Banach
type contractions (see [17]). The PPF dependent fixed point
theorems are useful for proving the solutions of nonlinear
functional differential and integral equations which may
depend upon the past history, present data, and future

consideration (see [9]). On the other hand, Samet et al. [22]
introduced the concept of a-admissible self-mappings and
proved fixed point results for «-admissible contractive map-
pings in complete metric spaces and provided application
of the obtained results to ordinary differential equations.
More recently, Salimi et al. [24] modified the notions of «a-
y-contractive and «-admissible mappings and established
fixed point theorems to generalize the results in [22]. In this
paper, we introduce the concept of an «.-admissible non-
self-mapping with respect to 7. and establish the existence
of PPF dependent fixed and coincidence point theorems
for « 1, -y-contractive non-self-mappings in the Razumikhin
class. As applications of our PPF dependent fixed point
and coincidence point theorems, we derive some new fixed
and coincidence point results for y-contractions whenever
the range space is endowed with a graph or with a partial
order. The obtained results generalize, extend, and modify
some PPF dependent fixed results in the literature. Several
interesting consequences of our theorems are also provided.

Throughout this paper, we assume that (E,| - [lp) is a
Banach space, I denotes a closed interval [a,b] in R, and



E, = C(I,E) denotes the set of all continuous E-valued

functions on I equipped with the supremum norm | - g,
defined by

"¢“E0 = St‘:}f’"‘/5 O g- 1)

For a fixed element ¢ € I, the Razumikhin or minimal
class of functions in E,, is defined by

R, = {ﬁb €E,): "‘/5“50 = ¢ (C)“E}' @)
Clearly, every constant function from I to E belongs to %..

Definition 1. Let &, be the Razumikhin class, then

(i) the class &, is algebraically closed with respect to
difference, if ¢ — & € . whenever ¢, & € R;

(ii) the class £, is topologically closed if it is closed with
respect to the topology on E, generated by the norm
I U,

Definition 2 (see [5]). A mapping ¢ € E, is said to be a PPF
dependent fixed point or a fixed point with PPF dependence
of mapping T': E, — Eif T¢p = ¢(c) for somec € I.

Definition 3 (see [17]). LetS: E, — EjandletT: E, — E.
A point ¢ € E, is said to be a PPF dependent coincidence
point or a coincidence point with PPF dependence of S and
T it T$p = (S¢)(c) for somec € I.

Definition 4 (see [5]). The mapping T : E, — E is called a
Banach type contraction if there exists k € [0, 1) such that

|76 = 78] < k¢ = ], 3)
forall ¢, & € E,,.

Samet et al. [22] defined the notion of a-admissible
mappings as follows.

Definition 5. Let T be a self-mapping on X and let & : X X
X — [0, +00) be a function. We say that T is an «-admissible
mapping if
xyeX, a(xy)=21=a(Tx,Ty)>1. (4)

In [22] the authors considered the family ¥ of nonde-
creasing functions y [0,+00) — [0,+00) such that
Y yt(t) < +oo for each t > 0, where y" is the nth iterate
of y.

Salimi et al. [24] modified and generalized the notions
of a-y-contractive mappings and «-admissible mappings as
follows.

Definition 6 (see [24]). Let T be a self-mapping on X and «,
n:XxX — [0,+00) be two functions. We say that T is an
a-admissible mapping with respect to # if

a(x,y)2n(xy) = a(Tx,Ty) = n(Tx,Ty), -
x,y € X.
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Note that if we take 7(x, y) = 1, then this definition reduces
to Definition 5. Also, if we take, a(x, y) = 1, then we say that
T is an y-subadmissible mapping.

The following result is a proper generalization of the
above-mentioned results.

Theorem 7 (see [24]). Let (X,d) be a complete metric space
and let T be an a-admissible mapping. Assume that

xyeX, a(x,y)21=d(Tx,Ty) <y (M(x,y)),
(6)
where y € ¥ and
d(x,Tx)+d(y,T
M(x,y):max{d(x,y)’ (x x)er (y J’))
(7)

d(x,Ty)+d(y,Tx) } ‘
2

Also, suppose that the following assertions hold:

(i) there exists x, € X such that a(x,, Tx,) > 1,

(ii) either T is continuous or for any sequence {x,} in X
with a(x,, x,.,) > 1 foralln e NU{0} and x,, — x
asn — +00, we have a(x,,, x) > 1 for alln e N U {0}.

Then T has a fixed point.

For more details on modified a-y-contractive mappings
and related fixed point results we refer the reader to [8, 13, 14,
25, 26].

2. PPF Dependent Fixed and Coincidence
Point Results

First we define the notion of non-self «-admissible mapping
with respect to 7 as follows.

Definition 8. Letc € I andletT : E;, — E,a,51: EXE —
[0, 00). We say that T is an & -admissible non-self-mapping
with respect to 7, if for ¢, & € E,,

a(¢(c),&(0) 2n(¢(c),&(0)
= a(T¢, T) 2 n(T¢$, T¢).

(8)

Note that if we take 7(¢(c), &(c)) = 1, then we say T is an .-
admissible non-self-mapping. Also, if we take a(¢(c), &(c)) =
1, then we say that T is an #,-subadmissible non-self-

mapping.

Example 9. Let E = R be areal Banach space with usual norm
andletI = [0,1]. Define T : E; — EbyT¢ = (1/2)¢(1) for
all¢p € Eyanda,y: ExE — [0,+00) by

el ifxzy
»Y) = 9
a(x) %, otherwise, ©)
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#7(x, y) = x* +1/2. Then, T is an &, -admissible mapping with
respect to #;. In fact, if a($(1),&(1)) > #(¢p(1),£(1)), then
¢(1) = &(1) and so, (1/2)$(1) > (1/2)&(1). That is, T > TE
which implies that a(T¢, TE) > n(T¢, TE).

Denote with ¥ the family of nondecreasing functions v :
[0, +00) — [0,+00) such that Y2 y"(f) < +co forallt > 0,
where y” is the nth iterate of y.

The following Remark is obvious.

Remark 10. Ify € W, then w(t) < t forallt > 0.

Definition 11. LetT : E;, — E,«a, 1 : ExE — [0,00) be
three mappings and ¢ € I. Then,

(i) T is an «,1.-y-contractive non-self-mapping if

«($(0),£() 2 (¢ (), T9)
= [T¢ - T8]; < v (M ($.5)).

(ii) T is a modified «,-y-contractive non-self-mapping if
a($(c),§(0) 21 = |T¢-TE|, <y (M($:8), (1)

where y € ¥ and

M(¢,8)

[¢ ()~ To] + [ (©) — 7]l

_ max{ngb—zll%, . 1)

¢ () = T&] + & () - T }
: :

The following theorem is our first main result in this
section.

Theorem 12. Let T : E, — E, o, : ExXE — [0,00) be
three mappings that satisfy the following assertions:

(i) there exists ¢ € I such that R, is topologically closed
and algebraically closed with respect to difference;
(ii) T is an o .-admissible non-self-mapping with respect to
e
(iii) T is an o y.-y-contractive non-self-mapping;
(iv) if{¢,} is a sequence in E, such that ¢, — ¢pasn — oo
and a(¢p,(c), P,1(c)) = 3¢, (c), Py (c)) for all n €

N U {0}, then a(¢,(c), ¢(c)) = n(,(c), T¢,) for alln €
Nu {0}

(v) there exists ¢,

71(¢0(C)a T‘/’o)-
Then, T has a PPF dependent fixed point.

€ R, such that a(¢y(c), Te,) =

Proof. Let, ¢, € %K. Since T¢, € E, there exists x; € E such
that T¢p, = x;,. Choose ¢; € &, such that,

X =¢p(0). (13)

By continuing this process, by induction, we can build a
sequence {¢,} in Z_ C E,, such that

Td 1 = ¢, (), VneN, (14)

Since &, is algebraically closed with respect to difference,
it follows that

I|¢n—1 - ¢”"Eo = "(pn—l (C) - ¢n (C)“E’ Vn e N. (15)
If there exists 1y € N such that ¢, (c) = ¢, ,1(c) = T¢,, , then
¢,,, is a PPF dependent fixed point of T and we have nothing
to prove. Hence we assume that ¢,,_; # ¢, for alln € N.

Since T is an «.-admissible non-self-mapping with
respect to #, and

(¢ (), 41 () = (o (), Ty)

(16)
2 11( (), Tpy) = 11 (¢o (c)» ¢y (c)) >

SO,

a(¢y(0),Tgy) =1 (d (0), Tey). (17)

By continuing this process we get

o (¢n—1 (C) > ¢n (C)) =« (¢n—1 (C) > T¢n—1)

(18)
2 ;1 (¢n—1 (C) > T¢n—1) >
for all n € N. Then from (10) we get
"(/)n - ¢n+1 ”E0 = l|¢n (C) - ¢’n+1 (C)"E
(19)

= “Tqbnfl - T¢nI|E <y (M (an,l, ¢n)) >

where
M ((/)n—l’ ¢n)
- max{ Ig2 -0l

"¢n—1 (C) - T¢n—1“E + “(pn (C) - T¢H|IE
5 >

||¢n—1 (c) - T¢n“E + “‘/)n (0) - T¢n—1”E }

2

- max {nm_l bl

||¢n—1 (C) - ¢n (C)”E + l|¢n (C) - ¢n+1 (C)"E
P >

||¢n—1 (€) = bpia (C)"E + "‘/’n () - ¢ (C)"E }
2




- mas {||¢n_1 bl

“‘pn—l - ¢n”E0 + ||¢n - ¢n+1"E0
> >

a1 = buia "E0
2

< max {"¢n—1 - ¢n“EO’

“‘/’n—l - (pn"EO + |l¢n - ¢n+1"E0 }
2

< max {“‘Pﬂ—l - </5n||E0’ "¢n - ¢H+IHE0}
(20)

which implies that
||¢n - ¢n+1 "E0
sy (max {"‘lan - ¢n||EO’ 6 - ¢n+1"E0}) :

Now, if max{ll¢,_, = @ullp > 16, = buiallg,} = 1bn = Puiill,
then

(21)

"‘l)n - ¢n+l”E0 < v (”(/)n - ¢n+1||EO) < I|¢n - ¢n+1"E0 (22)

which is a contradiction. Hence,

6 = Guille, < ¥ (I6ns = Sl ) (23)

for alln € N. So,

I = buaalls, < v (Ibo = b1l ) (24)

for alln € N.
Fix € > 0, then there exists N € N such that

2" (Igo-¢illy,) <e VneN. (25)

n>N

Let m,n € Nwith m > n > N. By triangular inequality we get

m—1
[bn = Bull, < 2166 = b,
k=n (26)
S Z‘/’n (“‘/’0 - ¢1"E0) <é

n>N

Consequently, lim,,,, _, .o ¢, — @ullg, = 0. Hence {¢,} isa
Cauchy sequence in %, C E,. By the completeness of E, {¢,,}
converges to a point ¢* € E, thatis, ¢, — ¢*,asn — 0.
Since %, is topologically closed, we deduce that ¢* € Z,.
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From (iv) we have a(¢, (c), ¢(c)) = n(¢,(c),T¢,) for all n €
N U {0}. By (10) we have
176"~ ¢ )¢

<|T¢" = Teullp + 176, - ¢™ )¢

=|T¢" = Tully + [ buir © = ¢" Oz 27)

<y (M (6" 8)) + b = ¢,

<M8) s~

where
M(¢".¢,)
- max {16 - 4.l
67 () = T¢" || + [0 (©) = Tl
5 ,
(/5* (c) - T¢n“E + I|¢n (c) - T(p*”E }
2 (28)

_ max {||¢* bl

" (©) =T || + |8, (©) = s O]
) ,

¢ (©) = Puut (O[5 + |, () = TP" E}
: .

Taking limit as n — oo in the above inequality we get

76" 4" @l < 3116”9 @l (29)

Therefore, [|[T¢p" — ¢*(c)ll; = 0. That is, T¢" = ¢*(c). This
implies that ¢ is a PPF dependent fixed pointof T in #,. O

If in Theorem 12 we take (¢, &) = 1 for all ¢, & € E,, then
we deduce the following corollary.

Corollary 13. LetT : E, - Eanda : ExXE — [0,00) be
two mappings satisfy that the following assertions:

(i) there exists ¢ € I such that R, is topologically closed
and algebraically closed with respect to difference;
(ii) T is an a.-admissible non-self-mapping;
(iii) T is a modified o -y-contractive non-self-mapping;

(iv) if{p,} is a sequence in E, such that ¢, — ¢dpasn — oo
and a($,(c),¢,,,(c)) = 1 foralln € N U {0}, then
a(,(c),¢d(c)) = 1 foralln e N U {0};

(v) there exists ¢, € R, such that a(¢y(c), Tp,) = 1.

Then, T has a PPF dependent fixed point.

We now introduce the notion of «_-admissible mapping
with respect to #, for the pair of maps (S, T') as follows.
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Definition 14. Letc € I,S : E;, — E;, T : E, — E and
leta, : ExE — [0,00). We say that the pair (S,T) is an
o -admissible with respect to 7, if for ¢, & € E,

«((59) (), (88) () = 1 ((59) (<) ($) ()
= a(T$, TE) = n(T¢, TE).

Note that if we take 7((S¢)(c), S(§)(c)) = 1, then we say that
the pair (S, T) is an «.-admissible mapping. Also, if we take
a((S$)(c), S(E)(c)) = 1, then we say that the pair (S,T) is an
#.-subadmissible mapping.

Now we introduce the notion of «,#,-y-contractiveness
for the pair (S, T) as follows.

Definition 15. Letc € I,S: E, — E;,T: E, — Eanda,
n:ExE — [0,00). Then,

(i) we say that the pair (S, T) is an «,#,-y-contractive if
a(($¢)(c),&() =7 ((S¢>) (©),T¢)
= [T¢ - T8, <y (N ($.8))3

(ii) we say that the pair (S,T) is a modified o -y-
contractive if

a((8¢) (©),&(c)) =21 = |Tp - TE|; < v (N (¢, f:))E
32

(31)

where y € ¥ and
N(¢:¢)

 max {||s¢ - St

1(S¢) () = T (Sp)[|; + [1(S8) () = T ()]
; :
1(S$) () = T (SO + (S¢) () = T (SO }
. .

(33)

Theorem 16. LetS: E, — E),T:E, - E, a,: EXE —
[0, 00) be four mappings satisfying the following assertions:
(i) there exists c € I such that S(R,.) is topologically closed
and algebraically closed with respect to difference;

(ii) the pair (S, T) is an o .-admissible with respect to

(iii) the pair (S, T) is an o, -y-contractive;

(iv) if {S¢,} is a sequence in E, such that S¢, —
Sp asn — oo and a((S¢,)(c), (S¢,,.1)(c) =
n((S¢,)(c), (S¢,,1)(c)) for all n € N U {0}, then
a((8¢,)(c), Sp(c)) = n((S$,)(c),T¢,) for alln € N U
{0k

(v) there exists S¢y € S(R.) such that a(S¢y(c), Te,) >
1(S¢o(c), Tépo)-

Then, S and T have a PPF dependent coincidence point.

Proof. As S : E;, — E,, so there exists F, € E,; such that
S(F,) = S(E,) and S|, is one-to-one. Since T'(F,) < T(E,) <
E, we can define the mappmg&f S(Fy) — Ebyd(S¢) =T¢
forall ¢ € F. Since S|, is one-to-one, then & is well defined.
Let

a((S¢) (c),(S&) (©) 21 ((Sp) (), Tp), then

(34)
a((S¢) (©),(S8) () = 7 ((S¢) (c), o (S)).-
Therefore, by (31) we have
s (S¢) — st (SO, < w (N (¢:€)) (35)
where
N (¢,8)
= max {||S</> - Sf"Eo,
1(S¢) () = o (S¢)][ + [|(SE) (c) — & (SE)]
3 )
|(S¢) () — o (SO)||s +

1(S8) (c) — o (S)| }
_ .
(36)

This shows that &/ is an a.#,-y-contractive non-self-
mapping. Further, all other conditions of Theorem 12 hold
true for o/. Thus, there exists PPF dependent fixed point ¢ €
S(F,) of o; that is, /¢ = ¢(c). Since ¢ € S(F,), so there exists
w € F, such that Sw = ¢. Thus,

Tw =4 (Sw) = ¢ =¢(c) = (Sw) (c). (37)

That is, w is a PPF dependent coincidence point of S and T.
O

Corollary17. LetS: E;, — E,,T:E;, - E,a: EXE —
[0, 00) be three mappings satisfying the following assertions:

(i) there exists c € I such that S(R,.) is topologically closed
and algebraically closed with respect to difference;
(ii) the pair (S, T) is an a -admissible;
(iii) the pair (S, T) is a modified o -y-contractive;

(iv) if {S¢,} is a sequence in E such that S¢, — S¢ as
n — oo and a((S¢,)(c), (S¢,.1)(c)) = 1 foralln €
N U {0}, then a((S¢,,)(c), Sp(c)) = 1 for alln € NU {0};

(v) there exists S¢, € S(R..) such that a(S¢y(c), Td,) = 1.
Then, S and T have a PPF dependent coincidence point.

3. Some Results in Banach Spaces Endowed
with a Graph

Consistent with Jachymski [15], let (E,d) be a metric space
where d(x,y) = |x -yl for all x,y € E and A denotes
the diagonal of the Cartesian product of X x X. Consider
a directed graph G such that the set V(G) of its vertices



coincides with X, and the set E(G) of its edges contains all
loops; that is, E(G) 2 A. We assume that G has no parallel
edges, so we can identify G with the pair (V(G), E(G)).
Moreover, we may treat G as a weighted graph (see [16, page
309]) by assigning to each edge the distance between its
vertices. If x and y are vertices in a graph G, then a path in G
from x to y oflength N (N € N) is a sequence {xi}f\_jo of N+1
vertices such that x, = x, x5 = yand (x,_;,x;) € E(G) for
i=1,...,N.Agraph Gis connected if there is a path between
any two vertices. G is weakly connected if G is connected (see
for more details [6, 11, 15]).

Definition 18 (see [15]). Let (X, d) be a metric space endowed
with a graph G. We say that a self-mapping T : X — X
is a Banach G-contraction or simply a G-contraction if T
preserves the edges of G; that is,

Vx,ye€X, (x,9)€E(G) = (Tx,Ty) € E(G) (38)

and T decreases weights of the edges of G in the following
way:

Jo € (0,1) such that Vx, y € X,
(39)
(x,y) € E(G) = d(Tx,Ty) <ad(x, y).

Theorem 19. Let T : E, — E and E endowed with a graph
G. Suppose that the following assertions hold true:

(i) there exists ¢ € I such that R, is topologically closed
and algebraically closed with respect to difference;

(ii) if (¢(c), E(c)) € E(G), then (T¢, T¢) € E(G);

(iii) assume that
(¢(),£(0) € E(G) = [T - TE|, <y (M ($,8)) “0)
¢, € Ey,
(iv) if{¢,} is a sequence in E, such that ¢, — ¢pasn — oo
and (¢,(c), ¢,.1(c)) € E(G) for alln € N U {0}, then

(¢, (c), (c)) € E(G) for alln e NU {0}
(v) there exists ¢, € R, such that (¢y(c), Td,) € E(G).

Then, T has a PPF dependent fixed point.

where y € ¥Y;

Proof. Define« : Ex E — [0,+00) by

1, if (x,y) € E(G)
a(x,y) = <l (41)

1
—  otherwise.
2

First, we prove that T is an «_-admissible non-self-mapping.
Assume that a(¢(c),&(c)) > 1. Then, we have (¢(c),&(c)) €
E(G). From (ii), we have (T'¢, T¢) € E(G); thatis, a(T¢$, TE) >
1. Thus T is an & -admissible non-self-mapping. From (v)
there exists ¢, € . such that a(¢,(c),Tp,) > 1. Let,
{¢,} be a sequence in E, such that ¢, — ¢pasn — o0
and (¢,(c),¢,,1(c)) € E(G) for all n € N U {0}. Then,
a(p,(c), ¢,,,(c)) = 1foralln € NU{0}. Thus, from (iv) we get,
(¢,(c),¢) € E(G) for all n € N U {0}. That is, a(¢,,(c),¢) > 1
for all n € N U {0}. Therefore all conditions of Corollary 13
hold true and T has a PPF dependent fixed point. O
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Similarly as an application of Corollary 17, we can prove
the following Theorem.

Theorem 20. Letc € I, S: E, — E;, T:E, —» EandE
endowed with a graph G. Suppose that the following assertions
hold true:

(i) there exists c € I such that S(R,.) is topologically closed
and algebraically closed with respect to difference;

(ii) if (Sp)(c), (SE)(c)) € E(G), then (T¢, T¢E) € E(G);

(iii) assume that

((S) (), (SE) (c)) € E(G) = |Tp - TE||, < v (N (¢,4(5)))
42

for ¢, & € E, wherey € ¥;

(iv) if {S¢,} is a sequence in E such that S¢, — S¢ as
n — oo and ((S¢,)(c), (S¢,..1)(c)) € E(G) foralln €
NU{0}, then ((S¢,,)(c), Sp(c)) € E(G) foralln € NU{0};

(v) there exists S¢, € S(R.) such that (Spy(c), Td,) €
E(G).

Then, S and T have a PPF dependent coincidence point.

The study of existence of fixed points in partially ordered
sets has been initiated by Ran and Reurings [27] with
applications to matrix equations. Agarwal et al. [1, 2], Ciri¢
et al. [7], and Hussain et al. [11, 12] presented some new
results for nonlinear contractions in partially ordered Banach
and metric spaces with applications. Here as an application
of our results we deduce some new PPF dependent fixed
and coincidence point results whenever the range space is
endowed with a partial order.

Definition 21. Letc € I, T : E, — E and E endowed with
a partial order <. We say that T is a c-increasing non-self-
mapping if for ¢, & € E, with ¢(c) < &(c) we have T < TE.

Definition 22. Letc € I,S: E;, — E;, T : E, —» Eand E
endowed with a partial order <. We say that the pair (S, T) is
c-increasing if for ¢, & € E; with (S¢)(c) = (S&)(c) we have
T$ < TE.

Theorem 23. Let T : E, — E and E endowed with a partial
order <. Suppose that the following assertions holds true:

(i) there exists ¢ € I such that R, is topologically closed
and algebraically closed with respect to difference;

(ii) T is a c-increasing non-self-mapping;

(iii) Assume that

|76 = 78] < v (M ($:8)) (43)
holds for all ¢, & € E, with ¢(c) < &(c) wherey € ¥;

(iv) if{¢,} is a sequence in E, such that ¢, — ¢pasn — oo
and ¢,(c) X ¢,.,(c) for alln € N U {0}, then ¢,(c) <
¢(c) for alln e NU {0};

(v) there exists ¢, € R, such that ¢,(c) X T,.
Then, T has a PPF dependent fixed point.
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Proof. Definea : Ex E — [0,+00) by

1, ifx=<y
alxy)=q1 (44)
2

otherwise.

First, we prove that T' is an «.-admissible non-self-mapping.
Assume that a(¢(c),&(c)) > 1. Then, we have ¢(c) < &(c).
Since T is c-increasing, we get T¢ < T&; thatis, a(Tp, TE) > 1.
Thus T is an «.-admissible non-self-mapping. From (v) there
exists ¢, € R, such that ¢y(c) < T¢,. That is, a(py(c), T,) >
1. Let {¢,,} be a sequence in E; such that ¢, — ¢pasn — oo
and a(¢,(c), ¢,.1(c)) = 1 foralln € N U {0}. Then, ¢,(c) <
¢,.41(c) for all n € NU {0}. Thus, from (iv) we get ¢,,(c) < ¢(c)
foralln € NU{0}. Thatis, (¢, (c), ¢(c)) > 1 foralln € NU{0}.
Therefore all conditions of Corollary 13 hold true and T has a
PPF dependent fixed point. O

Similarly we can prove following Theorem.
Theorem 24. Letc € ,S: E) — E,, T : E;, — Eand

E endowed with a partial order <. Suppose that the following
assertions hold true:

(i) there exists c € I such that S(R,) is topologically closed
and algebraically closed with respect to difference;

(ii) the pair (S, T) is a c-increasing mapping;

(iii) assume that

IT¢ - TE|; < v (N ($,8)) (45)
holds for all ¢, & € E, with (Sp)(c) = (S&)(c), where
v ey

(iv) if {S¢,} is a sequence in E such that S¢, — S¢ as
n — oo and (8¢,)(c) < (S¢,.,)(c) for alln e NU {0},
then (S¢,,)(c) < S¢(c) for alln € N U {0};

(v) there exists Sy € S(R,.) such that Spy(c) < T,.
Then, S and T have a PPF dependent coincidence point.

4. Further Consequences

4.1. Consequences of Corollary 13

Theorem 25. Let T : E;, —» Eanda : ExE — [0,00) be
two mappings that satisfy the following assertions:

(i) there exists ¢ € I such that R, is topologically closed
and algebraically closed with respect to difference;

(ii) T is an a -admissible mapping;

(iii) assume that

a(¢(),£())[Te-TE| <y (M($,8))  (46)
holds for all ¢, & € E,, wherey € ¥;

(iv) if{¢,} is a sequence in E, such that ¢, — ¢pasn — oo
and o(¢,(c), $,.1(c)) = 1 for alln € N U {0}, then
a(p,(c), ¢(c)) = 1 foralln € N U {0};

(v) there exists ¢, € R, such that a(¢y(c), Tp,) > 1.

Then, T has a PPF dependent fixed point.

Proof. Let a(¢p(c),&(c)) = 1. Hence, from (iii) we have

|76 - TE]|; < a (¢ (). 8 (©)) [T~ TE] ;< v (M (9, E)()4-7)

That is, all conditions of Corollary 13 are satisfied and T has a
PPF dependent fixed point. O

Similarly we can prove the following results.

Theorem 26. Let T : E) — Eanda : ExE — [0,00) be
two mappings that satisfy the following assertions:

(i) there exists ¢ € I such that R, is topologically closed
and algebraically closed with respect to difference;
(ii) T is an o .-admissible mapping;

(iii) assume that
(I7¢ - 7€ + )" <y (M (§8) +e  (48)

holds for all ¢, & € E, wheree > 1 and y € ¥;

(iv) if{¢,} is a sequence in E, such that ¢, — ¢pasn — oo
and o, (c), $,,1(c)) = 1 for alln € N U {0}, then
al,(c),¢(c)) = 1 foralln € N U {0};

(v) there exists ¢, € R, such that a(¢y(c), Td,) > 1.

Then, T has a PPF dependent fixed point.

Theorem 27. LetT : E;, - Eanda : ExE — [0,00) be
two mappings that satisfy the following assertions:

(i) there exists ¢ € I such that R is topologically closed
and algebraically closed with respect to difference;
(ii) T is an a.-admissible mapping;

(iii) assume that
(a(p(),E())~1+ e’)"T‘HE"E < /ML) (49)

holds for all ¢, & € Ey, where 1 < € < €' andy € ¥;

(iv) if{¢,} is a sequence in E such that ¢, — ¢pasn — oo
and o(¢,(c), $,,1(c)) = 1 for alln € N U {0}, then
a(p,(c), ¢(c)) = 1 foralln e N U {0};

(v) there exists ¢, € R, such that a(¢y(c), Tp,) > 1.
Then, T has a PPF dependent fixed point.

4.2. Consequences of Corollary 17

Theorem28. LetS: E, —» Ej, T:E, - Eanda : EXE —
[0, 00) be three mappings that satisfy the following assertions:

(i) there exists ¢ € I such that S(R,) is topologically closed
and algebraically closed with respect to difference;

(ii) the pair (S, T) is an o -admissible;
(iii) assume that
a((S¢) (c), (S6) () [T - TE|, < w (N ($,8))  (50)
holds for all ¢, & € E,, wherey € ¥;



(iv) if {S¢,,} is a sequence in E such that S¢, — S¢ as
n — o0 and a((S¢,)(c), (Sp,.1)()) = 1 foralln €
N U {0}, then a((S¢,,)(c), Sp(c)) = 1 for alln € NU {0};

(v) there exists S¢, € S(R..) such that a(S¢y(c), Tp,) > 1.
Then, S and T have a PPF dependent coincidence point.

Theorem29. LetS: Ey — E),T:E, - Eanda : EXE —
[0, c0) be three mappings that satisfy the following assertions:

(i) there exists c € I such that S(R,) is topologically closed
and algebraically closed with respect to difference;

(ii) the pair (S, T) is an o -admissible;

(iii) assume that
("T¢ _ TEHE " e)tx((S(P)(C),(Sf)(C)) <y (N (¢) 5)) e (51)

holds for all ¢, & € E,, wheree > 1 and v € ¥;

(iv) if {S¢,} is a sequence in E, such that S¢, — S¢ as
n — 00 and a((8¢,)(c), (Sp,.1)(c)) = 1 foralln €
N U {0}, then a((S¢,)(c), Sp(c)) = 1 foralln € NU {0};

(v) there exists S¢, € S(R.) such that a(S¢y(c), Tp,) = 1.
Then, S and T have a PPF dependent coincidence point.

Theorem 30. LetS: E, —» E,,T:E, » Eanda : EXE —
[0, 00) be three mappings that satisfy the following assertions:

(i) there exists ¢ € I such that S(R,.) is topologically closed
and algebraically closed with respect to difference;

(ii) the pair (S, T) is an o -admissible;

(iii) assume that
(@((59) (©), () () — 1+ €)™ < NGO (52)

holds for all ¢, & € Ey, where 1 < € <€ andy € ¥;

(iv) if {S¢,} is a sequence in E such that S¢, — S¢ as
n — oo and a((S¢,)(c), (S¢,,1)(c)) = 1 foralln €
N U {0}, then a((S¢,)(c), Sp(c)) > 1 for alln € NU {0};

(v) there exists S, € S(R,.) such that a(S¢y(c), Tp,) > 1.

Then, S and T have a PPF dependent coincidence point.
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