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We propose a new method to construct a real piecewise algebraic hypersurface of a given degree with a prescribed smoothness and
topology. The method is based on the smooth blending theory and the Viro method for construction of Bernstein-Bézier algebraic

hypersurface piece on a simplex.

1. Introduction

Let A be a simplicial subdivision of a region Q in R*. A is
called a pure simplicial complex of dimension k and can
be described as a finite collection of simplices such that
the faces of each element of A are elements of A, and the
intersection of any two elements of A is an element of A,
and every maximal element of A (with respect to inclusion)
is a k-dimensional simplex. We will sometimes refer to the
m-dimensional elements of A as m-cells and the simplicial
subdivision as a k-complex. If two k-dimensional simplices in
A meet in a face of dimension k-1, we say they are adjacent. A
is said to be hereditary if for every v € A (including the empty
set) any two n-dimensional simplices S, S’ of A that contain 7
can be connected by a sequence S = S,,S,,...,S,, = S in A
such that each §; is k-dimensional, each S; contains 7, and S;
and S;,, are adjacent for each i (see [1, 2]).

Let A be a pure, hereditary k-dimensional simplicial
complex in RF, let S,S,,... » S, be a given, fixed, ordering
of the k-cells in A, and let Q = |JL, S;. Now, we recall the
definitions of C"(A) and C; (A) (see [1, 2]).

Definition 1. For a nonnegative integer r and a k-complex A,
C"(A) is the set of C" functions f on Q (i.e., functions such
that all rth order partial derivatives exist and are continuous
on Q) such that, for every 8 € A including those of dimension
< k, the restriction f|s is a polynomial function f|5 €

R[x,,...,x;]. C,(A) is the subset of f € C"(A) such that the
restriction of f to each cell in A is a polynomial function of
degree k or less.

It is clear that C"(A) and C,(A) are a Noether ring and
a finite dimensional linear vector space, respectively, and are
called a C" spline ring and a multivariate spline space with
degree n and smoothness r, respectively. We call

Z(f)={(x1,..,x) € Q| fxy,...

a real C'piecewise algebraic hypersurface (see [1-3]), where
feC(A).

An important direction in real algebraic geometry during
the last three decades is the construction of real algebraic
hypersurfaces of a given degree with prescribed topology.
Central to these developments is a combinatorial construc-
tion due to the Viro method [4-6]. The Viro method is a
powerful construction method of real nonsingular algebraic
hypersurfaces with prescribed topology (see [4-14]). It pro-
vides a link between the topology of real algebraic varieties
and toric varieties. It is based on polyhedral subdivisions
of the Newton polytopes. A particular and important case
of the Viro method is called combinatorial patchworking;
the combinatorial patchworking is a particular case of the
Viro method which is characterized by the following two
properties: the subdivision used is a triangulation, and each

rxk) = 0} @



monomial of any “block” polynomial corresponds to a vertex
of the Newton simplex.

Roughly speaking, the Viro method starts with a convex
(or coherent) polyhedral subdivision {P;,i € I} of a polytope
P and a collection {f;,i € I} of real nondegenerate poly-
nomials f; with Newton polyhedra P, whose truncations on
common faces of Newton polyhedra coincide. Then, a Viro
polynomial f with Newton polytope P is defined, and Viro’s
theorem asserts that the topology of the real hypersurface
Z(f) defined by f can be recovered by gluing together pieces
of the real hypersurfaces Z( f;).

It is well known that the hypersurface generally possesses
complex topological or geometric structures in CAGD and
geometric modelling. Moreover, the surface can be repre-
sented in Bernstein-Bézier form since it is often defined on
a simplex, and writing a polynomial in it's the Bernstein-
Bézier representation has significant advantages since its
coeflicients reflect geometric information about the shape
of the polynomial surface, and the barycentric coordinates
relative to the simplex are affine invariant, and Bernstein-
Bézier basis polynomials exhibit many important properties
(see [3, 15-17]). Therefore, based on the Viro method and
the Newton polyhedra of Bernstein-Bézier polynomial, Lai et
al. in [18] established a new method for the construction of
Bernstein-Bézier algebraic hypersurfaces on a simplex with a
prescribed topology and presented a method to describe the
topology of the Viro Bernstein-Bézier algebraic hypersurface
piece.

In CAGD and geometric modelling, most of the complex
curves and surfaces are expressed by piecewise polynomials
with certain smoothness (see [3,17,18]). Thus, the aim of this
paper is to establish a new method for the construction of
real piecewise algebraic hypersurfaces of a given degree with
certain smoothness and prescribed topology. The new Viro
method is based on the work of Lai et al. in [18] and the
smooth blending theory.

The paper is organized as follows. Section 2 reviews
briefly the Viro method for the construction of Bernstein-
Bézier algebraic hypersurface piece on a simplex. In Section 3,
we define the chart of the piecewise polynomial and deal with
some properties of the chart of the Bernstein-Bézier poly-
nomial and the chart of the piecewise polynomial. Section 4
is devoted to a new method for the construction of the
real piecewise algebraic hypersurfaces of a given degree with
certain smoothness and prescribed topology. The method is
primarily based on the work of Lai et al. in [18] and the
smooth blending theory.

2. Construction of the Bernstein-Bézier
Algebraic Hypersurface Piece

This section reviews briefly the Viro method for the con-
struction of Bernstein- Bézier algebraic hypersurface piece,
as stated in [18].

Throughout this paper, we denote by R, (resp., R}) the
set of real numbers x such that x > 0 (resp., x > 0) and by Z,
the set of nonnegative integers. Let S = [v;,..., v;,,] will be

a fixed k-dimensional simplex with vertices v;,..., V-
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It is well known (cf. [3,15]) that for any point p € S, it can
be expressed uniquely as

k+1

p=1p )
=1

k+1 .
where Y00 7, = 1, 7, 2 0,j = 1,2,...,k+ Land 7 =
(15 .- ->Tryy) is the barycentric coordinates of p with respect

. . k+1 .
to § (we abusively confuse a point p = )7, 7;v; € S with the
corresponding barycentric coordinates T = (7y,. .., Ty, 1))

Let

k+1

2 (kmy = ‘|}L =(Apeesdpnr) € (Z+)k+1 | 1Al = Z)‘i = ”} .
i=1

©)

We call a point p € S domain point if p =
A/ Mgy /n) with (g, A,,,) € Z, . Further
on, polyhedron relative to the simplex S means a convex
polyhedron in S with domain points as its vertices.

Itis well known (c.f. [3,15]) that for any polynomial f over
S with k variables and degree at most #, it can be represented
in the Bernstein-Bézier form as follows:

f@= Z byBy, (1) (4)

|[Al=n
Where b/\ € [R, A = (A‘l" . "A‘k+1) € Z+(k,n)’

n!
By, (7) = /\N—MTIM S )
are the Bernstein basis of degree n relative to S. The f(7)
is called a Bernstein-Bézier polynomial or B-form of the
polynomial f relative to the simplex S. We will refer to
the polynomials in B-form as BB-polynomials and to their
coeflicients by as BB-coefficients. The set of its zero pointsin S
is called a Bernstein-Bézier algebraic hypersurface piece (BB-
algebraic hypersurface piece for short).
For the BB-polynomial f defined in (4), set

A A
H(f) = {(_1,...,&>|AEZ+(k,n),b/\¢0}. (6)
n n
The convex hull conv(u(f)) of u(f) on S, denoted by N(f),
is called Newton polyhedron (relative to S) of the BB-
polynomial f.

ForasetT ¢ Sand a BB-polynomial f =}, by B) ,(7),
denote BB-polynomial Y;_, 11 b3By,(7) by f'. It is called
the I-truncation of f.

A BB-polynomial f is called nondegenerate if f and any

truncation f° on a proper face 8 of N(f) has a nonsingular

zero set in (C*)*1,

Let ¢ be a subset of the set of domain points in simplex S
and Py = conv( 7). Define the moment map associated with
J s relative to the simplex S, ¢, : Int(S) — Int(Py), by

"’ik+1/n)

.....

¢]s (T) = > (7)

il ik+1
Lo i fess 71 T
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where Int(P;) is the complement in P of the union of all its
proper faces.

Definition 2. Let f be a BB-polynomial with a Newton
polyhedron P. Then the closure of bup{r € Int(S), flr) =
0}) in P is called chart Cts(f) of f, where ¢, ;) : Int(S) —
Int(P) is the moment map associated with u( f) relative to the
simplex S.

Let P,P,,...,P, C Sbe polyhedra with P = (!, P, and
Int(P)) ﬂInt(Pj) = @ fori#j. Assume thatv : P — Riis
a continuous, piecewise linear, nonnegative convex function
satistying the following conditions:

(1) all the restrictions v| p are linear;

(2) if the restriction of v to an open set is linear, then this
set is contained in one of the P;;

(3) (P L k) € Z, where L, is the set of the domain
points.

Then, this function v with this property is said to convexify
{P,....,P,}

Let fi,..., f,, be BB-polynomials over R in k+ 1 variables
with N(f) = P Let £ 7 = f1'7" for any , j. Then, there

exists a unique BB-polynomial f with N(f) = P = [J, P,

and fP" = fifori=1,....m.If f(7) = } )., baBy,(7) and v
is a function convexifying {P,, ..., P,,}, we put
_ v(A/n)
fi(m) = lMZ::nb,\BA,n ()™, 8)

The BB-polynomials f, are said to be obtained by
patchworking BB-polynomials f;,..., f,, by v or, briefly, f,
is a patchwork of BB-polynomials fi,..., f,, by ».

Let f,,..., f,, be BB-polynomials in k + 1 variables with
N(f;) = P, and let Int(P,-)ﬂInt(Pj) = @ for i#j. A
chart Ct4(f) of a BB-polynomial f with N(f) = P is said
to be obtained by patchworking charts of BB-polynomials
fi>---» [ and itis a patchwork of charts of BB-polynomials
Sfireeos fw if P = |, P, and the chart Ct4(f) of f, up to
isotopy, is i, Ctg(f;).

The result about the Viro method for the construction
of the Bernstein-Bézier algebraic hypersurface piece on a
simplex with a prescribed topology is shown in the following
proposition (see [18]).

Proposition 3 (see [18]). Let P,P,,..., P, v, fi,..., f,,, and
f, beas above (f, is a patchwork of BB-polynomials f,, ..., f,,
by v). If BB-polynomials f,,..., f,, are nondegenerate, then
there exists t, > 0 such that for any t € (0,t,] the chart of
BB-polynomial f, is obtained by patchworking charts of BB-
polynomials f,,..., f,,

3. The Chart of the Piecewise Polynomial

In this section, the chart of the piecewise polynomial is
defined, and some properties of the chart of the Bernstein-
Bézier polynomial and the chart of the piecewise polynomial
are discussed.

Theorem 4. Let f be a BB-polynomial with Newton polyhe-
dron P and let T be a face of P. Then,

() Ct5(/)NT = Cs(f1);

(2) if f* is nondegenerate with respect to T (which is the
case when, for example, f is nondegenerate with respect
to P), then, the Cty(f) intersects I' transversally.

Proof. Suppose that the BB-polynomial f is defined in (4)
and

/\2 Ak+1

9= 2 WL LR ()
[A|=n k+1
Define the mapping v : S — T,y = {(x,..., Xp41) €
(R |, + -+ +x,,, <n}by
V(10T s Tepy) = (0700 1T)
(10)
(11, Tyr -+ o> Thy1) €S-

According to [18, Lemma 3.2], then, w(P) is the Newton
polyhedron N(g) of the polynomial g and y(T') is a face of
N(g) if T is a face of P. Moreover, by [10, Remark 1.1], the

chart Ct,(g) of g (see [6-8,18]) and the truncation g"'(r)
the face y(I') have the following properties:
(@) Ct,(g) (D) = Ct,(g"");

(b) the chart Ct,(g) intersects y(I') transversally if g"’(r)
is nondegenerate with respect to y(I').

On the other hand, by [18, Lemma 3.2 and Theorem 3.5],
we can get the following equalities:

v (Ct (@) v (D) = Cts (/)T

v (Cr (g"7)) = s (1)

This, together with equality (10) and properties (a) and (b),
shows that Ctg(f) (T = Cts(fr) and the Ct4(f) intersects
T transversally if f' is nondegenerate with respect to I. This
completes the proof. O

(11)

The following result is a generalization of Farin’s theorem
(see [3,15]) on high dimensional space.

Proposition 5 (see [3, 15]). Let

P @ =Y B, @, PP @= Y 6B, @
[A|=n [Al=n
(12)

be BB-polynomials of degree n that are defined on two adjacent
k-dimensional simplices S; = [v;,V5,...,Viry) and S, =
[V}, Vs, . ..» Ves1], respectively. Then PV (1) and p® () are C"
smoothly connected on [vy, ..., Vi, ] ifand only if for all p €
{0,1,....;r}and A,,..., Ay, € Z, wzthzj z)t =n-p,

b = D bBep (7). (13)

lel=p



where A" = (O,Az,...,/\lk+1), A = (p, Ay .oisAjyy), and € =
(fl’ €5, ..,€,1). Here, T denotes the barycentric coordinate of
v| with respect to the simplex S,.

Theorem 6. Suppose that p () and p® (%) defined as above
are C'(r > 0) smoothly connected on S, (S, = [, ..
Then,

M NENS NS = NS NS,), and T ==
NP NS, NS,) is a face of N(pV) and N(p®)
ifN(p(l)) (S, NS,) is nonempty, where N(p(l)) and
N(p®) are Newton polyhedra of BB-polynomials p")
and p?, respectively;

(2) Cts, (p")NT = Cts (pPP)NT for T above.

> Vk+1]'

Proof. By assumption and taking p = 0 in equality (13), we
have that by = b’ forall A,,..., Ay, € Z, with ¥55) A, =
n. Thus, u(p™)NS,NS,) = u(P®)NS,NS,), where u
is defined in (6). This implies that N(p™) (S, NS,) =
N(PP)NGS,NS,), and so T = N(pM)N(S,NS,) is a face
ofN(p(l)) and N(p(z)) ifN(p(l)) (S, S,) is nonempty.

According to the argument above, it is easy to see that I'-
truncations (p™)T, (p®)T of p'V and p® satisfy the equality
(P = (p®)". Thus, we can get that

Cts, ((p(”)r) = crg (( p@))r) (14)

by the definition of the chart.
On the other hand, it follows from Theorem 4 that

Cts, (p)) T=cts, ((p7)),
Cts, (p2)) T=Ct, ((p®)).

Therefore,

ot (") Nr=c ()N 9

by equality (14). This completes the proof. O

Let A be a pure, hereditary simplicial complex with k-cells
(i.e., k-dimensional simplex) S;,...,S,. Let f € C}(A) and
each polynomial f[g_be expressed in the B-form

f|s:x (T) = Mlz_ b/ga]B/Ln (T) 5 @ = ]., 2, e ,q. (17)

The piecewise polynomial f defined as above is called C"
piecewise BB-polynomial.

Theorem 7. Let f € C,(A) be a piecewise BB-polynomial
defined in (17). Then, for each adjacent pair S, Sy of k-cells
in A,

) N(fI) NSNS = N(fls) SN Sp), and

Lys == N(fls)[1(Sa1Sp) is a face of N(fls,) and
N(f|sﬁ) if N(flsa)ﬂ(S“ﬂSﬁ) is nonempty, where

Abstract and Applied Analysis

N(fls,) and N(flsﬁ) are Newton polyhedra of BB-
polynomials f|g and f |SB’ respectively;

(2) Ctg (fls,)NTap = Cts, (f|s,3) () Lup for T above.

Proof. We can get the conclusion from Theorem 6 immedi-
ately. O

According to Theorems 4-7, we can define the chart of a
piecewise BB-polynomial.

Definition 8. Let f € C;(A) be a piecewise BB-polynomial
defined in (17), and let N(f|s ) be the Newton polyhedron
of the BB-polynomial f|g . The chart Ct(f) of f is the

closure of |JI_, buso )T € Int(S,y), flg (z) = 0}), where

u(fls) = A/ me /WL € Z,4 .01 #0} and
uisis ) Int(S,) — Int(N(f|sa)) is the moment map

associated with p(fls ) relative to the simplex S,,.

Obviously, we can get the following conclusion from
Theorems 4-7 and the definition above immediately.

Theorem 9. Let f € C;(A) be a piecewise BB-polynomial
defined in (17). Then, the chart Ct(f) of f is|JL_, Cts (fls,)-

4. The Construction of Real C" Piecewise
Algebraic Hypersurfaces

In this section, we propose a new method for the construc-
tion of real piecewise algebraic hypersurfaces of a given
degree with certain smoothness and prescribed topology. The
method is primarily based on the work of Lai et al. in [18] and
the smooth blending theory.

Let A be a pure, hereditary simplicial complex with k-cells
(i.e., k-dimensional simplex) Sy,..., S,.

For each adjacent pair S, = [vV(y1) Via2) -+ > Vaksn))>
Sg = Vg1 Vg2 - > Vi) o/fﬁ—cells in A, assume that
Sa NSp = Vs Viaim1) Vi Viaist) -+ Viakeny] =
Vg1 -+ - Vig.j-1) V(B ) VB,je1) - - »V(ksn]> where the hat
means that the corresponding vertex is omitted. Obvi-
ously, there exist two arrangements [;,1,,...,1l,, and d;,d,,
.o>dpyy of numbers 1,2,...,k + 1 such that vy, =
V(Oc,i)’ V(ﬁ,dl) = V(ﬁ, ) and V(oc,lw) = V(ﬁ)dw) fOr w = 2, ey k + 1.

Now, we define two one-to-one transformations #,g,
Mg+ (RS = (RS, by 7,500 = (A, A, 04 ),
and 77p,(A) = (A4,,A4,..-> Ay, ), respectively, where A =
A Ay s Ayy) € (ROF,

For any given a € {1,...,q}, let £V, @) be BB-
polynomials over the simplex S, = [V(y 1) V(2) - > V(1))
with N(f®9) = Py, { = 1,...,m,, and let

[l (o _ o] (A /n)
ft“ (T) = l/\lz b/\‘x B/\,n (T) tv & (18)
=n

b[e ]a patchworking of BB-polynomials f®V, ..., f®™m) by
e,
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Define the piecewise BB-polynomial f, on the domain Q
by

fils, @) =@, a=12...,q (19)
Theorem 10. Suppose that &V, ..., fbm) @D glamg)
are non—degenemte, that ft[“] is a patchworking of BB-
polynomials f@V, ..., f@m) py yle ..»q, and that

Ser Sps Viwiy V(B.j)y 1104;, Mo Plagy ft , and f, are defined
as above, and Int(P, 1)) [ Int(P)) = 0 for { #. If for each

oc—l

adjacent pair S, Sg of k-cells in A and all p € {0, 1,...,r} and
A=A dgr) € Zym With Yoy Ay = n—p,
pB P )
()
[a] i v[“](rl;l(e+A0)/n) ®
- IIZ b (e+A°)B€P (Tﬁa)t ’ , tER,,
€
(20)

where A’ = (p, Ay, ..., Apy,) and T/';a denotes the barycen-
tric coordinate of v(g; with respect to the simplex S, =
V(D‘:lkﬂ)]’ thei’l,

@ f; € C,(A)

(2) if for any BB-polynomial " with N(f“")N
(SaSp)#0, i € {l,...,m,}, there exists a BB-
polynomial fP7 in {fBV | fEmY such that
NP NSNS = N NS Sp), then
there is t, > 0 such that for any t € (0,t,], the chart
Ct(f,) of piecewise BB-polynomial f,, up to isotopy, is

ot UL Cts, (£,

Proof. Let T = (1y,...,Tq) and ¥ = (x> X25-- > Xis1) D€
the barycentric coordinates of point p € S; with respect

to Sg = Vg1 Vipay - Vigren] and Sg = [V, Vpa,)>
<> V(Bdy,,) 1> respectively. Then,

[Veat)> Viat) -+ -

X = (0 XKoo Xwt) = Hpa (T) = (le,sz, ---sTdkH) (21)

by the definition of the transformation #z,, and so

)= £ @)

Z b[ﬁ] n!

[A|=n )L 'A - Ak+1
AAy /\k+ Fi(Am)
XTIy k+1lt
= Y n!
- A
[Al=n /\dl !Adl e Adkﬂ !

SRRt
(22)

x ()™ (o)

s Wes1) = Mpa(A). Then, A = r]g;(y) and
Ag,,)- Therefore, it follows

Set yu = (U, g - - -

(1> g5+ ieir) = (Adp)‘dz) s
from equality (22) that

(] _ plB P gl
£7(p) % )

n'

' )Hkﬂ .
l"1 Pl b

(Xl)” () (en

(23)

This shows that the polynomial ft[ﬁ ! over Sg = [Viga,) Vipd,)»
-+»V(g,d,, ] can be represented as follows:

IMI—"

BT (1
t ("ﬁ“(“)/")B%n (). (24)

By a similar argument above, we have that the polynomial

ft[“] over S, Vial) -+ > V()] can be represented as
follows

[a] —1 _
(Wa,;(ﬂ)/n)Bﬂ,n (X) ,

900 =Y b

’7042( ) (25)
ul=n

where ¥ = (X> X5+ --»> Xx1) 1S the barycentric coordinate of
point p € S, with respect to Sy = [V(g1)> Vi) - - > Vi) -
Since Vg ) = Vga, forw = 2,... .k + 1, 5,18z =
]; thus, according to Proposition5, f, €
Wain) o

Vi) - Vg
C,(A) if and only if the BB-coefficients br[lli] (#)t
o

[IX](

-1
ft[ﬁ] and the BB-coefficients br[l‘fg(ﬂ)t” T of £l satisfy

equality (20). This proves property (1).
Below we will show that property (2) holds.
For each adjacent pair S, Sg of k-cells in A, set I,z =

N(f ) V(S 1) when N(f“) V(S 1) #0; then, Tg
is a face of N(f @Dy and N( f('B’J)) by the assumption that
NP NSNS = NF“) NS, NSp). Since £
resp 1 1 is a patchworking of BB-polynomials f*", ...

flemad (resp., fPU, ., fBm)y by v (resp., vl and
Int(Py ) (1Int(Py ) = Int(Pgz)) N Int(Pﬁc ) =0for{+g,
then, for T, «p-truncations (f(‘" )Les (f(ﬁf Tap (f["‘]) “f and

ft[/3 et of fFeD, fEI gl and ft[/3 ) respectively, we have
that

(Fy™
( ft[ﬁ] )Faﬂ

(Fe2)"" =
( f<ﬁ,j))ﬂxﬂ _

t=1 (26)

t=1

Since f1* and ft[”3 JareC’ smoothly connected on S, (] Sg,
N(f(ﬁ’j)) NS N Sp) = N(f(“’i)) NS N Sp) and (20) implies
that (ft[oc])l".xp — (ft[ﬁ])rzxﬂ‘ Thus, (f(oc,i))l".xp _ (f(ﬁ’j))raﬁ by (26).



Using a similar argument in the proof of Theorem 6, we
have Ctg ( SN ML = Crg, (FF) T by (F@N)' =
(f (B-DYles This shows that

Uers () N(5. )

(27)

~Uers ()N N

On the other hand, since £/ is a patchworking of
BB-polynomials f@V, ..., f®m) by y1*l we get from the
assumption and Proposition 3 that there is t([)“] > 0 such that
foranyt € (0, )] the chart Cts ( £y of BB-polynomial f*
(ie., fils,), up to isotopy, is U Cts (f @) This conclusion
together with Theorems 7-9 and equality (27) implies that
there is f, > 0 such that for any t € (0,¢,] the chart
Ct(f,) of piecewise BB-polynomial f,, up to isotopy, is

1 U Ctsa(f(“’i)), where t, = min{tm,...,t([)q]}. This
completes the proof. O

Assume that P is a k-dimensional simplex with domain
points in S as its vertices and that the BB-polynomial f is a
real k + 1-nomial (this means that the nonzero coefficients in
f correspond to the only vertices of P). Denote by M(P) the
set of middle points of edges of P. For any point v € M(P) on
an edge with endpoints (i;/n,... i /1), (Gi/1 .. .; jre1 /1),
we assign that

8 (v) = sign (b.ip) Ui (28)

where b; o y.b;,. .. are the corresponding BB-

coeflicients in f. Put
M_(P)={veM(P)|5(v)=-1}. (29)

Theorem 11. Suppose that fV, .., fbm)  f@b

fl@ma), Py o> Pamy > Pgys -+ Pgmyy» £l and f, sat-
isfy the conditions in Theorem 10 and that for each a €
L,2,...,q} f@Y,..., f%") are real (k + 1)-nomial and
Py -+ Paym,) with dimension k form a triangulation of
N(f!). Then, f, € CI(A) and there exists a constant t; > 0
such that for any t € (0,t,] the chart Ct(f) of f, up to isotopy,
is UZZI U:i‘; conv(M_(P;)), where M_(P,;) is defined as
(29).

Proof. By assumption and [18, Theorem 4.4], we know that
there is t([)‘x] > 0 such that for any t € (0, t([)“]] the
chart Ctg ( £y of BB-polynomial £, up to isotopy, is
UZ“I conv(M_(P ). O

The remainder of the proof can be completed by a similar
approach in the proof of Theorem 10.

According to Theorems 10 and 11, if we want to construct
a C" piecewise algebraic hypersurface f(r) = 0 with a
prescribed complex topology and a degree on a partition
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A, we can just construct some Bernstein-Bézier algebraic
hypersurfaces pieces f(“’l)(‘r) =0,..., f(“’m“)(r) = 0 with
simple topology and a convex function ¥*' on each k-cell
S,» where @V f@m) and 4% satisfy the conditions
of Theorem 10 or Theorem 11, « = 1,2,...,q, and then, the
BB-polynomial f1*)(z) is obtained by a patchworking of BB-
polynomials £V, ..., f@m) by 4[% Thus, we can get f(1)
by defining f|g (7) := ).
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