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We adopt the Leray-Schauder degree theory and critical point theory to consider a second order Dirichlet boundary value problem
on time scales and obtain some existence theorems of weak solutions for the previous problem.

1. Introduction

In recent years, differential equations on time scales have
been studied extensively in the literature. There have been
many approaches to study the existence and multiplicity
of solutions for differential equations on time scales. The
variational method is, to the best of our knowledge, novel, and
it may open a new approach to deal with nonlinear problems
on time scales. For more details about recent development in
the direction, we refer the reader to [1-12] and the references
therein. The two books [13, 14] by Bohner and Peterson
summarize some excellent results on time scales.

In [1, 2], the authors utilized variational techniques and
critical point theory to derive some sufficient conditions for
the existence of positive solutions for the following second
order dynamic equation with Dirichlet boundary conditions:

"t (1) = f(a (), u’ (1),
u(@=0=u(®).

In [8], Zhou and Li studied Sobolev’s spaces on time
scales, and given their properties, as applications, they pre-
sented variational methods and critical point theory to obtain
the existence of solutions for the second order Hamiltonian
systems on time scales as follows:

A-ae. t €],
(1)

W™ (1) = VE (0 (1),1° (1)), A-ae tel[0,T]S, o
2

u(©) =u(r),  u*0)=u"(D),

where F(t, x) is A-measurable in t for every x € RY and
continuously differentiable in x for A-a.e. t € [0, T]y.

Motivated by the works cited previously, in this paper, we
study the second order Dirichlet boundary value problem on
time scales. Consider

) = @) +h(ot),u’ (), Aaete],

(3)
u(0)=u(T) =0,

where we say that a property holds for A-almost everyt € A C
T or A-almost everywhere on A C T, A-a.e., whenever there
exists a set E ¢ A with null Lebesgue A-measure such that
this property holds for every t € A\ E, J := [0, p(T)) N T and
T ¢ Risan arbitrary bounded time scale such that min T = 0
and max T =T.

We assume that A is a parameter, h € CAR([0,T), R),
[0,T)y = [0,T) n T, where CAR([0,T)y, R) means that
h fulfils the Carathéodory conditions (see [15, Definition
3.2.22] and [2, (i) and (ii) in (H,)]). By virtue of the Leray-
Schauder degree theory, a result involving the existence of
weak solutions is established. Next, we utilize two critical
point theorems to investigate that problem (3) has at least
one weak solution and infinitely many weak solutions with
the parameter A < 0, respectively. The results obtained here
improve some existing results in the literature.



2. Preliminaries and an Existence Theorem via
Leray-Schauder Degree Theory

We first offer some related preliminaries concerning the
basic definitions and results on time scales, For conve-
nience, for f € L3([0,T)y, R), we denote [/ [f(s)*As =

s)|”As. Let Sobolev’s space W, . be define see
o, fOF bolev’s space W,’7. be defined by (
(1-3])

W7 = {x € AC([0, T]1,R) : x* € L} ([0, )1 R),
(4)
x(0) = x(T) =0},

where AC([0, T'], R) (see [3, Definition 2.9]) denotes the set
of absolutely continuous functions on [0, T]y. Then WAI:% isa
Hilbert space with the inner product

o= | ut o @an (5)
0,T)¢

and let || - [|; be the norm induced by the inner product (-, -);

(see [1, page 1265] and [2, page 371]).

Lemma 1 (see [3, Proposition 3.7]). The immersion WA% —
C([0, Ty, R) is compact.

We firstly need to consider the following eigenvalue prob-
lem:

@) =M’ (1), tel[0,Ty,

(6)
u(0)=u(T)=0.

For each v € WAI% multiply by V°(t) on both sides of the

previous equation in (6) and integrate over [0, T)y to obtain

| mwovos=a] woros o
[0,T)¢ [0,T)

»L)T

By (7) of [8], we obtain

u’ (V7 ()AL (8)

Ty

J.[O’T)T WOV ()AL= A j‘

Lemma 2 (see [9, Lemma 3.4] and [13, Theorem 4.95]). The
eigenvalues of (6) may be arranged as0 < A; < A, < ---, and
A, can be expressed by

Jiom, [ @] at

A N D
UEWL2,u#0 J-[O)T)T [u® (t)|"At

A= )

By Lemma 2, if there exists u; € W2 and |luy ||, = 1, then we
have ,

1

o 2
— = u, (t)|"At. 10
1 J[o,m' T (@) (10)

Choosing ¢7 = \[A,u, we can easily obtain
J |7 (At =2, J [uf 0 At =1,
[0,T)¢ [0,T)y

(11)
2
A = I ot (0)] At
(0.1);
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Moreover, we also have

j ot )V (1) At = A, j @ (1) (1) At
[0,T)y [0,T)r (12)

Vv e Wy
Lemma 3 (see [16, Corollary 3.3]). Let u € WAI% Then the
Wirtinger-type inequality is

J |u” (1) At < L J |uA (t)|2At> (13)
[0,T)y Ay [0,T)¢

where A, is defined by Lemma 2.
Denote an operator A : Wi% — WAI% as follows

(Au,v):J u (Vv (DAL YuveWyr.  (14)

0.T);

By Hoélders inequality and Lemma 3, we have

J u’ ()7 (t) At
[0,T)y

< J[o,m [u” (6) v ()| At

o 2 12 o 2
: <J-[0,T)T [ ®) At) (J'[O,T)T [ @ At)

1 1,2
< A—IIquIIVIIp Vu, v € Wyr.
1

1/2 (15)

Then A is a bounded linear operator. By Lemma I, A is com-
pact. Clearly, Ais also symmetric, (Au,u) > 0 foru® # 0. Con-
sequently, the supremum 1/A | is achieved by Theorem 6.3.12 in
[15]. Hence, (10)-(12) are true.

In what follows, we offer two lemmas involving Leray-
Schauder degree.

Lemma 4 (see [15, Proposition 5.2.22]). Let Q be an open
bounded set in a Banach space X and A € €(Q,X). Let

x, € Q be a unique solution in Q of the equation x = F(x).
Assume that the Fréchet derivative A’ (x,) exists and I - A’ (x,)
is continuously invertible. Then

deg (I - A,0,0) = (1),

where 3 = Z

Aeo(F'(x))NR,A>1

m(\), (16)

and m(A) is the multiplicity of the eigenvalue A of the operator
A'(xo).

Lemma 5 (see [15, Theorem 5.2.13]). Let QO be an open
bounded set in a Banach space X. There exists a mapping
deg(I - A, Q, y,) defined for all A € €(Q,X) and y, € X
such that x — A(x) # y,, Vx € 0Q. This mapping has the homo-
topy invariance property: if A, B € B(Q, X) and H(t,x) = (1-
H)Ax+tBx, t € [0,1], and x € Q are such that x—H(t, x) # Yor
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for every x € 0Q andt € [0,1], then deg(I — A,Q,y,) =
deg(I — B, Q, y,).

Now, we list our hypotheses for (3).

(H1) Ais a parameter and A # A,,, where A, are determined
by Lemma 2.

(H2) h € CAR([0,T),R); there exist f € 12 A0, T)y, R),
¢ > 0and « € [0, 1) such that

hit,x) < f@t)+clx|®, Vte[0,T)r, xeR.  (17)

(H3) his a-Lipschitz continuous with respect to the second
variable; that is, there exists a constant ¢ > 0, such that

|h(t,x)) = h(t x,)| < clx, — x|,
(18)
Vvt € [0,T)y, x;,x, € R, a as in (H2).

Remark 6. We can take h(t, x) = f(t)+c|x|*, wherec, f, aare
as in (H2). Clearly, it also satisfies (H3). In fact,

|h(t,x)) —h(t,x,)|=c 'lxl | - |x2|a' < clxy = x,|%
(19)

Vx;,x, € R.

It is clear that (3) is equivalent to the following integral
equation:

j u® () V™ (1) At

[0,7)y

:/\J u® (1) V° () At (20)
[0,T)r

+ J h(o(t),u’ (5)v" (t) AL, Vv e Wyr.
[0,T)y ’
We define an operator S : W1 Z - Wi 'y as follows:

(Su’ V) = J. h (O' (t) , MU (t)) d (t) At, Yu,v e WAI’%
[0,T)¢ ’
(21
. 1,2
Lemma?7. §is compact on Wy'r.
Proof. We first prove that there exists a ball B(0,R) c Wg%

(R > 0) such that Smaps B(0, R) into itself if R is large enough.
Indeed, (H2) leads to

[ISull; = sup |Su,v|

vl =1

sup J h(o(t),u’ (£)v (t) At
[0,T)y

vl =1

IN

N
sup (J[O’T)T |h(o@t),u’ (1))] At>

vl =1

12
X (J v’ (t)|2At)
[0,T)y

1 RPN
\/_< |77 ) + clu” )] |2At>

(1.,
A
+\/E<J |u"(t)|2”‘At)1/2
A\,

7 , 5 1/2
Jz(ﬂo,m'f of )

+\/ Ay <J[0,T)T|u ) At)
7 G X 1/2
Jz(hm 7o of )

2C2T1—0L o
+\| e lully-
1+ 1

\j /\1 “

1/2

I/\

1/2
lf 6] At)

IN

IN

IN

(22)

- 1/2
Let = 2/ (fgq I ®rAr) ", and n, =

22T =*/A}** For any u € B(0, R),
[Sull; < R, provided 7, + 7,R* < R. (23)

Therefore, the above claim is true. Meanwhile, we also arrive
at immediately S is uniformly bounded on B(0, R). On the
other hand, we shall prove that S is equicontinuous on B(0, R).
By (H3) and Hoélders inequality, we have

ISt4; = Su ],
< sup <J i (o (£),u7 (1) =h (o (t),u; (O)] [V (t>|At>
vl =1 N[0Ty

< sup <J clul (t) —uj (t)l"‘ v )| At>
[0,T)y

vl =1

«f2
p <J |uS (1) - ug (t)|2At>
=1\ Jio.1);

<csu
2-a)/2
2/(2—
“Jon, 7 01 1)
[0,T)y



a2
< T/ <j |uf (8) — 1] (t)lef>
[0,T)y

vl =1

5 1/(2-a)
X <J [V @) At>
[0, 1)y

T(l—oc)/(Z—oc)C N
= \C-ayrar2 lloey = 2]
1

(24)

We have from Arzela-Ascoli theorem S is compact on
B(0,R) c W,7. O

Theorem 8. Assume that (H1)-(H3) hold; problem (3) has at
least a weak solution.

Proof. We will utilize Leray-Schauder degree to prove the
result. One is invited to verify that the existence of a solution
of (3) is equivalent to the existence of a solution of the
operator equation

u=ANu+Su, VYuce WAI)’%, (25)

where A and S are defined by (14) and (21), respectively. For
the reason that A is bounded, linear, and compact on WAl,’%, we

easily see that Fréchet derivative (AA)" exists and I — (AA)'
is continuously invertible by (H1). Consequently, Lemma 4
implies

deg (I - AA,B(0,R),0) #0. (26)

So, to complete the proof, we have to find an admissible
homotopy connecting I — AA — S(-) and I — AA. Define

H(t,u) =u—-Au—-1Su, 1€[0,1],uc WAlﬁ. (27)

We shall prove that there exists R > 0 such that for all u €
WAI)’%, lul, = R,and 7 € [0, 1], we obtain

H (1,u) #0. (28)

If the claim is false, we can find sequences {u,} C WAI,ZF and
{t,} c [0, 1] such that [Ju,|, — coand

u, — AMu, — 7,Su, = 0. (29)

Set v, := u,/llu,l, and divide (29) by [lu,, [, to get

Su
Vi = /\Avn - Tnu_ﬁ =0. (30)
nill

I

This is equivalent to

J vﬁ(t)wA(t)At=AJ Vv (t)w (t) At
[0, 1)y

0,T)y

+T J —h (00),u, (t))w” (1) At,
0.T);

il
(3D
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for each w € WAI% Now, passing to suitable subsequences,
without loss of generality, we may assume that 7, — 7 €
[0,1] and v, — vin WAI% Note that, similar with (22), we
find ’

w’ () At

J h(o(t),u; (1))
[0,T)¢

ol

|h(o@®),u; )], o
< _ Il At
e o Al 62
(’71 + ’72““71”‘;) l[wlly oo,

el

On the other hand, by the compactness of A, we have Av, —
Av (see [15, Proposition 2.2.4(iii)]). In (30), let n — ©0; we
have v = AAv,and v € WAI% satisfies ||[v[|; = 1. However, this
contradicts our assumption A #A,, n = 1,2,.... This implies
that (28) holds. By Lemma 5 and (26), we have

deg(I -AA-S,B(0,R),0) = deg(I —AA,B(0,R),0) #0.
(33)

Therefore, (3) has at least a weak solution. O
3. Two Existence Theorems via
Critical Point Theory

We still use the Sobolev’s space WAI% defined by (4), which is
equipped with the inner product

(U, v), = J.

u’ ()7 () At + I u® (1) VS (1) At,
[0,T)r

0.T);
(34)

and the corresponding norm
5 A 5 1/2
lull, = (j ° (0)| At+j |u® (8)] At> . (3)
[0,T)y [0.T)r

Now, we will establish the corresponding variational formu-
lations for problem (3) as follows:

1 o
o) = 2 <j[0,T)T |MA (t)|2At = J[O’T)v g (t)|2At)

- J F(o@t),u’ (t))At,
[0,T)

(36)

where F(t,8) = [ h(t, $)ds.
We now list our hypotheses for (3).

(H4) F(t,x) is A-measurable in t for every x € R and
continuously differentiable in x for t € [0,T], and
there exist e, € C(R*,R*) and ¢, € L} ([0, T]y, R")

[F (t, %) < € (x]) € (t), |h(t, %) < € (Ix]) € (t),

(37)

forall x € Rand A-a.e. t € [0,T];.
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(H5) There exist ¢; > 0 and p > 0 such that

|F (t,x)| < ¢ |x|f, te[0,T]y ueR. (38)

(H6) There exist &, &, > 0 such that

h(t,x)x—2F(t,x) > ¢ |x|—¢&, t€[0,T]y, uel.

(39)

(H7) limy_, oo (F(t, %)/Ix*) =
[0’ T]T

+o0o uniformly for ¢ €

(H8) F(t,—x) = E(t,x), t € [0,T];, u € R.

Remark 9. Let
SR
F(t,x) = lex , (40)
where n > 1 is a fixed positive integer. Then
ht, x) = iixz"‘l. (41)
2

Direct computation shows

Yo (1/@2i)) «*

2

F(t, x) _

P = +09,

I —co |x]| Jx| = 0o |x]
. h(t,x)x-2F (t,x)
lim =

|x| = oo |x|

Yo [1/2i - 1728%] &
lim

|x| = oo |x|

= +00.
(42)

Clearly, (H4)-(HS8) hold.
By (H4), we find ¢ ¢ CI(WAI:%, R) (see [11, Theorem

2.27]), and for u, v € WAlﬁ,

ga'(u)V:j uA(t)vA(t)At—AJ W (1) (8) At

[0.T)r [0.T)y

- j h(o (), () () AL.
[0,T)¢
(43)

Clearly, the existence of weak solutions for (3) is equivalent to
the existence of critical points for ¢. In what follows, we take
a := min{l,-A} > 0, b := max{l,-A} > 0.

Lemma 10 (see [17, Theorem 1.2]). Suppose X is a reflexive
Banach space with norm || - ||, and ¢ : X — R U {+oo} is
coercive and weak (sequentially) lower semicontinuous; that is,
the following conditions are fulfilled as follows:

(1) ¢(u) = ocoas|lul — oo, ueX.

(2) Foranyu € X, any sequence {u,,,} ¢ X such thatu,, —
u, there holds

¢ (1) < lim infe (1,,). (44)

Then ¢ is bounded from below and attains its infimum
on X.

Theorem 11. If (H4) and (H5) with p € (0,2) hold, (3) has at
least a weak solution.

Proof. Our working space WAI:% is a Hilbert space, so it is
reflexive. By Lemma 2.1 and Theorem 3.3 in [8], we see ¢ is
weakly lower semicontinuous on Wg% On the other hand,
by (H5), we have

¢ (u) 2

N | Ql

lull - J alu’ @) At
[0,T)
(45)

2 2-p)/2
= =lully - TP )l

8| Ql

and thus (1) — ooas |lul, — ©o0.Lemma 10 implies ¢ can
attain its infimum in X; that is, (3) has at least a weak solution.
This completes the proof. O

If X is a Hilbert space, there exist (see [18]) {e,},>, ¢ X
and {f,},2, ¢ X" such that f,(e,,) = §,,,, X = spanfe, : n =
1,2,...}and X* = span” {f, : n = 1,2,...}. For j,k € N,
denote X; := span{e;}, Y := @I;:lXj, and Z; := & X
Clearly, X = @,y X; with dim X; < oo forall j € N. Since

WAI% is a Hilbert space, we can choose an orthonormal basis
{e,,} such that

k
Wy =spanfe,:n=12..}, Y, =P X,
j=1

(46)

Zy = é Xj, where X; := span {ej}.
j=k+1

Definition 12 (see [19, Definition 1.1]). Assume that X is a
Banach space with norm ||-||; we say that ¢ € C'(X, R) satisfies
Cerami condition (C) if for alld € R,

(i) any bounded sequence {u,} ¢ X satisfying ¢(1,,) —
d,¢'(u,) — 0 possesses a convergent subsequence;

(ii) there exist 8,&, p > 0 such that for any u € ¢~ ([d -
8,d+8]) with [[u]l > &, l¢' )] - llull > p. Denote S, :=
{u € X : |lull = p}. We will introduce the following
Fountain theorem under condition (C).

Lemma 13 (see [19, Proposition 1.2]). Assume that ¢ €
Cl{X,R) satisfies condition (C), and @(—u) = @(u). For each
k € N, there exists p,. > 1. > 0 such that

(i) b == infuezkns,k‘P(”) — +00, k — 00;

(ii) ay == MaX,cy,ns, o(u) <0.



Then ¢ has a sequence of critical points u,, such that
¢o(u,) — +ooasn — oo.

Lemma 14. Suppose that (H4), (H5), and (H6) hold; then ¢
satisfies the condition (C).

Proof. For alld € R, we assume that {u,} € WAI:% is bounded

and
o) —d ¢ (u)—0 n-—oo  (47)

Going, if necessary, to a subsequence, we can assume that

. 12,
u, — uin WA‘T, then

((P’ (un) - 90’ (u)) (un - u)

- J |y 6) - u® (t).zAt -2 J |uS (1) - u ()] At
[0, 1)y [0,T)r

_ J [h (0 (8).u (1)) — (o (£),° ()]
[0,T)y

x [u) () —u’ ()] At.
(48)

Lemma 1leads to

| e @ ) - 1o @0 )]
[0,T)y (49)

x [u) (£) —u’ ()] At — 0, n—> 0.

It follows that 4, — u in WAI% and (¢’ (w,) — ' (W) (u,, —u) —
0, we see

2
J |uﬁ ) -u (t)] At
(0.1);

(50)
-1 J |uy, (1) — u” (t)|2At — 0, n— oo.
[0,T)y
Clearly, it is equivalent to || - [|,, and then we have
|u, —ul, — 0, n— oo. (51)

Hence, condition (i) of Definition 12 holds. Next, we prove
condition (ii) of Definition 12, suppose the contrary, there
exists a sequence {u,,} C Wi% such that

¢ (u,) —d o' )], lull, =0 n— oo, (52)

[w4a]l, — 00, 1 — o0. (53)

By (52), there exists a constant &; > 0 such that

o (u,) - %go' (w,) u, < c. (54)
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On the other hand, (H6) implies
1y
¢ (un) - E(P (un) Uy

:J [lh(G(t),uZ(t))uZ(t)—F(g(t)’ufl(t)) At
(01); L2

\Y
DO | =

1
—g J [uy (1)| At - =&,T.
(0.T) 2
(55)
This, together with (54), leads to there is a constant ¢, > 0

such that maxtG[O’T]WIuZ(t)I < g, By (H5), similar with (45),
we have

a a
? () = 5 | - jm) alu OF a2 S |} - o7k,

D)y (56)

and thus ¢(u,) — oo if (53) holds, which contradicts
¢o(u,) — d in (52). This proves that ¢ satisfies condition
(©). O

Theorem 15. Under assumptions (H4)-(H8) with p > 2 in
(H5), problem (3) has infinitely many solutions.

Proof. (H8) and Lemma 14 enable us to obtain that ¢(u) =
¢(—u) and ¢ satisfies the condition (C). For any u € Yy, let

1/2
Il = (j{o ., |u” <t>|2At) , (57)

and it is easy to verify that || - || defined by (57) is a norm of
Y,.. Since all the norms of a finite dimensional normed space
are equivalent, so there exists positive constant &; such that
&lull, < llull,. In view of (H7), there exist & > b/2£§ and
¢ > 0 such that

F(o(),u” (1)) 2 &|u’ 0 -0, t€[0,T]y, ucR.

(58)
This implies that
1 A 2 o 2
@ (u) = 5(] |u® (1) At—AJ u (1) At>
[0,T)¢ [0,T)r
[ Femw @) (59)
[0,T)y
E 2 2 2
< Ellullz — &&5lull; + oT.

Since b/2 — gser < 0; then there exists positive constant dj
such that

@ (u) <0, foreach u €Yy, |ul|=>d,. (60)
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Let B, = supuezk)“u"z:llu(t)l, t € [0, T]y. Then by Lemma 3.8
of [20] and Lemma 1 we obtain f; — 0,ask — oco. For any
u € Z;, note that p € (1,2), in view of (H5), we find that

% (J Ju (t)'zAt - AJ |u® (t)|2At>
[0,T) [0,T)y

- I F(o(t),u’ (t)) At
(0,T)y

@ (u)

[\

a
“ul} - ¢ I |u” (1)|F At (61)
2 [0.1)r

v

a, .2
S lully - o Tlull?,

a,
2 Zlull & TR ulf.

Choosing [lull, = 7 := 1/, thenr, — coask — oo, then
we have;

¢ (u) > ;r,f -qT — 00, ask — oo. (62)
Hence, b = inf,cy ju-r, ) — o00ask — oo
Combining this and (60), we can take p, := max{d,,r + 1},
and thus g = max,ey -, @) < 0. Up until now, we
have proved that the functional ¢ satisfies all the conditions
of Lemma 13; then ¢ has infinitely many solutions. O
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