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This paper is concerned with the blow-up solutions of the critical Gross-Pitaevskii equation, which models the Bose-Einstein
condensate. The existence and qualitative properties of the minimal blow-up solutions are obtained.

1. Introduction and Main Results

In this paper, we deal with the Cauchy problem of the
nonlinear Schrédinger equation with a harmonic potential

i+ Ap — |xPp+ ¢ Np=0, xeRN, t>0, O
$(0,x) = ¢ (x), (2)

where ¢ = ¢(t, x): [0, T) x RY — C is the wave function, N
is the space dimension, and A denotes the Laplace operator
on R, Equation (1) is also called Gross-Pitaevskii equation
(see [1, 2]), which models the Bose-Einstein condensate (see
[3,4]). The harmonic potential |x|? describes a magnetic field.
With the nonlinear term |¢|*~ ¢ being replaced by |$|7 ' ¢, it
is well known that the exponent p = 1 + 4/N is the minimal
value for the existence of blow-up solutions (see e.g., [5, 6]).
Hence (1) is called critical Gross-Pitaevskii equation.

Let us recall the classical nonlinear Schrodinger equation

iy, + Ay + [y Ny =0, xeRY, >0, 3)
v (0,x) =y, (x). (4)

For Cauchy problem (3)-(4), Ginibre and Velo [7] established
the local existence in H'(R™). Glassey [8], Weinstein [9], and
Zhang [10] proved that, for some initial data, the solutions of
the Cauchy problem (3)-(4) blow up in finite time.

For the Cauchy problem (3)-(4), it is well known that
there exists a minimum of L?> norm for the initial data of blow-
up solutions (see [9]). More precisely, let Q(x) be the ground
state, which is the unique, positive, radially symmetric solu-
tion (see [11]) of the semilinear elliptic equation

-Au+u-— |u|4/Nu =0, ueH' (RN). (5)

Weinstein [9] proved that the solutions of the Cauchy
problem (3)-(4) are globally defined if lypll,. < [Qll.
On the other hand, for any I > [|Q|;2, there exist blow-
up solutions with [y,l,» = [. Since then, much progress
has been made on the blow-up rate and profile of the blow-
up solutions of the Cauchy problem (3)-(4) (see [12-15]). In
particular, based on the pseudoconformal invariance of (3)
and the variational characterization of the ground, elaborate
and interesting conclusions were established on the existence
and profile of the minimal blow-up solution, which is the
blow-up solution w(t,x) such that |yyll,. = [Qll;2 (see
(13,15, 16]). By using the pseudoconformal invariance of (3),
Weinstein [15] constructed the explicit blow-up solution with
critical mass (lyyll;2 = [Qll;2) for (3) in the form

- x iblx|? i
(a+bt) (N/2)Q< )e(zblxl )/4atbt) ji(erdt) (avbe) 6)

a+bt



where a,b,c,d € R,ad —bc = 1,and ab < 0. Moreover,
Weinstein proved that, for any minimal blow-up solution
y(t), the following holds:

lim, ANy (51 @) (x+ y (1)) = Q(x), )

where T is the blow-up time and y(¢) € RY and A(¢) € R are
some suitable functions.

Merle [13, 16] proved that y(t, x) is a minimal blow-up
solution of (3) if and only if there exist 0 € R, w > 0, x, €
RY, and x, € R such that

N/2
(%) = ( ) / 0l P AT +)~Giw? /(-T+1))
’ T-t
(8)

w
><Q<ﬁ((x—x1) —(T—t)x0)>.

For the Cauchy problem (1)-(2), local well-posedness in
energy space was established in Cazenave [17]. Moreover,
from the result of Carles [18] and Zhang [6, 19], it is known
that ¢(t) is globally defined if |yl ;> < [|QIl;2. In other words,
ldoll;> = IQIl2 if ¢(f) blows up in finite time.

Let ¢p(¢) and y(t) be the solutions of the Cauchy problems
(1)-(2) and (3)-(4), respectively. Under the condition of
do(x) = yy(x), Carles [18] established a formula, which
reflects the relation between ¢(t) and y(t). According to the
formula, Carles [18] established the following statements.

(1) If ¢(t) blows up at a finite time Ty, then Ty < /2.

(2) It ¢(t) blows up at Ty < 7/2, y(t) blows up at time
Tu, < 00.

(3) Conversely, y(t) blows up at time T, < 005 then ¢(t)
blows up at T < 7/2.

(4) If ¢(t) blows up at Ty = /2, y(t) exists globally (Tq/ =
00).

Moreover, Carles studied the qualitative properties of
minimal blow-up solutions ¢(t) with Ty < 7t/2 (see [18, 20]).
As for the minimal blow-up solutions with T = /2, though
the existence was established by the formula in [5], there is no
further information on the qualitative properties obtained by
the formula. Up to our knowledge, there is no result about the
qualitative properties of the minimal blow-up solutions ¢(t)
of (1) with T, = 7/2.

The purpose of the present paper is to investigate the
qualitative properties of the minimal blow-up solutions
without any limit to the blow-up time. The formula presented
in [18] is not used to carry out the objective. We follow the
ideas of Merle [13, 16], as well as Weinstein [15], in which the
profile and uniqueness of the minimal blow-up solutions for
(3) were investigated. However, in contrast to (3), (1) loses
the invariance of pseudoconformal invariance, which is very
important in the arguments of [13, 15, 16]. Therefore, some
appropriate modifications will be made in the argument of
this work to reach our goal. In particular, we note that some
techniques developed by Pang et al. [21] are adopted in this
paper.

We state our main results.
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Theorem 1. There exist initial data ¢, with |¢gll > = IQIl 2 for
which the solution of the Cauchy problem (1)-(2) blows up in a
finite time.

Theorem 2. Let ¢(t) be a blow-up solution of (1) with ||, ll;> =
IQIll 2. Then there is y, € RN such that

¢ (t,x) — QI8 ©)
in the sense of distribution ast — T.

Theorem 3. There exists C > 0 such that

< , Vte[0,T). (10)

V6 O 2 2=

Remark 4. For any blow-up solutions of (1), we know that
T < n/2 (T is a blow-up time). When T' < /2, the
formula presented in [18] is valid. For the minimal blow-up
solutions with T' < 77/2, the conclusion of the above theorems
can be found in [18]. However, there exist minimal blow-up
solutions with T' = 7/2. For example, if the initial ¢,(x) =
Yo(x) = Q(x), with Q(x) being the solution of problem (5),
the solution ¢(t) of (1) will blow up at T = /2, while the
corresponding solution of (3) is a solitary wave ¢"Q(x). The
minimal blow-up solutions with T = /2 were sensible as
pointed in [18].

In this paper, LIRN), || - ll 2y and IRN - dx are denoted
by L, || - |4, and J -dx, respectively. The various positive
constants are also denoted by C.

This paper proceeds as follows. In Section 2, we establish
some preliminaries. In Section 3, we give the proof of the
existence and profile of the minimal blow-up solutions of (1)
(Theorems 1 and 2). In Section 4, we derive the argument of
the lower bound of the blow-up rate of the minimal blow-up
solutions of (1) (Theorem 3).

2. Preliminaries

2.1. Local Wellposedness. The energy space of (1) was defined
as

Y= {uEHl, |x|u€L2}. 11)
The inner product of the space ¥ is defined as

(u,v) := J VuVvv + uv + |x|*uvdx. (12)

The norm of X is denoted by || - [|z. Moreover, we define an
energy functional & on X by

& (u) = j Vadl? + Pl - W Ndx.  (13)

1+2/N

From Cazenave [17], we have the local well-posedness for
the Cauchy problem of (1) follows.

Proposition 5. Forany ¢, € %, there exist T > 0 and a unique
solution ¢(t, x) of the Cauchy problem (1)-(2) in C([0,T); )
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such that either T = oo (global existence) or T < 00 and
lim, _, rll¢(®)lls = oo (blowup). Moreover, for any t € [0,T),

it holds the conservation laws of mass

[¢®)]:2 = ol (14)
and the energy

E(p(t) = &(¢y)- (15)

2.2. Variational Characterization of the Ground State. Con-
sider the equation

—-Au + wu — |u|4/N =0, ueH' (RN). (16)

For (16), we set some notations such as 2, (the solution set),
g, (the ground solution set), and & as follows:

X, = {u € Hl; u#+0, —Au+wu—|u|4/Nu=0},

C,={ued, Sw<SHw), Vve Lw}, 17)

g =%

weR*

where S(u) = I(1/2)|Vu|2 + (/2 - (1/4/N +

2)[ul N gy,

For any u € &, the following two identities hold true:

J IVul® + wlul’dx = J 4N dx,

J (N = 2) |Vul* + Nol|u|*dx

N
= J m|u|2+(4/ NMdx  (Pohozaev’s identity).
(18)
The above two equalities imply
H(u)=0, Yued, (19)
where
7w = | 1vul? — — L e gy
)= [ 1V’ = o PN (20)
Naturally, we get
ued
ueg, = @ (21)
@ {||u||Lz <l VYveX,.

According to Cazenave [17], the set &, can be described
as

?w=U{ei6(pw( y); O €R, yeR} (22)

where ¢, is a positive, spherically symmetric, decreasing, and
real valued function.

It is of importance that Kwong [11] proved the uniqueness
for the solution Q(x) of the problem

—Au+u—|ul4/Nu:O, ueH',
u(x) =u(lx]), (23)
u(x) > 0.

Noticing the fact that Q(x) = ¢,l,-,, it is easy to check that

9= 0""Q(0x) € Gy gulp = IQUE.  (24)
It follows from (21), (22), and (24) that

t%‘ >
ue¥, = {u € Lo (25)
lullz = 1Ql 2,

?w:U{eie(Pw( y) OER yGR } (26)
_U{ze N/4 ( 1/2(._y)); 0 €R, yeRN}-

With functional 7 defined by (20), we now introduce the
following constrained minimization problem

I (IQllp) = inf {# (£) | f € H', ]2 = IQl2}. @7)
Now, we claim that
UeEg —u

is a solution to the minimization problem (27).
(28)
In fact, (N/(N + 2))||Q||4/N is the minimum of the
functional (see Kwong [11] or Welnstein 9D
4/N

Vylelivily
1) - DAL el v

Lz+4/N
which derives the Gagliardo-Nirenberg inequality

Iy < N+2(“w"Lz )4/N||lelzz- (30)
AR YA N To] L

The inequality (30) implies the following lemma on the
functional ..

e H', (29)

Lemma 6 (see Weinstein [9]). Forany f € H', one has

— "f||L2 4/N:| 2 <
[1 (IIQIIL2> VAl <2 (£)- (31)

Lemma 6 implies that
Z(f)=0, if|f]<IQlL. (32)

It follows from (19), (27), and (32) that

I (IQll) = 0. (33)



Hence, from (19) and (25), it holds that

uet =u

is a solution to the minimization problem (27).
(34)

On the other hand, if u is a minimizer of the variational
problem of (27), it solves the Euler-Lagrange equation (16).
Sou € X, for some w > 0, and by (27) and (25), we know
u € g, ¢ @.This implies that

uel —u

is a solution to the minimization problem (27).
(35)

Hence (28) holds true.
Putting together (22), (25), and (28), we summarize the
variational characterization.

Proposition 7. Each of the following three statements is
equivalent:

(i) ue UwER* gw’
(i) u is a solution to the
min {7 (u), ull;> = Q)
(iii) u = e?™N*Q(w"*(x - x,)), for some 8 € R, w € R™,
and x, € RN,

minimizing problem

2.3. Lemmas

Lemma 8 (see Zhang [6]). Let ¢, #0, the initial datum of
Cauchy problem (1)-(2), satisfy

& (9,) < j 1P| dxs (36)

then ¢(t) blows up in a finite time.

Consider the constrained minimization problem

I@=min{Z (f)| feH, |fl.=oa}. ©7)
For I(«), we cite a lemma in [15].

Lemma 9 (see Weinstein [15]). (a) Consider I(a) = 0 or
I(x) = —00.

(b) Let a« < ||Qll;2 and u,, be a minimizing sequence; then
it holds that I(«) = 0 and u,, — 0 weakly in H.

Now, we recall some lemmas on the compactness.
Lemma 10 (see Brezis and Lieb [22]). Let f € Lioc, IVAll> <

C, and u(|f] > €) = & > 0. Then there exists a shift Tyf(x) =
f(x + y) such that, for some constant « = a(C, J, €),

y(B(O,l)r‘l[Tyg> g]) ) (38)
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Lemma 11 (see Lieb [23]). Let f; be a uniformly bounded

sequence of functions in WP with 1 < p < co. Assume further
that there are positive constant C and n satisfying u(| f;| > n) >

C. Then there exists a sequence y; € RY such that
fi ( + yj) — f#0  weakly in WP (39)

Lemma 12. Let 0 be a real-valued function on RN and v €
H'(RN) with |l < Q2. Then

1/2
‘s jv(x) V0 (x) dx‘ < (z%(v) j v ()2IV6 (x)|2dx> .
(40)
Proof. It follows from (30) and ||v[| ;2 < Q> that
 (e%v) 2 0 (41)
for all real numbers . On the other hand, it has
(%) = o’ J [v[*|VO)*dx — j S (V) VOdx + I (v).
(42)

Thus the discriminant of the equation in « must be negative
or null and the desired inequality follows. O

Lemma 13. There is a constant ¢, such that
j x| (¢, %)} dx < ¢ (43)
Proof. Setting J(¢) = J |x|2|¢>(t, x)|>dx, we have

70 =23 J$V¢dx, »

J" (1) = 48 (¢) - 4] (1).
It follows that
J(t)=(J(0) = &(0))cost + ] (0)sint + &(0),  (45)
which implies the conclusion. O

Lemma 14 (see [16, page 433]). Let u, € H', ¢, > 0, and
R, > 0, for arbitrary n, satisfy

H (u,) < o>
ltall 2 < 1Q2,

Vil — oo, .
J |un|2dx <e(n),
|x|>7,
where e(n) > 0 depends only on n. Then, it holds that
J |Vun|2dx <A, (46)
|x|>4r,

with A = A(ry, ¢, > 0).
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3. Profile of the Minimal Blow-Up Solution

Now we prove the existence of the minimal blow-up solu-
tions.

Proof of Theorem 1. Setting ¢ = ¢(c, A) = cAN?Q(Ax) with
A being arbitrary positive real number and ¢ being complex
number satisfying |c| = 1, then

ol 2 = 1l (47)
From (15) and (19), the corresponding energy is

& (9) = (1= 1clN) cPA* j VQldx
(48)

+ J |x|2|¢0|2dx = J |x|2|¢0|2dx.
Thus Lemma 8 infers that ¢ (¢, x) blows up in a finite time. [J

Employing the concentration compactness lemma, we
can prove the following proposition which is crucial to the
study of the blow-up profile (Theorem 2).

Proposition 15. Let ¢(t) € C([0,T), ) be a blow-up solution
of the Cauchy problem (1)-(2) and T is the blow-up time. Set

M) = IVQIl 2 /IVo(®)l 2 and (S,¢)(x, t) = AN2P(Ax, t). If
o]l > = 1QI2, (49)
it holds that

Sxpd (- +y(),1)e" —Q() inH', ast — T (50)
with y(t) € RN and y(t) € R.
Proof. Lett, — T.We choose A, = A(t}) to satisfy

|'VSAk¢ (- + e tk)"Lz = Ml Ve (- + v ti)]l 2 = IVQIe.
(51)

Setting ¢ = S, ¢(- + ¥ £1.), noticing that [|[¢(t,)| ;- tends to
ooast, — T,A, — 0,and

leelle = o (t)l2 = 1ol (52)

we know that ¢, is uniformly bounded in H' and there is a
weakly convergent subsequence ¢, such that

¢, — ¢ in L’
(53)
b, — ¢ in H.
We note that
%((/)kj) - Aij%) (¢ (tk,-)) S Aij% (¢0) — O, s

j — 0o.

Since we have assumed ||l ;> = [|Qllz2, by (52), (54), and (31),
we know that ¢, is a minimizing sequence for the variational
problem (27).

Next, we will prove that the minimizing sequence ¢,
has a subsequence ¢kj and a family y; such that ‘/’kj(' - )
has a strong limit in H'. To see this, we need to make

use of the concentration-compactness lemma (Lions [24])
which means that &, has one of three properties: vanishing,

dichotomy, and compactness.

Vanishing. For every M < oo, one has

lim sup

2
| feefae=o s
=00,y ypan

Dichotomy. There exist a constant « € (0,[Qll;2) and
sequences 1//]1. and 1//?, bounded in H', such that, for all e > 0,
there exists j, > 0 such that for j > j,

il —el=e vl - (ks —a)] <o
I, =5 -], ==

2N (56)

N-2’

1 2
ugbkj 7 —wj"LP <e for2<p<

distance (supp 1//]1. , supp 1//]2) — 0.

Compactness. There exists y;j in R™. For any € > 0, we can
find M < oo such that

2
J, g ] 5 2100 e (57)

j

Now, we exclude the cases of vanishing and dichotomy.

Exclusion of Vanishing. By (52), (51), and (54) there are C; > 0
and C, > 0 such that

N =, >0, (58)

ol <€ gl

By the boundness of ||¢ || ;: and the Sobolev inequality, there
existy > 2+ 4/N and C; > 0 such that

lxll}y < Cs. (59)

Now, we show the existence of positive constants € and § such
that

u(|ge| >€) =6 >0. (60)



Indeed, from (58) and (59), for sufficiently small & > 0, we get

Oz < J |¢k|2+4/Ndx

I k|z+4/Ndx N J{ | |2+4/Ndx

g
{e<|gi|<1/0)} [g|>17)}
G,

< 2dx
© | o 9

2+4/N C
| / X + 2

2 y
4C; J{ || >(1/0)} 194

b

o
{e<|oe]<1/e)}

C, 2 J' 244/N
< — + dx
Slolie ] W

C
v
C 1 2+4/N
<Zrulal>o(5)
(61)

Thus we know that (60) with § = (C,/ 2)e?™*N is valid. From
(60) and Lemma 10, there exist & and y; satistying

p(<nnllgeColi>3)>6 (@

Jlxlgl

which excludes the occurrence of vanishing.

Thus,

S, ( + y]-)'zdx > (g)z& (63)

Exclusion of Dichotomy. Suppose by contradiction that
dichotomy occurs. Then, by the same argument as that in the
case of vanishing we can get

0<v<uff<lyl}, (64)

where 6 and v are two constants and 1//11. is bounded in
H'. Hence, by Lemma 11, there are a subsequence 1//]1. and a
sequence y, such that

1 1

v, (+5)—y#0 inH. (65)
Using (56) gives rise to
0 =I(IQl) = liminf9 (v ) + lim inf7 (y7 )
(66)
= liminf? (v;,).

On the other hand, the fact ||1//}r||L2 < QI implies with
Lemma 6 that

lim inf% (v; ) > 0. (67)
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Thus, for any fixed n*, it has

0 =I(IQl) = liminf9 (v} ) = supinf (y; )

n r>n (68)
> inf%(t//;r).

r>n*

We can then extract a minimizing subsequence, which we
rename it by 1//11.7; thatis, lim, _, . % (1//]1.r) = 0. Using Lemma 9

yields
¥, —0 (69)
which is impossible from (65).

Occurrence of Compactness. It follows from the previous
arguments that compactness occurs. By (57), we get

2 2
QI -e< [ o fdx< [ o[ ax <10t o
y]-+B(M)

For gbkj(- + y;) being bounded in H'(RY), there exist ¢ €
H'(RY) and a subsequence, which we again label it by b»
such that

¢, (‘+y)—¢ inH. (71)

Given M > 0, the embedding HYRY) < L*({|x| < })
is compact and

2
L I |¢)|2dx = jlim J " | dx. (72)
x|<r — 00 Jx,, +B(r
Making use of (70) derives
|, JoFdx > 101 - e 73)
for any € > 0. Hence, it holds that
|, o ax = 1z (74)
It follows that
([)kj ( + yj) — ¢ in L% (75)

which implies with the Gagliardo-Nirenberg inequality (30)
that

i, (-+y;) — ¢ in L2, (76)

To show b, — ¢ in H', we only need to show that

Vel = IVQIl .
From (51) and (54), we know that

0= tli_I)l}%((ﬁgbkj)

1 i 4/N+2d
= [IVQIl - mtl_{nTJ |¢kj x (77)
B 1 . 4/N+2
= IVQly - 575 hlgr;J [¢[" dx.
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Hence, Vol ;> < [IVQI 2 derives &(¢) < 0. This contradicts
Lemma 6 and the fact ¢ 0.

Since ¢ solves the minimizing problem (27), it satisfies the
Euler-Lagrange equation (16). Noticing the fact V||l <
[V®ll;-, we infer that |¢] is also a solution to problem (27).
Thus it is a nonnegative solution of (16). It follows from
lll2 = QN 2, IVl,2 = IVQIl2, and Proposition 7 that

$=Q(-+y;)e” (78)

for some y € R™ and y € R. By redefining the sequence Vj>
we can set y = 0. U

Proof of Theorem 2. It follows from Proposition 15 that

WO (x+x @) — Q)P inL'ast — T,

(79)
6 (5, x +x ()] — Q%08 ast—T. (80)
Using Lemma 13 derives that
limsup |x (£)| < Vo . (81)
toT Q2
Hence we have a positive constant r, such that
vVt €[0,7T), |x ()] < 1. (82)
J |¢ (t, x)|2xdx
B(0,r)
- J I (6, %) (x - x (1)) dx
B(0,r)
+ J I (1, )P (1) dx (83)
B(0,r)

= J |6 (£, y +x (1)) ydy
B(-x(t),r)

* J [ (6, y + x (0)x (0 dy.
B(=x(t),r)

From (82), for arbitrary r > ry, thereisa § > 0 such that
B(0,6) c B(-x(t),r). The formula (80) implies that

| P [lQ@is@dr=0. @)
B(0,r)
On the other hand, Lemma 13 implies that

JI . ¢ (t, x)|2xdx < %0 (85)

Thus

lim U I (£, ) xddx — J 1Q (x)Pdxx (t)} ~0.  (86)

By Lemma 12, we obtain

d

% |J. | (2, x)|2xdx|

- |25 Jq_b(t, X) Véb (£, x) dx|

N
=25) [ [B(6.2) V9 (6.2) - V6, () dx]

j=1

N 1/2
< 22(2% (6 ®) J 16 (&, ) |ve, (x)|2dx) <G,
=1

(87)

where 6;(x) = x;. Hence there exists x; € RY such that

lim [ g ¢ 0 xdx == ([ QEPdx) % (69

Combining (86) with (88), we know that x(t) — —x; ast —
T and we have

| (t, )] — QU720 - (89)
]

4. Blow-Up Rate

To establish the lower bound of the blow-up rate, we use the
following proposition.

Proposition 16. Letting y, be the blow-up point determined
in Theorem 2, it has

tlirr%J |x - y0|2|¢> (t, x)|2dx =0. (90)

Proof. Let us define a positive function h(x) € CY(RY) such
that

=0, |x] < 1,
hx)=h(x)=1>%  L<II<2 (g
Il
=— |x|>2
4

and h,(x) = A?h(x/A) for A > 0 and it is valid that

[V, (x)] < Chy(x), VxeRYN. (92)



Carrying out direct computation and using Hélder’s inequal-
ity, we have

d
% 16 @0y (= o)

N

) 8299 6 Vi, (5 - 3)

1/2
V¢ (¢, x)|2dx>
x Yol2A (93)
1/2
[[1o € 0f v, (- 30 ax)

1/2
J |v¢ (t, x)|2dx>
lx=yql>

which implies

%(J ¢ (, x)|2hA (x =) dx)l/2

1/2
2
< C(-[Ix—yole |V¢> (t,x)| dx) .

Integrating on both sides gives rise to

(94)

s ([efrte)”
< ([ 4o s (e ) i) 95)

T N
+CJ'0 (Jlx_y0|>A|V¢(s,x)| dx) ds.

From the fact ¢, € X, we have

sup (J o (t, x)|2hA (x =) dx)l/2

te[0,T)
(96)

T ) 1/2
SS(A)+CJ;) (Jl I A|V¢(s,x)| dx) ds.
X=Yol=

By the virtue of Lemma 14 and Proposition 16, there exist
A, and C, > 0 such that

JI | (19¢ (s, x)fdx) “ds <G,y Vs e [0,T). (97)
X=yo|2A,

Using the dominated convergence theorem, we infer that

T ) 1/2
(vt oo
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Thus, it holds that

lim sup (Lx—y " ¢ (2, x)|2|x - ;Volzdx> =0, (99)

A= 00e0,T)

which implies that there is a, > 0 such that, for V¢ € [0,T),

£
J Ix = yol’l¢ (8, 0)Pdx < <. (100)
|x=y,l2a, 2
The identity [ $(6)l,= = Igoll;: = IQll> shows that
[ b flenPdx < 21Qls
|X*}’0|Sb€
(101)
< f, for bg2 = .
2 2[|Qll2
In addition, we have
J |x - y0|2|¢> (t, x)|2dx
b, Sleyolgua
(102)
< af J |q5 (t, x)|2dx.
bES|X*}/0|Sa5
Using Theorem 2 yields
lim J |x = |’ (¢, %) dx = 0. (103)
t=T Jp<|x-y,l<a,
In conclusion, for all € > 0, we have shown that
11m J |x - y0| o (t, x)| dx < g % <e (104)
O

Now, we establish the lower bound of the blow-up rate.

Proof of Theorem 3. Simple calculation yields

d
' J |x - y0|2|¢ (t, x)|2dx
(105)

=45 [ (x= 1) 960 VB (0.0,

Therefore, the inequality (40) in the case 0(x) = |x - yOI2
implies that

<C. (106)

d 2 2, \?
(] =l oax)
Integrating from ¢ to T, by Proposition 16, we obtain

([be-nftpofas)

Combining the above inequality and the following
inequality

(J 16 (¢, x)|2dx)2

< (J |x - y0|2|¢ (t, x)lzdx> (J [V (2, x)l2 dx) ,

(108)

<C(T-1). (107)




Abstract and Applied Analysis

we get the result

_ Qe

[Ve (1), > cr-1 (109)
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