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We investigate the number of periodic solutions of second-order asymptotically linear difference system. The main tools are Morse
theory and twist number, and the discussion in this paper is divided into three cases. As the system is resonant at infinity, we use
perturbation method to study the compactness condition of functional. We obtain some new results concerning the lower bounds

of the nonconstant periodic solutions for discrete system.

1. Introduction

In this paper we are interested in the lower bound of the
number of periodic solutions for second-order autonomous
difference system

Ax,  +f(x,)=0, nez (1)
where x,, € RN, f = (f, for...» fa)" € C'(RN,RN), Ax,, =
X1 — X A’X, = A(Ax,), and N is a fixed positive integer.
Discrete systems have been investigated by many authors
using various methods, and many interesting results have
obtained; see [1-7] and references therein. The critical point
theory [8, 9] is a useful tool to investigate differential
equations, which is developed to study difference equations.
Using minimax methods in critical point theory, Guo and
Yu [10, 11] investigated the existence of periodic and subhar-
monic solutions of system (1), where nonlinearity f is either
sublinear or superlinear. In this paper, we assume that

(P1) there exist a function g € C'(RN,RM)anda N x N
symmetric matrix A such that f(x,) = A x, +
g(x,), x, € RY, and

|9 ()| = o (|x.])

where || denotes the usual norm in RY. Moreover there exist
functions F, G such that F'(x,,) = (0F/0x,,,, . .., aF/aan)T =

flx,) = (fl,fz,...,fN)T, G'(x,) = g(x,), where ' denotes
the gradient of function.

as |xn| — 00, (2)

System (1) can be regarded as discrete analogous of the
following differential system:

—Au= f(u). (3)

A great deal of research has been devoted to (3). For example,
by using minimax theory, Rabinowitz [12] has given some
interesting results, and Mawhin and Willem [9] obtained
some results using the critical point theory. Moreover, there
is a vast literature on the problems concerning periodic
solutions, BVP, asymptotically behavior of solutions, and so
forth.

Morse theory [8, 9, 13-16] has been used to solve
the asymptotically linear problem. Chang [17], Amann and
Zehnder [18] obtained the existence of three distinct solutions
via Morse theory, where (3) was nonresonant at infinity.
Moreover, the resonant case has been considered in [19-
23]. The estimate of number of periodic solutions of (3) was
established in [24]. Motivated by [24], we will use Morse
theory to consider the lower bound of number of periodic
solutions for system (1).

Throughout this paper we employ some standard nota-
tions. Denote by R, Z the real number and the integer sets,
respectively. R" is the real space with dimension N. Z[a, b] =
{a,a+1,...,b}ifa < band a,b € Z. AT or xT denotes the
transpose of matrix A or vector x.

If g(t) and G(t) are bounded on RY, and system (1)
is p-resonant at co, then functional J does not satisfy the



compactness condition of the Palais-Smale type. Therefore
our discussion will be divided into three cases. Moreover, we
assume that

(P2) J has a finite number of nondegenerated critical
points;

(P3) all p-periodic solutions of system (1) are not p-
resonant;

(P4) form € Z[0,r], 0(Ay) € (A, A1), where A, =
4sin2(mrr/p) andr = [p/2].

Now we state the main results as follows.

Theorem 1. Assume that (P1)-(P4) hold, and system (1) is not
p-resonant at co. Then

1 1 1
n(p)zi®p—h<pN+5>+5, (4)

where n(p) is the number of the nonconstant p-periodic
solutions of system (1), © is the global twist number (see (32)),
and h will be defined in Section 3.

Theorem 2. Assume that (P1)-(P4) hold, system (1) is p-
resonant at 0o, and ¢(t) is bounded in RN, limy, G(t) =
—00. Then (4) is valid.

— +00

Theorem 3. Assume that (P1)-(P4) hold, system (1) is p-
resonant at 0o, and g(t), G(t) are bounded in RY. Then

n(p)2%®p—h(pN+1). (5)

Remark 4. Benci and Fortunato [24] studied asymptotically
linear equation (3). Theorem 1 extends and generalizes the
analogous results in [24], and Theorems 2-3 are new results.

The organization of this paper is organized as follows. In
Section 2 we study the compactness condition for functional
J. Some facts about Morse theory and necessary preliminaries
are given in Section 3. In Section 4 the main results are
proved.

2. (PS) Condition

We say that a C'-functional ¢ on Hilbert space X satisfies
the Palais-Smale (PS) condition, if every sequence {x'/} in X
such that {(/S(x(]))} is bounded and (/)'(x(f)) — 0asj — oo,
contains a convergent subsequence.

Here we first introduce space E .

Let E, = {x = {x,} € S| Xppp =
S={x=1{x,}1x, ¢ RN, n e 7). Foranyx,y €S, a, b €
R, ax + by.: {ax, + by,},cz- Then S is a linear space. Let E,,
equip with inner product and norm as follows:

P P 1/2
o) =3 o)y el = <z|xn|2> ,
n=1 n=1 (6)

Vx,y € E,,

x,,n € Z}, where
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where (-,-) and | - | are the usual inner product and norm
in RY, respectively. Obviously, E, is a Hilbert space with

dimension pN and homeomorphism to RN,
By the variational method, the p-periodic solutions of (1)

are same as the critical points of the C>-functional

p 1 )
J(x) = Z [Elenl —F(xn)] , X€E, (7)

n=1

By assumption (P1), the functional J can be rewritten as

p p
16 =3 (185, - (Aeux)] - Y6 (). ®)
n=1 n=1

and we write I(x) = ﬁ:l [IAxnI2 — (AoX, x,)]
Consider eigenvalue problem
-A’x, | = Ax,, Xppp = Xpp Xy € RY, 9)

thatis, x,,, +(A-2)x,+x,_; = 0,x,,, = x,,. By the periodicity,
the difference system has complexity solution x,, = "¢ for
c € CN,where6 = 2kn/p,k € Z. Moreover, A = 2—¢ - =
2(1 — cos @) = 4sin2(krr/p).

Let 7, denote the real eigenvector corresponding to the
eigenvalues A = 4sin2(krr/p), k € Z[0,r], and r = [p/2],
where [-] stands for the greatest-integer function. In terms of
eigenvalue A, = 4sin2(mrr/p) for some m € Z[0,r], we can
split space E, as follows:

E,=W eW’eW", (10)
where
W™ =span{n | ke Z[0,m-1]}, W° = span {1,,} ,

W* =span{n | ke Z[m+ 1,r]}.
(11)
Moreover, there exists & > 0 such that
I(w) > 8|ul* foruew,

I(w)=0 forweW".
(12)

I(v) < =0|lv|* forvew,

Let us recall the definition of resonance (see [24]).

A p-periodic solution {x,} of (1) is called p-resonance,
if there exists A, = 4sin2(kﬂ/p) € G(F"(xn)), where F"
denotes the Hessian matrix of F and o(-) is the spectrum
of matrix. We say that (1) is p-resonant at oo, if there exists
Ay = 4sin’(knt/p) € o(A ).

Lemma 5. Assume that (P1) and (P4) hold, and system (1) is
not p-resonant at co. Then functional ] (see (8)) satisfies the
(PS) condition.

Proof. Let {x(j)} CE, be the (PS) sequence for functional J;

that is, {J(x)} is bounded, and J'(x") — 0 as j — oo.
Therefore, for any ¢ € E,,, we have

D), 0)=o(lel) asj—oo. (13
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By W° = {0}, we write D = uD 4 )9 with u? €
w*, v € W, To show that ] satisfies (PS) condition,
it is enough to prove that {x"} is bounded in E,. That is,
we need only to prove that {u} and (v} are bounded in

E,. By contradiction, without loss of generality, there exists
k € Z[1, p] such that

as j — oo for n € Z[1,k],
‘ (14)
xY are bounded for n € Z [k +1, p].

Therefore, for all n € Z[1, p], by assumption (P1), there exist
€ > 0and ¢ > 0such that

|G(x£lj))' Se|xf,j)'2+c1, |g ]) |<s'x])|+c (15)

for large j. Thus there is ¢ > 0, IZ _(g(x,; )y, x]))l <
n:1 Ig(xﬁf’)l Ixn])l < elx J)II +cllx. Taking ¢ = u? —
in (13), by previous argument,
o([u]+ |+"1)
<]( (J)) uj V(j)>
P N ‘
=1(u?)-1(v") = Y (9(=)).u” - v) o)
n=1
28 (Ju + [T - e (1 + 1)
([« + 1)

it follows a contradiction. Therefore {u’} and {v'} are
bounded in E,,. This completes the proof. O

Here and in the sequel, the letter § will be indiscriminately
used to denote various positive constants whose exact values
are irrelevant, and € € (0, 1) is arbitrarily small. Moreover we
also denote by ¢ the various positive constants in this paper.

Lemma 6. Assume that (P1) and (P4) hold. System (1) is p-
resonant at 0o, g(t) is bounded in RN, and limy, G(t) =
—00. Then ] satisfies the (PS) condition.

— +00

Proof. Let {x} ¢ E, be the (PS) sequence for functional J;
that is, {](x(j))} is bounded, and J' (x) — 0 asj — oo.
Since system (1) is p-resonant at oo, WO £ {o}. Similarly,
let x = 4@ + 99D 4+ 0D with u? € W*, v € W™, and
w' € WP, By the same method as proof of Lemma 5, it also
follows that {u} and {v'”} are bounded in E »- Next we prove
that {w"} is bounded in E,.
Ty = @/21wP) + 1/216Y) - ¥E_ G(x)), by
{u'"}, (¥}, and J(x”) are bounded in E,,, and it follows that
‘:::1 G(xflj)) is bounded. On the other hand, | Zﬁ:l G(x;j)) -
Yh G < supeg IgONUuI+1v1), 50 X7, G(wf)
isbounded. It is easy to see from assumption lim, G(t) =
—o0 that {w""} is bounded. The proof is completed. O

— +00

If we assume that G(t), g(t) are bounded and system (1) is
p-resonant at co, then functional J does not satisfy the (PS)
condition. In order to overcome the difficult arising from the
lack of compactness condition, we use a suitable penalization
technique (one can refer to [20, 24]) and add a perturbation
term to the functional J. Define

(t-R)* ift>R,
£) = 17
9r (1) 10, if £ <R, )

where R is a positive real number and the penalized func-
tional is given by

T () = J (x) + o (Iw]?), (18)

where x = u +v+w € WTeW @W?’. Obviously, if x € E,is

a critical point of J; with lwl* < R, then x is also the critical
point of J.

Lemma 7. Assume that (P1) and (P4) hold, G(t), g(t) are
bounded in RN, and system (1) is p-resonant at co. Then Jq
satisfies the (PS) condition. Moreover, for any critical point x
of I there exists M > 0 such that ||u + v|| < M, where
x=u+v+weE,ueW,veW  andwe W’

Proof. Let {x(j)} CE, be the (PS) sequence for functional Jg;
that is, {]R(x(j))} is bounded in E,, and for any ¢ € E,,

(To(x"),0) =o(Jgl) asj—co. (19

Similarly to the proof of Lemma 5, we need only to prove that
{w"} is bounded in E,.

Taking ¢ = w? in (19), it follows that o(|jw|) =
Jpx?), w?y > ~cllwl+2wl* @ (lwl?). By the definition of
@p. it follows that {w"} is bounded. Therefore the penalized
functional i satisfies the (PS) condition.

Let x be the critical point of J, then

0=(Jr(x),u-v)y=T(w)-1()

P
Z (9(x,),

—ellu+v|*—clu+v|.

—v,) = 8lu+v|’ (20)

So thereisa M > 0 such that | u + v |< M, and the proof is
completed. O

3. Preliminaries

Let E be a real Hilbert space, and let ¢ be a C*-functional on
E. We denote by crit(¢) = {x € E | ¢'(x) = 0} the set of
critical points of ¢, ¢° = {x € E | ¢(x) < c} the level set
of ¢, and gbs ={x € E| a £ ¢(x) < b}. In the following we
suppose that ¢ is a C*-functional on E which satisfies the (PS)
condition.



Definition 8 (see [9, 14]). Let x be a critical point of ¢. The
Morse index of x by m(x, ¢) is defined as the supremum of
the dimensions of the vector subspace of E on which ¢ (x) is
negative definite. The nullity of x by v(x, ¢) is defined as the

dimension of Ker (/5" (x). A critical point x will be said to be

nondegenerate if (/)H (x) is invertible.

Denote by m,, v, the Morse index and nullity of co for
functional J. By (10), m,, = dimW~, v, = dim wo.

A set K C E is called critical set if K C ¢71 (¢) Ncrit(¢) for
some ¢ € R. A critical set K is called discrete nondegenerate
critical manifold, if K is connected and m(x, ¢) does not
depend on x € K.

Definition 9. The Poincare polynomial of the pair (¢, ¢?)
is defined by Py (¢, ¢%) = Y, dim H,(¢", ¢*; T)A", where
H,(¢",¢%T) denotes the nth singular relative homology
of the pair (¢",¢%) with coefficients in field T. Define
the topological Morse index of critical set K as i,(K) =
Yoo, dim H, (¢, ¢\ KsT)A™.

For simplicity, we write m(x) and m(K) instead of m(x, ¢)
and m(K, ¢), respectively. It is well known that if x is a
nondegenerate critical point and m(x) is finite, then i;(x) =
A" If K is a nondegenerate critical manifold and m(K) is
finite, then i, (K) = A"Q(1), where Q(A) is a polynomial
with nonnegative integer coeflicients (see [13, 15]).

Next we investigate P (E, ¢?) and use functional J (see
(8)) or Ji (see (18)) instead of ¢, E, instead of E.

Lemma 10 (see [19, 24]). Assume that (P1) and (P4) hold, and
system (1) is not p-resonant at 0. Then there exists a € R,
a < J(crit (J)) such that

Py (E,,J") = A" (21)

Lemma 11. Assume that (P1) and (P4) hold, system (1) is p-
resonant at 0o, lim,, _, ,,G(t) = —00, and g(t) is bounded in

RY. Then there exists a € R, and (21) is valid.

Proof. Write x = u+v+w € E, withu € WHhveW ,we
WP, Then there exist M, > 0, M, > 0 such that J (x),u) >
Sllull® = cllull > 0as lull > M, (J'(x), v) < =8lIvII* +cllvll < 0
as [lvll > M,. Let By, = {x € E, | ul < M}, By, = {x €
E, | vl < M,}. By previous argument, it follows that J has
no critical points in E, \ (By;, U Byy, ).

On the other hand, for all x € By, U By,

](x)>c—ZG(u + v, + |lw,| - o “> )

n=1

as |w| — oo.

Therefore there exists a;, € R, such that a; < J(crit(J)). For
x € By, we have

1
J (x) = —6||u||2 -c

-3 (ol i v+ ol ).

(23)
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hence J(x) — +ocoas| u+ w ||— oo, which implies
that J is bounded from the following in By . Let a <
min{a,, inf cp J(x)}, then J® € E, \ By, and J* is a strong
deformation retraction of E 5 \ B M, - By Lemma 6, ] satisfies
(PS) condition, and we have

H, (Ep’ ]u) =H, (Ep’ E,\ BM;)

=H, (W_,W_ \ BMZ) = 6n,m(00)r'

(24)

So we obtain (21). O

Lemma 12. Under the assumption of Theorem 3, there exists
a € R such that Py (E,,, JR) = A

Proof. Letx =u+v+w e E,withu e W',ve W ,andw €

WO, Then there exist R, > R + 1 such that all critical points of
Jr arein By N By, N By, , where By, and By, are the same

as in proof of Lemma 11, and By, = {x € E,, | w]? < R;}. In
fact,

(Jr),u) = (J' (x),u) >0,
(Jp ), v) = (J' (), v) <0,

x¢BMl,

x ¢ BMz’
(25)

(Jo (), w) = —c Jwl + 8wl?(Jw)® - R)’

> 8wl - cllwl >0, x ¢ By,

Similarly, for x € By, , Jp(x) 2 (1/2)8l[ull® + pp(lw]?) -
c-YF  G(x,),and Jg(x) — +coas u+w| — oo, which
implies that Jz(x) is bounded from the following in B, . Let
a, = infxEBM2 Jr(x). If a < min{ay, Jx(crit(Jy))}, by Jg satisfies
(PS) condition, and methods of strong deformation retract,
we have Py (E,,, Jz) = A" The proof is completed. O

Assume that on Hilbert space E there is an action of
discrete group G, and denote by fix(G) the fixed points set for
the G action; that is, fix(G) = {x € E | gx = x,Vg € G}. The
functional ¢ is called G invariant, if ¢(gx) = ¢(x), Vx € E,
and Vg € G. In the following, Z,, denotes a cyclic group of p
order. In terms of Proposition 8.2 and Proposition 8.5 in [13],
we have following lemma.

Lemma 13. Assume that ¢ is a C*-functional on an Hilbert
space E and satisfies (PS) condition. Let a,b (b possible c0)

be two regular values of ¢. Assume that crit((/)Z) = crit(¢p) N

¢ (a,b) consists only of critical sets, and then the following
Morse relation holds:

Y a@ =P (¢¢")+ 1+ DQA),

Kccrit(¢h)

where Q(A) is a polynomial with nonnegative integer coeffi-

cients. If all the critical points of ¢ in gbs are nondegenerate and
have finite Morse index, then (26) can be written as

Z PSS, ((pb) ¢a) +(1+0)QM). (27)

xecrit(¢l)
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Now if ¢ is Z, invariant, and crit(gbz) N fix(Z,) consists only
of nondegenerate critical points having finite Morse index, then
(26) becomes

Y o Aea+nzm
xecrit@)nfix(Z,) (28)

=P (¢%¢") +(1+H)Q),

where Z(A) is a formal series with nonnegative integer
coefficients. Moreover if crit(qSi) - fix(Z,) consists only of
nondegenerate critical manifolds having finite Morse index,
then

Z\) = y oo, (29)

KCcrit((pg)—fix(ZP)

Remark 14. By (29), our main goal in this paper is to estimate
Z(1) which gives a lower bound of the number of the
nonconstant critical points of J in E I’

Lemma 15. Let z = {z,} be a critical point of functional
J. Denote by 112,122, .. ,le the positive eigenvalues (repeated
according to their multiplicity) ofF” (z,), where 7; > 0, j €
Z[L1]. Under the assumption (P2), we have §(z,]) = | +
2 Z;Zl[(p/n) arcsin(;/2)], where [-] denotes the greatest-
integer function and §(z, J) is the number of eigenvalues A < 0
such that (J (2)u, u) = Allul’.

Proof By (J (@wu) = Y2 [IAu,l? - (F (z)upu,)] =
-7 [(A’w,_, + F (z,)u,,u,)], we consider the equation
Azynfl + F (Zn)yn = _Ayn’ Ynep = Vo where z =
{z,} is the critical point of J. It is easy to see that )Lk,]- =
4sin’(kr/p) — Tf are eigenvalues of A%y, | +F ! (z,)y, on R,
where n,k € Z[1, p],j € Z[1,1]. Therefore the number of

negative eigenvalues A, ; is just what we are looking for; the
proof is completed. O

Definition 16. For any critical point z of J, there are I
positive eigenvalues (repeated according to their multiplicity)
of F' (z,), which will be denoted by 77, ...
p(z) = (2p/m) Z;ﬂ arcsin(‘rj/z) is called twist number of
z. Moreover the twist number of co is defined by p(co) =
(2p/m) Z;(ff) arcsin('rj/Z), where [(0c0) is the number of the
positive eigenvalues (repeated according to their multiplicity)
of A,.

, le. The number

Let z = {z,} be a constant critical point of functional J;
that is, z; = z, = -+ = z,,. By Lemma 15 and Definition 16,
it is easy to deduce the folfowing relation between the Morse
index and the twist number as follows:

p()p—-pN <m(z,]) <p(z)p+ pN. (30)

In view of the number ] or [(00) of the positive eigenvalues
(repeated according to their multiplicity) of F (z) or A, the
constant critical point z is called T-positive (resp., T-negative)
if I is even (resp., odd). On the contrary, the virtual critical

point oo is called 7-positive (resp., T-negative) if /(co) is odd
(resp., even), see [24].

We denote by h; and h, the number of 7-positive and 7-
negative critical points of J. If A  is invertible, then h; —h, =
(—l)l(oo). Thus, if we consider co as a virtual critical point,
we have that the number of 7-positive critical points equals
the number of 7-negative critical points. However, if A is
singular, the result is not hold in general. If we introduce
|h, — h,| virtual critical points having twist number zero,
where they are considered as 7-positive if h; < h, and as
T-negative if h; > h,, then the number of 7-positive critical
points is also equal to the number of T-negative critical points.

Let h = max{h,, h,}, which has been used in (4) and (5).
We denote by x,. .., x;, the T-positive critical points and by
Y1>--.> ¥y, the T-negative critical points such that

ple)<-<p(x,),  p)<--<plm). @G

Then the global twist number ® of the system (1) is defined
by

=

=Y lp(x)-p(n)l- (32)

i=1

4. Proof of Main Results

Proof of Theorem 1. The argument is analogous to one used by
Benci and Fortunato in [24]. Set m(z) = m(z, J). Under the
assumption (P2),let z,, ..., z, be the nondegenerate constant
critical points of J.

By Lemmas 5 and 10, functional J satisfies (PS) condition,
and there exists sufficiently small a € R such that P, (J b, IDE
PA(EP, J = A7) where b = oo. Since J is C* and Z,
invariant functional on E » then by assumption (P3), we have
YOAE L1+ H)ZA) = A" 4 (1 + )Q(N); that s,

n
YATE QD = (14 QM -Z ). (33)
i=1

Let m;, f; (i € Z[1,h]) denote the Morse indices of the
T-positive and 7-negative critical points (including co) of J,
and without loss of generalities, assume that co is 7-negative.
So m(co) = fj for some j € Z[1,h], where h is referred to
(31). Then (33) becomes

Lo M
1+

A,mj _ Am(OO)
1+A

=Q)-zZW). (34

i=1,i#j

Set QUA) = Y. qA°, Z(A) = Y.z, and B(A) = Q(A) —
Z(A) = Y. b\, where g,,z, are nonnegative integer and
bs =qs %

By Remark 14, the lower bound of the number of noncon-
stant p-periodic solutions for system (1) is to estimate Z(1).
Since g; = 0, z, > 0, then

n (p) = ZZS > Zzs = Z (qs - bs) = _bz<0bs' (35)

b,<0 b,<0

Let B” = -}, . b, By (35), we turn our attention to estimate
B".



If I is even (resp., odd), by Lemma 15, m(z, ]) is also even
(resp., odd). Therefore by the definition of T-positive and 7-
negative critical points of J,m; (i € Z[1, h]) are even numbers,
f; are odd numbers for i # j,i € Z[1,h], and f]- = m(oo)isa
even number.

Set M, ={r|m, > f,,re Z[Lhl,r # j}, M, = {r | m, <
for € Z[1,h],r# j}, and

A4 A A" AT
chy=Y>"—", DW= ) "
@ EZA;[ 1+ @) g& +A
et reth (36)

By (34), we have B(A) = Q(A) -
D(A) + E(A), and

m,—1
i
2 el

Z\) = Y. bA* = C(A) +

L
Y 2 dgA, (37

c= D) =
reM; i=f, reM, i=m,
where ¢,; = (-1)'*', d,; = (-1)". Meanwhile, if m; > f;,
EQ) = z,@'f;l ey ey = (DML IEm; < f, EQ) =

Sl €A e = (<1 Clearly EQ) = 0 if m; = f;.

A straight analysis shows that B~ = (1/2) Zle lm, — f.|-
((h—1)/2). By (30) and the definition of global twist number
that refer to (32), we have n(p) > (1/2)®p — h(pN + (1/2)) +
(1/2). It completes the proof of Theorem 1. O

Proof of Theorem 2. Under the assumptions of Theorem 2, by
Lemmas 6 and 11, functional J satisfies (PS) condition, and
there exists a € R such that PA(]b, 7 = P\(E,, J%) = Ameo),
for b = co.
Similarly, we have Y | @ 4 (1 + M)Z(A) = A 4
(1 + 1)Q(A), where z; (i € Z[1,n]) are nondegenerate critical
points of J. The remainder is the same as that of Theorem 1.
O

The following lemma is needed to prove Theorem 3.

Lemma 17. If all assumptions in Theorem 3 hold, then there
exists Q > 0 (independent of R) such that

m(x,Jg) +v(x,Jg) <m(c0) +v(00), (38)

where x = u+v+wwithu e W, ve W, we W° |w| > Q,
and m(x, J), v(x, Jg) denote the Morse index and nullity of
critical point x for functional Jg, respectively.

Proof. Let x = u+ v+ w € E, be a critical point of J;. By
Lemma 7, we have ||u + v|| £ M. Therefore |x]| — oo if and
only if |w|| — oo. Since

<]R(x)u U> Z“Aul (A ottty

~(g' (x,) o, )] = Sllul®  (39)
p

(9" () thons,)

n=1
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by assumption (P1), there exists € € (0, §) such that

P
> (g () uposy)

n=1
P (40)
Z ( ( |- —” +u,+v )u un>
< elul’,
as |lw| — o©o. Therefore there exists Q > 0 such that

(];(x)u, u) > 0as |w|| > Q. It follows that relation (38) is
valid, and the proof is completed. O

Proof of Theorem 3. Let L = m(co) + v(00), and denote by
Z, ..., %, the constant critical points of J. We assume, without
loss of generalities, m(z;, J) > L+ 1asi € Z[1,r],m(z;,]) < L
asi € Z[r + 1,n]. Clearly L < pN.

Set H; = {x € crit(Jp) | llwll > Q}, H, = {x € crit(Jg) N
ﬁx(Zp) | lwl < Q}, and Hy = crit(Jz) — (H; U H,), where

X =u+v+wis the decomposition of x € E, withw ¢ w?
and Q is large enough.

By Lemma 17, H, contains only critical points of J; which
have m(x, Jg) + v(x,Jg) < L. H, = {z; | i € Z[1,n]}, since
Jr(x) = J(x)as|lwl| < Q.H; C crit(])—ﬁx(Zp), since p(x) =
0 when [|w| £ Q. Moreover by assumption (P3), H; contains
only nondegenerate critical manifolds.

Since Jy satisfies (PS) condition, by Lemma 13, relation

(28) reads
x;;; (x) + x;{;; (x) + K;hiA (K) "
=P (E, Jg) +1+1)Q),
that is,
Y i+ Si )+ iy (=)
<eh, P 2 (42)
+(1+MZM) = A"+ 1+1HQW),
where Z(A) = Yy AN For Z(1) = Y2 zA, we set

Z; = Y% 2\, where | € N. And analogous notation can be
introduced for Q(A). Then, considering the terms of degree
> L+ 1in (42), we have

YATED L AT = (14 1) B, (43)
i=1
where by = z; —q;, B(A) = Qp,;(A) — Z;,,(A). Clearly
n(p)=Yz= ) z
S b,<0,s>L+1
(44)
= Z (qs - bs) 2 - z bs =B,
b,<0,s>L+1 b,<0,s>L+1

that is, B~ is the absolute value of the sum of the negative
coeficients of B(A). Next we estimate the number B™.
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Let x,...,x, and yy,...,y, (hy + h, = r) be the 7-
positive and T-negative critical points of ] with nonzero twist
numbers, whose order satisfies (31), and x;, yj € {z1,...,2,}
i€ Z[1,h],je€ Z[1,h,]. Without loss of generalities, assume
hy > h,, and introduce h;(= h, —h,) virtual T-negative critical
points y; (i € Z[1,h;]) having twist number 0 and Morse
index 0; that is,

p(¥) =0,
Fori € Z[1,h,], set m;

fi=m3,])=0, ieZ[l,h]. (45
= m(x;,)), f; = m(y,,]), where

7j+h3 Y J € Z[1,h,]. Then (43) can be written as
S AT A B AR = (14 )B(A). Setting A = -
then b, = —h; if L is odd, and b, = h; if L is even. So
hy m; L+1 m; fi
B(A) = Z¢ + u, if L is even,
i=1 1+A i=h;+1 1+A
hy m; _ g L+1 hy m; fi
B(A) =Zi+ u, if L is odd.
oo lvA gy 1A
(46)
A straight analysis shows that B” = Zh [(1/ 2)(m L)-1]+

Z?:h3+1(1/2)|m f;l if L is even, and B~ = Z L(1/2)(m; -
L)+ Zf‘:h3+l(1/2 (Im; — f;] = 1) if L is odd. Therefore

s
B‘zZ%(mi—L—2)+ Z
i=1

i= h3+1

(jm; = fil-1).  (47)

By (30) and (45), we have

my=m;— f;>(p(x;) —p () p—pN, i€Z[Lhs],

Im; = fil > |p(x;) = p ()| p~2pN, i€ Z[hy+1,h].

(48)

In view of (45), (47), and (48), we have

B > —Zplp =Pl
- % PN, - %Lh3 — pNh, b (49)

“n s tep—n(pN+)
2z 59P p .

The proof is completed. O

Remark 18. Although A  isinvertible under the assumptions
of Theorem 3, we do not make use of (42) directly, because
we consider only the terms of degree > L + 1 in proof of
Theorem 3.
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