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We investigate the existence of solutions and positive solutions for a nonlinear fourth-order differential equation with inte-
gral boundary conditions of the form xW(t) = f(t,x(t),x'(t),x"(t),x”'(t)), t € [0,1], x(0) = x'(1) = 0, x"(0) = jol h(s, x(s),

x'(s), x"(s))ds, x"'(1) = 0, where f € C([0,1] x R*), h € C([0,1] x R?). By using a fixed point theorem due to D. O’'Regan, the
existence of solutions and positive solutions for the previous boundary value problems is obtained. Meanwhile, as applications,

some examples are given to illustrate our results.

1. Introduction

It is well known that fourth-order boundary value problems
(BVPs) arise in a variety of different areas of the flexibility
mechanics and engineering physics and thus have been exten-
sively studied; for instance, see [1-29] and references therein.
Boundary value problems with integral boundary conditions
appear in heat conduction, thermoelasticity, chemical engi-
neering underground water flow, and plasma physics; see [12,
14, 21, 24, 26, 29] and references therein.

Motivated by the previous works and [30], in this paper,
we consider fully nonlinear fourth-order differential equation

)= f(bx®.x ®.x" ©,x" ), telo1],
@

subject to the integral boundary conditions

x(0)=x"(1)=0,
1
%" (0) = .[0 h (s, x(s),x (s),x" (s)) ds, (2)

X" (1) = 0,
as well as its simplified form

6= ftx @), telol], (3)

with the integral boundary conditions
x(0) = x' (1) =0,
X" (0) = Ll h(s,x(s))ds, (4)
£ (1) =0,

where f and h are continuous functions.

We notice that if 4 = 0 in problems (1), (2) and (3), (4),
then the models are known as the one endpoint simply sup-
ported and the other one sliding clamped beam. The study of
this class of problems was considered by some authors via
various methods; we refer the reader to the papers [2, 5, 8,
11, 22].

The aim of this paper is to establish the existence results
of solutions and positive solutions for problems (1), (2) and
(3), (4), respectively. By positive solution, we mean a solution
x(t) such that x(t) > 0 for t € (0, 1]. Our main tool is the
fixed point theorem due to D. O’Regan [31].

2. Preliminary

In this section, we present some lemmas which are needed for
our main results.



Let C[0, 1] denote the Banach space of real-valued contin-
uous functions on [0, 1] with the norm [|x||, := max;¢ [ | x(2)].
C"[0,1] is the Banach space of n times continuously differ-
entiable functions defined on [0, 1], with the norm ||x|| :=
max{llx(i)llo,i =0,1,...,n}

Throughout this paper, we always assume that f: [0, 1] x
R* 5 R = (—00, +00) (or [0, 1]xR — R)and h: [0, 1] xR* —» R
(or [0, 1] xR — R) are continuous.

We consider a priori bound of solutions of the following
one-parameter family of boundary value problem:

) =M (x@),x @), %" ©),x" ®), telo1],
€)

x(0)=x"(1)=0,

x"(0)=21 JOI h(s,x(s),x" (s),x" (s))ds,  (6)

n

x (1)=0,

where 0 < A < 1. Simple computations lead to the following
lemma.

Lemmal. BVP (5), (6) with A = 0 has only the trivial solution,
and the corresponding Green function G(t, s) exists and is given

1 t*
S—Esz>t—g, 0<t<s<l;
G(t,s) =
1, 1 5
(s——s)t——+—(t—s), 0<s<t<l1
2 6 6
7)

Now, define a linear operator L : C*[0,1] — C[0,1]xR*
by
(Lx) (1) = (x“ (1), x(0),x" (1), x" (0),x" (1),

(8)
tel0,1].

Then, we can easily show that L is a Fredholm operator with
index zero, and its inverse L™ : C[0, 1]xR* — C*[0, 1] is given
by

1
L™ (y,a,b,¢,d) (t) = J G(t,s)y(s)ds+a+bt+cg(t)
0

1, 1
+d<gt —5t>, tE[O,l],
9)
where g(t) = (1/2)¢* —¢.

Define Nemytskii operators F : C*[0,1] —CJ0, 1] induced
by f as

(Fx) (1) = f (Lx (@), %" ), x" 1), x" 1)), te[o1],
(10)
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and H : C*[0,1] — CJ0, 1] induced by h as
(Hx)(t) =h(tx@®),x' 1),x" (), te[0,1]. )

Also, define an operator T : C3[O, 1] — C[0,1] x R* as

(Tx) (£) = ((Fx) ),0,0, Ll (Hx) (s) ds, 0) W)

Simple computations yield the following lemma.
Lemma 2. BVP (5), (6) is equivalent to the abstract equation
x = AL""Tx (13)
in C°[0, 1]; that is, x € C*[0, 1] is a solution of BVP (5), (6) if

and only if x € C*[0,1] is a solution of the integral equation

x(t)=A [Ll G (t,s) (Fx) (s)ds + Jl @ (t,x(s)) ds] , (14)

0
where (t, x(s)) = g(t)(Hx)(s).

Let us denote the operators P, P, as

1
(Px) (t) = L G (t,s) (Fx) (s) ds, (15)
1
(Pyx) (t) = L @ (t,x(s)) ds. (16)

Then, LT can be written as
L'T =P +P,. 17)

Now, we can easily give some properties of the Green
function G(t, s) and g(t) by direct computation.

Lemma 3. Let G(t, s) be as in Lemma 1 and g(t) = (1/2)t* -t
Then,

(1) 0 < G(t,s) < maxy 1G(t,5) = 1/3,t,5 € [0,1];

0
0< <E>G(t,s)

z{s_g)sz_g)tz, osrsscy

s —ts,

aZ
0> (ﬁ)G(f,S)

(19)

2) gt)<0,g'(1)<0,4"(t)=1,9"0t)=0,t € [0,1];

"

3 liglly = 172 1g'lly = L llg"lly = L llg"ly = 0,
liglles = 1.
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Lemma 4. Suppose that

(i) for each fixed (t, x,,x3) € [0,1] x R%, f(t, xg, X, X5
X3) is nondecreasing in x, and x,;

(ii) there exists a constant M > 0 such that for |x| > M,
t € [0,1],

xf (t, —x,—x,x,0) > 0; (20)

(iii) there exist B € (0,1) and nondecreasing continuous
function o : [0,+00) — [0, +00) such that o(u) < Pu
foru >0, and

|h (t’ xo>x1’x2) -h(t, }’0’)/1>)’2)|
(21)
< o (max{|x; - y;|,i =0,1,2})

for all (t, xg, X1, X%,)s (£, Y ¥15 ¥5) € [0,1] x R®.

Then, any solution x = x(t) of BVP (5), (6) satisfies

P <M+r, i=01,2,tel01],  (22)
where r = (1 - B)"'[|(,0,0,0)]l,.
Proof. Let us first show that

|x” (t)] <M+r, Vtelo1]. (23)

Note thatif A = 0in (5) and (6), then BVP (5), (6) has only the
trivial solution, and thus (23) holds. Hence, we may assume

that A € [0, 1]. Suppose now that (23) is not true. Then, there
exists £, € [0, 1] such that Ix”(to)l >M +r. Let

K= [ ()] = max | @] 24

Then, K > M + r, and from x(0) = x'(1) = 0, we have
X" @] <K, i=0,1,vte[01]. (25)

Itis easy to see that t; € [0, 1]. In fact, ift; = 0, then Ix"(0)] =
K. From (6) and (iii), it follows that for some { € [0, 1],

K = |x" (0)| = AU: h(s,x(s),x' (s),x" (s)) ds

< |n (¢ x @, @, 5" ©)
<|h(&x©,x" (©),x" () - h(0,0,0)|
+1]h(£,0,0,0)]|

<BK+(1-pB)r

<BK+(1-pB)K =K,
(26)

which is a contradiction, and thus t; € (0, 1]. Furthermore,
by definition of ¢, and (6), we have x"(¢,) = 0. Hence, from
assumptions (i) and (ii) and (25), we have

x" (tl) x (tl) = Ax" (tl) f (tl’x (tl) X (tl) ,x" (tl) 70)
> Ax" () f (1 =" (1), =" (1) ,

x" (t,),0) > 0.
(27)

‘We may assume that x"(tl) > 0; then, x(4)(t1) > 0. Thus, by
the continuity of x®(#) on [0, 1], there exists 8 > 0 such that
x®(t) > 0fort € (t, - 8,¢,] c [0,1]. Since x"'(¢,) = 0,
it follows that x"'(¢) < 0 for t € (t; — 6, t,]; namely, x"(t) is
decreasing on (t, -0, t, ], which contradicts the fact that X' (t)
attains its positive maximum value at t = ¢,. In summary,
inequality (23) is true, which implies from x(0) = x'(1) = 0
that

|x(i) (t)| <M+r, i=01,t€[0,1]. (28)
This completes the proof of the lemma. O

Remark 5. In Lemma 4, if condition (i) is replaced by
(i"), there exists a constant M > 0 such that whenever
|x,| > M and all (£, x, x,) € [0,1] x R%,

%, f (x> X1, %5,0) > 0; (29)
then, the conclusion of Lemma 4 remains true.

The following fixed point result due to D. O’'Regan plays
a crucial role.

Lemma 6 (see [31]). Let U be an open set in a closed, convex
set C of a Banach space E. Assume that 0 € U, P(U) is bounded,
andP:U — Cisgivenby P = P, + P,, where P, : U — Eis
continuous and completely continuous and P, : U — Eisa
nonlinear contraction. Then, either

(A,) P has a fixed point in U, or
(A,) there is a point u € oU and A € (0,1) withu = AP(u).

3. Main Results

Firstly in this section, we state and prove our existence results
of solutions for BVP (1), (2).

Theorem 7. Suppose that

(i) for each fixed (t, x,,x;) € [0,1] x R?, f(t, xg, X}, X5,
X3) is nondecreasing in x, and x1;

(ii) there exists a constant M > 0 such that for |x| > M,
te[0,1],

xf (t,—x,—x,x,0) > 0; (30)



(iii) there exist B € (0,1) and nondecreasing continuous
function o : [0,+00) — [0, +00) such that o(u) < Pu
foru >0, and

|h (t> xO’xl’XZ) —h (t» J’0>J’1)J’2)|
(31)
<o (max{|x; - |, i=0,1,2})

for all (t, xg, X1, %,), (£, Yo 15 ¥5) € [0,1] x R?;

(iv) f(t, xg, x;, X,, X3) satisfies the Nagumo condition; that
is, there exists a positive-valued continuous function
D(s) on [0, +00) with _[0+Oo(sds/(1)(s)) = +00 such that

| f (£, x5 X15 %5, X3)| < @ (|x5]) (32)

for all (£, Xg, X1, %5, %3) € [0, 1]X [-M =1, M+7]* xR,
where

r=(1-p)"1h(-0,0,0)[,. (33)

Then, BVP (1), (2) has at least one solution.

Proof. Let x be a possible solution of BVP (5), (6). We now
show that

X" )| <N, telo1], (34)

where N := max{N,, 2(M +r)} and Jgir(sds/cb(s)) =2(M +
r) + 1.

Suppose that (34) is not true. Then, there exists t; € [0,1)
such that |x"'(t,)| > N. Since x"'(1) = 0, then there exists &,
n (t; < & < < 1) such that

'x’” (f)| =N, 'x'” (17)| =M +r,
(35)
M+r< 'x'” (t)| <N, Vvte(&n).

Therefore, x"'(t) is positive or negative on (§,7) by the
continuity of the x"""(t). Hence, from assumption (iv), the
definition of N, and Lemma 4, we can get the following
contradiction:

N, N
2(M+r)+1:J sds <J sds

Mr @ ()~ Jater D (s)
Jf () x® (1) dt
"y e (X" o)) (36)

- L" .x'” (t)' df = |x” (1) - " (5)'
<2(M+r).

Therefore, inequality (34) holds.

Let Q := {x € C’[0,1] : ||x||cs < N + 1 =: R}. It follows
easily from the properties of the Green function and the con-
tinuity of f that the operator P, : Q — C>[0, 1] is completely
continuous.
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We now show that P, : O — C°[0, 1] is a nonlinear con-
traction. In fact, from assumption (iii), we have

|(Hx) () = (Hy) ()] < o (Jx = yl»)»
t€[0,1], Vx, y € C*[0,1].
Consequently, from Lemma 3, we have
lp (&, (5)) = 9 (£, y ()] = |g (&) (Hx) (5) = g () (Hy) (5)]
< gl (I - yls)

1
< Bl slen Beelo,

Vx,y € c’ [0,1].

(38)
Similarly, for all x, y € C[0, 1],
0 (t,x(s)) g (t, y(s) ,
20D 2 IO <)o - e
<Blx- o tselo,
Pptx(s) ety )| _y »
o2 N ot2 = ”g "00 ("x N y"CS)
<Blx-y|e> tselo1],
Pp(tx(s) Pp(ty)]_
30 - 30 =0, t,se[0,1].
(39)
Hence,
|P.x = Pyy| s

= max {"(sz)(i) - (sz)(i)"O, i=0, 1,2,3} (40)

<Blx -y VxyeC’lo1].

Since all possible solutions of BVP (5), (6) satisfy ||x|| <
N < R, it follows that there is no x € 0Q and A € (0, 1) such
that x = AL Tx. We conclude that (A,) of Lemma 6 does not
hold. Consequently, L™'T = P, + P, has a fixed point, which
is a solution of BVP (1), (2). This completes the proof of the
theorem. O

Remark 8. In Theorem 7, if condition (i) is replaced by

(i') there exists a constant M > 0 such that whenever
|x,| > M and all (£, x,, x,) € [0,1] x R%,

%, f (¢ x> X1, %,,0) > 0, (41)

then the conclusion of Theorem 7 remains true.

Remark 9. In Theorem 7, if f >0 > hand f(¢,0,0,0,0) # 0,
then all the solutions of BVP (1), (2) are monotone and posi-
tive. This is clear because by Lemma 3 we have x = P, x+P,x >
0, x = (Plx)' + (sz)' >0and x" = (Plx)” + (sz)” <0.

Next, we consider the existence of solutions and positive
solutions for BVP (3), (4).
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Theorem 10. Suppose that

(i) there exists ¥ : [0, +00) —
and nondecreasing such that

|f (t,x)] <P (),

[0, +00) being continuous

V(tx) e [0,1]xR;  (42)

(ii) there exists 3 € (0,2) such that

|k (t, %) = h(t y)|

(43)
<Blx-y|, V(txy)e[0,1] x R?;
(iii) there existsy > 0 such that
v 3/2)h,
(Y)+(/) 0<3<1_%ﬁ>, (44)
Y

where hy = max,_,, |h(t, 0)].
Then, BVP (3), (4) has at least one solution.
Proof. It is easy to see that x € C*[0,1] is a solution of BVP
(3), (4) if and only if x € CJ[0, 1] is a solution of the integral
equation (14) with A = 1. Moreover, P, is completely contin-

uous, and P, is a nonlinear contraction.
It follows from (15), (i), and Lemma 3 that Vx € C[0, 1],

1
() O] < | GEe9¥x@Dds
’ (45)

<SP (Ixly), teo1).

Also, (16), (ii), and Lemma 3 yield
1
(2) @] < | g @ 9] ds
< ||g||0 J (Jh(s,x(s)) —h(s,0)] +|h(s,0)])ds

Vx e C[0,1],t € [0,1].

(46)

(Bllxllo + ho)

NI'—‘

From (14), (45), and (46), we have that all possible solutions
of x = M(P; + P,)x satisfy

1

5 (Blixllo + ko), £ €[0,1]. (47)
Let Q := {x € C[0,1] : |x]l; < p}. Then, Q is open in

C[0,1],0 € Q, and (P, + P,)(Q) is bounded. Suppose that

x € dQand A € (0, 1) satisfy x = A(P, + P,)x. Then, ||x]|, =,
and (i) and (47) lead to

Ix ()] < %‘I’(lello) +

y<3¥0)+ 5 (By+ho); (19)
that is,
¥ (y) +(3/2) hy 1
A (R

which contradicts (iii). Hence, (A,) of Lemma 6 does not
hold, and consequently LT = P, +P, has a fixed point which
is a solution of BVP (3), (4). This completes the proof of the
theorem. O

Remark 11. In Theorem 10, if f > 0 > hand f(t,0) # 0, then
all the solutions of BVP (3), (4) are monotone and positive.

Now, we consider BVP (3), (4) with linear boundary con-
ditions as
h(t,x(@)=1@t)x(t), tel0,1], (50)
where () € C[0, 1]. Define
=g ML),

K (t,s) (t,s) € [0,1] x [0,1]. (51)

Then,

1
(Px) () =J K(t,s)x (s) ds. (52)
0
Theorem 12. Suppose that

(i) Ky = (1/2) [ 11(s)lds < 1;

(ii) there exists ¥ : [0, +00) —
and nondecreasing such that

|f (6] < ¥ (Ix]),

m<3(1—I<0). 9

[0, +00) being continuous

V(t,x) € [0,1] X R,

lim sup
p—otoo P

Then, the nonlinear fourth-order differential equation (3) with
boundary conditions

x(0)=x"(1) =
1
x" (0) =J 1(s) x (s)ds, (54)
0

X" (1)=0
has at least one solution.

Proof. Notice that the existence of solutions of BVP (3), (54)
is equivalent to the existence of fixed points of operator equa-
tion

x = P;x + P,x. (55)

As a linear operator on C[0, 1], from (52) and (i), we get
[|1P,]] = K, < 1, which implies that I — P, is invertible and its
inverse is given by

(1-p)" ZP

with |(1-P,) "] <

1
1K, . (56)
Hence, we see from (55) that x is a solution of BVP (3), (54)

it and only if x is a fixed point of the completely continuous
operator S = (I — P,) ' P,.



Let us show that there exists p* > 0 such that any solution
x of operator equation x = ASx (A € (0, 1)) satisfies ||x||, < p*.
In fact, any solution x of x = ASx (A € (0, 1)) satisfies

1
x()=MI- Pz)_1 J G(t,s) f (s,x(s)ds, (57)
0
and, hence, by (ii) and Lemma 3, we have

lxlly < ¥ () - (58)

1
3(1-Kp)
The condition lim SUP, oo (Y(p)/p) < 3(1-K,) implies that

there exists p* > 0 such that (¥(p)/p) < 3(1 — K,) for all
p = p*;that s,

1 *
P>MW(P)’ Vpzp . (59)

Comparing (58) and (59), we see that ||x||, < p*.

Now, let QO = {x € C[0,1] : ||x]l, < p*}. By the Leray-
Schauder continuation theorem S has a fixed point in Q,
which is a solution of BVP (3), (54). This completes the proof
of the theorem. O

Remark 13. In Theorem 12, if f > 0 > land f(¢,0) # 0, then
all the solutions of BVP (3), (54) are monotone and positive
since all the solutions of BVP (3), (54) satisfy

x(t) = (OZO:PZ”) J-IG(t,s)f(s,x(s))ds >0 on [0,1],
= 0
' (60)
and thus

xl — (Plx)’ ¥ (sz)l >0, xu _ (Plx)” n (sz)u <o.

(61)

Finally, we give some examples to illustrate our results.

Example 14. Consider the fourth-order boundary value prob-
lem

) =) + %("' ®)’
(62)
" ) e(x"(t)) + (x'” (t))z, t€[0,1],

x(0)=x"(1)=0,
" 1! "
x (0) = 3 L V1+(x (s))zds, (63)
x" (1) =0.
Let

23 15 2 2
f (8 x05 X1, %5, x3) = x5 + 2X1 X 4

on [0,1] x R4,

1
h(t, xg, X1, %,) = Ew/l +x2 on [0,1] x R?,

o(u) = %u on [0,+00).

(64)
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It is easy to check that all the assumptions in Theorem 7 are

satisfied. Hence, BVP (62), (63) has at least one solution.

Example 15. Consider the fourth-order boundary value prob-
lem
@ 2
x7 (0 =q@) (x@®)"+1, tel01], (65)

x(0)=x"(1)=0,

oy 3 1
0= JO o % (66)

n

x (1)=0,

where g(t) € C([0, 1], [0, (1/8)]).
Let

ft,x)=q@t)x*+1 on [0,1] xR,

3 1
h(t,x)=51n1+x2 on [0,1] X R,
- (67)
‘I’(x)=§x +1 on [0,+00),
3
= -, :3
B=3 Y

It is easy to check that all the assumptions in Theorem 10 and
Remark 11 are satisfied. Hence, BVP (65), (66) has at least one
monotone positive solution.

Example 16. Consider the fourth-order boundary value prob-
lem

=g V@) +1, telol], (68)

x(0)=x"(1)=0,
1

x"! 0) = J (52 - 45) x (s)ds, (69)

0

X" 1) =0,

where g(t) € C([0, 1], [0, +00)).
Let

ftx)=q@®)Vx2+1 on[0,1] xR,
¥ (x) = <tr€r[1(z)1>l<]q (t)) \3/; +1 on [0,+00), (70)

1(t)=t* -4t on [0,1].

It is easy to check that all the assumptions in Theorem 12 and
Remark 13 are satisfied. Hence, BVP (68), (69) has at least one
monotone positive solution.
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