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We investigate an H'-Galerkin expanded mixed finite element approximation of nonlinear second-order hyperbolic equations,
which model a wide variety of phenomena that involve wave motion or convective transport process. This method possesses some
features such as approximating the unknown scalar, its gradient, and the flux function simultaneously, the finite element space
being free of LBB condition, and avoiding the difficulties arising from calculating the inverse of coeflicient tensor. The existence and
uniqueness of the numerical solution are discussed. Optimal-order error estimates for this method are proved without introducing
curl operator. A numerical example is also given to illustrate the theoretical findings.

1. Introduction

The objective of this paper is to present and analyze an H'-
Galerkin expanded mixed finite element method for the fol-
lowing second-order nonlinear hyperbolic equation:

Uy -V- AWV = f, (xHeQx],  (la)
Ut =0, (xt)€dx], (1b)
u(x0) =1, (x), xeQ, (1c)

U (x%,0) =1, (X), XE€Q, (1d)

where Q is a bounded convex polygonal domain in R* with
boundary 0Q and J = [0, T] with T' < 00. u(x, t) denotes the
sound pressure, f(x,t) is the external force, and A(u) is
the coefficient, which is supposed to satisfy the following
conditions.

(A,) There exist positive constants «;, i = 0, 1,2, such that

0<ay<A(u)<a,
(2)
lAu (u)| + |AW (u)| < a,.

(A,) A(u), A,(u), and A,,(u) are Lipschitz continuous
with respect to u.

The primary interests in engineering application for the
mathematical model (1a)-(1d) are the sound pressure u, the
gradient of sound pressure p, and the acceleration of sound
transmission o. Extensive research has been carried out on
the numerical methods and corresponding numerical analy-
sis for model (la)-(1d), including finite difference methods,
finite element methods, and mixed finite element methods.
One can refer to [1-4] and the references cited herein.

The standard finite difference or finite element methods
solve the sound pressure u directly, then differentiate it
to determine Vu, and multiply the gradient of u by A(u)
to determine the acceleration of sound transmission o.
Therefore, the resulting acceleration of sound transmission o
and the gradient of sound pressure Vu are often inaccurate,
which then reduces the accuracy of the prediction, as well as
the accuracy of the adjoint vector o. The mixed finite element
method can approximate both u and ¢ simultaneously and
yields an accurate o. However, the mixed formulation has to
face numerical difficulties arising in a low permeability zone
because the inversion and the finite element spaces need to
satisfy the LBB conditions.

In order to overcome the above problems, we propose
an H'-Galerkin expanded mixed finite element method for
model (1a)-(1d) which can solve the sound pressure u, the
gradient of sound pressure p, and the acceleration of sound



transmission o directly and avoid inverting A(u) explicitly.
In this formulation the finite element spaces are free of LBB
conditions as required by the standard mixed finite element
methods. Another feature of the new procedure we have
found so far is that it avoids the trouble which resulted from
representation of the time derivatives for nonlinear problems
and leads to optimal error estimates without introducing curl
operator. We prove the equivalence of the problem (la)-(1d),
the H'-Galerkin expanded mixed variational formulation
and the existence and uniqueness of the semidiscrete H'-
Galerkin expanded mixed finite element procedure. By intro-
ducing some projection and interpolation operators as well as
lemmas, optimal-order error estimates for this formulation
are deduced. The theoretical findings are verified by one
numerical example. In recent years, there exist lots of work
in the literature on the development and analysis of H'-
Galerkin mixed finite element method. One can refer to [5-8]
for linear parabolic type equations, [9] for regularized long
wave equation, and [10] for linear second-order hyperbolic
equation.

The rest of the paper is organized as follows. In Section 2,
we describe the H'-Galerkin expanded mixed finite element
variational form and prove the equivalence between primal
problem and the variational formulation. In Section 3, the
H'-Galerkin expanded mixed finite element procedure is
presented, and the existence and uniqueness of the solution
are proved. In Section 4, we prove the main error estimates.
A numerical example is given in Section 5 to illustrate the
theoretical findings.

Throughout this paper, C denotes a generic constant
which does not depend on mesh parameter h. We use (-, -) and
[ - | to denote the inner product and the norm, respectively,
in L*(Q) or (L*(Q))*. Also we will denote the norms in
usual Sobolev spaces wkP(Q) by Il - llk,p and the norms in

Lq(O, f;Wk’p(-Q)) bY Il "Lq(o,t;wkyp(g)) with P =
omitted.

2 being

2. An H'-Galerkin Expanded Mixed
Variational Formulation

In order to derive an H'-Galerkin expanded mixed varia-
tional formulation we split (1a)-(1d) into a first-order system
by introducing p = Vu and 6 = A(u)p:

Uy -V-0= 1, (3a)
p=Vu, (3b)
o=A)p, (3c)

0 (%,0) = A (1) Vit (x) (3d)

p (X) 0) = VM() (X) > Pt (X7 0) = Vul (X) . (36)

Define the following spaces:
H = H (div, Q) = {w e (12@)5v-we I? (Q)} ,

(4)
V =Hy(Q)={veH (Q);v=0 ondQ}.
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Multiplying (3a) by V-q for q € H(div, Q) and integrating
Q lead to the weak form (5a). Multiplying (3b) by Vv for v €
Hé (Q) leads to the weak form (5b). Multiplying (3¢) by w for
w € H(div, Q) and integrating on Q result in the weak form
(5¢). Then the H!-Galerkin expanded variational problem is
to find (u, p,0) € HS(Q) x H(div, Q) x H(div, Q) such that

(pwg)+(V-0,V-@=-(f,V-q), VqeH, (5
(P Vv) = (Vi, Vv), Vv eV, (5b)
(o,w)=(Aw)p,w), VweH, (5¢)

0 (x,0) = A(uy) Vuy (x), x€Q, (5d)

p(x0)=Vu,(x), p,x0)=Vu (x), xeQ. (5¢)

In order to prove the equivalence of problem (3a)-(3e)
and variational problem (5a)-(5e), we need the following
lemmas (see [11] or Theorem 3.5, Chapter 1 of [12]).

Lemma 1. For p € H(div,Q), there exist a ¢ € H2(Q) N
H,(Q) and a y € H(div, Q) satisfying V - y = 0, such that
p=Vo+y.

Lemma 2. For g € L2(Q), there exists a p € (HI(Q))d C
H(div, Q), such thatV -p = g.

With the help of these lemmas we can prove the following
theorem.

Theorem 3. (u,p,0) € H)(Q) x H(div; Q) x H(div; Q) is a
solution to the system (3a)-(3e) if and only if it is a solution to
the variational formulation (5a)-(5e).

Proof. The proof of the “only if” part is pretty straightforward.
It remains to prove the “if” part. We insert w = ¢ — A(u)p

into (5¢) to get (3¢). By (3a)-(3e) and taking p = V¢ + v in
(5b), we conclude

(V¢,Vv) = (Vu,Vv), VveV. (6)
Then we have

p=Vu+vy, 7)

which, together with (5a) and (3c), yields the following
equation:

(s V-q) = (V- (Aw) Vu), V- q) - (¥,,,9)

-(V-(Awy),V-q9)=(f,V-q),

Note that V - y = 0. We obtain that V - y, = 0. Setting q = v,
in (8) we obtain (y,,, y,) = 0, which implies

(v, ), v, (1) = (v,0),y,(0)). )

(8)
Vq € H.

Then by

p: (x,0) = Vu, (x,0) = Vi, (x,0),
(10)
= Vu, (x,0) + v, (x,0)
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we can conclude that
v, (x,t) =0. (1)
By (5¢) we obtain
0 (x,0) = A(uy) Vu(x,0) + A (uy) v (x,0).  (12)

Here we select the initial value o(x,0) as in (5d) to have
¥(x,0) = 0. Then, we derive y(x,t) = 0 and (7) reduces to

p=Vu. (13)
Further we get

(s V-q) = (V- (A(w)Vu),V-q) = (£,V-q), VqeH.

(14)

By lemma 2, there exists a F € H(div, Q) such that V- F =
u,, — f. Therefore, we have

(V-EV-Q-(V-(A(uw)Vu),V-q) =0, (15)

which implies

F=Am)Vu=o. (16)

That is,
u,—f=V-o. (17)
This completes the proof. O

3. H'-Galerkin Expanded Mixed Finite
Element Procedure

In this section we will present the numerical scheme for (5a)-
(5e). Let T, be a quasiuniform partition of domain ; that
is, Q = UKE% K with h = max{diam(K); K € 7,}. Let H;,
and V), be the finite dimensional subspaces of H(div; )) and
HS(Q) defined by

. d
H, = {q, € H(div; Q)3 il € (P, (K))", VK € 7},
(18)
Vi = {vy € Hy (Q); vl € P, (K),VK € T},

where P;(K) denotes the set of polynomials of degree at most
j. Assume that Hy, and V), satisfy the following approximation
properties. For integers k > 0, m > 1,

inf g - g < CH"

Jnf. a0

qe (H* @) nH,
. kl
quElIfIh ||V (q- qh)|| <Ch ||‘l||k1+1,(2’

qe(H* @) nH,

Virel‘f/h {”v - vh" + h||v - Vh"1,Q} <Cch™! 1VI],011,00

ve H™" (Q)nV.
(19)

Here k; = k + 1 when H,, is one of the Raviart-Thomas
elements or the Nedelec elements, and k;, = k > 1, when
H, is one of the other classical mixed elements, such as
Breezi-Douglas-Fortin-Marini elements and Breezi-Doug-
las-Marini elements.

Then the H'-Galerkin expanded mixed finite element
procedure for the system (3a)-(3e) is to find (1, py,0,) €
V,, x H;, x H;, such that

(Pree- @) + (V-0,,V-q,) == (fiV-qp),

(20a)
vq, € Hy,
(P> V) = (Vuy,, Vvy,), Vv, €V, (20b)
(03, wy) = (A (w,) prowy), VW, € Hy, (20¢)
0, (x,0) =1II,0 (x,0), VxeQ, (20d)
P (x,0)=ILp(x,0),  py (x0) =1I,p, (x,0),
20e)

Vx € Q,

where II,, denotes the Raviart-Thomas projection. We next
prove the existence and uniqueness of solutions of the scheme
(20a)-(20e).

Theorem 4. There exists a unique solution (uy, py, 6,) € V), X
H, x H,, to the H'-Galerkin expanded mixed finite element
procedure (20a)-(20e).

Proof. Let H,, = span{y,}Y, and V}, = span{¢;}"; then ¢, €
H,, p,, € H;,, and u;, € V,, have the following expressions:

M M N
Pn = Zpi"’i’ oy = ZAiWP Up = Z”i¢i- (21
i=1

i=1 i=1

Then the scheme (20a)-(20e) can be written in the following
matrix form:

AP, + BA = F, (22a)
DU = CP, (22b)

AA =G (U)P, (22¢)

P (0),P, (0) are given, (22d)



where

A=((vo9)))par
B=((V-yuV-y,)),,.0
C=((v>V9))) wrr
D = ((V$:V;))
G = (AW y,v,))

F= ((_f’ 1//J'))Mxl’

[V (23)

T
P=(pipy-Pu) >
T
A=(ALAy Ay,
T
U= (up,ty,...,uy) .

Noting that A and D are positive definite. We can rewrite
(22b) and (22c¢) as

U =D"'CP,
(24)
A=A"'G(U)P.

Then the system (22a)-(22d) can be characterized as follows:

AP, + BA'G(D'CP)P =F, (252)

P (0),P, (0) are given. (25b)

Recalling the assumptions on A(u), we can deduce that the
coefficients of P,, and P are all Lipschitz continuous with
respect to P(t). By the standard theory for the initial-value
problems of nonlinear ordinary differential equations, we can
deduce that there exists a unique solution (u,, pj,, 03,) € V}, x
H,, x H,, to the H'-Galerkin expanded mixed finite element
scheme (20a)-(20e). L]

4. Convergence Analysis

In this section we will prove the error estimates for the
H'-Galerkin expanded mixed finite element discretization
scheme. We begin by reviewing some preliminary knowledge
that will be used in the following theoretical analysis.

Let II, : H — H,, be the Raviart-Thomas projection
defined by

(V-(q-1,q),V-q,) =0,

The following error estimates [13-15] hold for IT, and 2 < p <
00:

th € Hh' (26)

la-Ttsal,q < CH "l o
(27)

|V-(q- th)“p,Q < CH lall, 1,p,0-
LetR;, : V. — V,, denote the elliptic projection defined by
(V ('LU - Rhw) 5 V'Vh) = 0, Vvh € Vh (28)
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which satisfies the following error estimates (see Theorems
3.2.2 and 3.2.5, Chapter 3 of [16]):

lw = Ryw| + | (w = Ryw), | + | (w - Ryw), |
+(w = Ryw),, || + 2V (w - Ryw)| < CH™,
max {| R,y o0 (Ry10), oo I(Ruw)y g o0} < € (30)

To derive the main error estimates we also need the fol-
lowing lemma.

Lemma 5. Suppose that&,{ € Hy, 0 € H, and f,, € V,, satisfy
(€ +0:59) +(V-(V-q,) =0,

(& +0,,Vv,) = (VB V),

Then there exists a constant C such that
1Bl < C (V- €l + 1 [6,,])- (33)

Proof. Assume that¢ € H*(Q) is the solution of the following
equation with y € L*(Q):

th (S Hh’ (31)

vVh S Vh' (32)

-Ap=vy, x€Q,
(34)
¢=0, xeoQ.
Recalling that () is convex, we have
[#l.0 = C vl (35)

Then by (31) and (32) we deduce
(Biisy) = = (B> 09)
= (VB> V9)
= (VB> Vo = VRy$) + (VByy, VR, )
= (VB> Ve = VRy$) = (& + 0, V) — VR, )

+ (Ett + ett’ V(l))

=T, +T,+Ts;.
(36)

Using the estimate of R;, we have
Ty < Ch||VB| 8]0 < Ch VB vl

Ty <Ch||&y + 0| [l < Ch[&: + 6ue] v -

By (31), we obtain

Ty = (& + 0, V¢)

= (§ +0,, Vo~ IL, (V9)) + (&, + 0,11, (V9))
= (£ +60,, V¢~ 11, (V¢)) - (V- 4,V -1, (V¢)) (38)
= (£ +60,, V9 ~ I, (V$)) - (V- 4,V - (V9))
< C(h]&y + 0] +1V-C1) vl
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Inserting the estimates of T, T,, and T5 into (36) leads to
|(Bes )l < C{R (& + 0l + [VBc) + 19 - SMY ] - 39)
By (32) we derive
IVBiell < 8 + 6:ll- (40)
Further we have
(B w)| < C{R|E, + 0] +IV-CI} v, (41)
which implies
1Bl < C (B[[&ll + [0l + 17 - €1 - (42)

Further, taking g, = &,, in (31) and by Hélder inequalities as
well as inverse property of the finite element spaces V), and
H,, yield
2
”Ett" <|[v-dl ”V ’ gtt“ + ”ett“ “Ett"
< C{E IV - €8] + 0] 18]}
Therefore we obtain
lE < C{n IVl + 0.} (44)
which, together with (42), yields the desired result. O
Theorem 6. Let (u,p, o) and (uy, p,,0},) be the solutions of
(5a)-(5e) and (20a)-(20e), respectively. Assume that (u, p, o)
satisfies the following regularities:
ue H (LH™ (@) nL® (;H™ (),
peH (EH™ ()nL® (H" (),  (45)
o€ H (J;H™ (@) n L (J; H ()
and u,(x,0) = Ryuy(x), up,(x,0) = Ryu,(x), and p,(x,0) =
I1,p(x, 0). Then there exists a positive constant C independent
of h such that
||(u _ uh)(t)"l < Chmin(k+1,m)’

”V (0-0y,) (t)|| < Chmintpm+l)

1( = w,) ®) +[|(p — ) O] + (0 - 6,) ®)]

< Chmin(k+1,m+1)

withk>0,m>1, ford=1,andk >1,m > 1, ford = 2,3.

Proof. In order to derive the error estimates, we decompose
the errors as follows:

Mp-p,=§  p-ILp=0,
IM0-0,=¢ o-1Il,o =1, (47)
Ryu—uy, = p, u—Ryu=1.

Subtracting the numerical scheme (20a)-(20e) from the weak
formulation (5a)-(5e), we can derive the following error
equations:

(i) +(V-8,V-q,) == (0,,44)
(&,Vv,) = (VB,Vv,) = —(0,Vv,),

(& wi) = (A (uy) & wy) = (A) - A(w)) p— 11, W)

+ (A (u,) 0, w,,) 5

vq, € Hy,

VVh € Vh’

th € Hh'
(48)

Choosing v, = 8 in the second equation of (48) leads to
IVAI < 161 + 181 (49)

By setting wy, = ¢ in the third equation of (48) and using the
assumption on A(u) we deduce

gl < c (el + el + 4l + llv]) - (50)

In the following we will estimate ||&,|. Differentiating the
third equation in (48) gives

(€ wi) — (A (uy,) & w3,)
= (A, () wye& wy,) = (1, wy,) + (A () 0, w3,)
+ (A, (w,) up 0, wy,) + ((A (W) = A(wy)) ppo wy,)

- ((Au (Wu,— A, (”h) uht) p; Wh) .
(51)

Taking q;, = ¢, in the first equation of (48) and w;, = &, in
(51) and then subtracting the resulting equations lead to

(V-&V-8,) + (A(un) §n81r)
== (0:-¢,) + (m,, &) — (A(w,) 0,,,,)
= (Ay (w) 0, 8) = (A, (W) e, &,r)
~ (A ) - A(w)) pr- &) (52)
- (A, @ u, = A, (W) ) P &1e)

= B..

1

M~

1

The left terms can be dealt with as follows:

1d

(V-§9-8) =52 (V-4V-0),
d
(A G0) § i) = 52 (A @) 80 ) = 3 (A () w60 8).

(53)



The terms on the right side can be rewritten as follows by
integral formula by parts:

d
= i (0, ¢) +

d
27 5 ("t’st) - (th’st) >

(ettt’ C) >

d
B; = Tt (A () 0,,8,) + (A, (w,) 0, 8,)
+ (A () 0,1, 8,)
By = = (A, () u0,8,) + (A, () 4,0, &)

+ (Auu (”h) ”ite’ Et) + (Au (un) w0, Et) >
d
Bs = Tt (A () &, 8,) + (A, () 8. 8,)

+ (Auu (uh) ul21t£’ Et) + (Au (uh) uhtgt’gt) ’
By = T ((A@) - A(w,)) P &)
+((A, @) u, = A, () up) Prs &)

+((Aw) - A(w,)) P &1) »
((A A, () vy) P, &)

A, () ) P &)
+ ((Auu (u) uf +A,Wu, - A,

+ ((Au (u) Uy —
(un) uflt

- A, (u) ”htt) p- gt) .
(54)

Combining all the terms mentioned above we arrive at

__(V CV C) ( (uh)spgt)

2 dt 2dt

(A, (w,) & &) + ZB (55)

Now we are in the position to estimate the terms B;, i =
0,1,2,...,7. By Lemma 5 we can deduce

B < 1glar
0
, (56)
sc[ (1v-ar o) dr

where f3,(0) = 0 was used. Notice that

B°:§<A () (Ryu) &, &) — (A () BiEn &) . (57)
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Then using the assumption A, (30), and Cauchy-Schwartz
inequality gives

t
j B,dt
0

t t
< C | &l dr + Clg ooy | 16118
(58)

< Ol limguimiay |, (1981 + 1)

(14 Wl miouaman) [ 16

Integrating from 0 to t and using (50) as well as Cauchy-
Schwartz inequality yield

t
U B,dt
0

< 1011+ | 0ul 151

1 2 1t 2
sim%u+mﬂ+5LMMMf

+1jﬁwwr
2 Jo

(59)
1
< 5 (10l + 1017 + 1€ + Jall” + 1)
L 10
2 Jo
1 t
+ 3 |, (1007 +1gl? + il + Iyl e
Note that
2 t 2
|m|SCLMJdT (60)

for £(0) = 0. Then we have

t
J B,dt
0

1
< (10l + 1007+l + P +

t
J "0m ||2dT (61)
0

+ 2 [0 + P + ) dr v [ el

Similarly, we can estimate the other terms. By € inequality we
deduce

t
U B,dr
0

AN

<Ol +elgf+5 [ Inlar @

21 r &P dr.
2 )t
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For B, we can rewrite it as
By == (A () 0 8) + (4, () Gt~ (R0) ) 0,,)
(A 1) (R 008 + (A (1) 0,,,)
= (A)0,8) (A, () B, 8)

+ (Au (”h) (Rh“)tep Et) + (A (“h) 0, Et) .
(63)

Then by Cauchy-Schwartz inequality and e inequality we
derive

[, Bse| = clo I+ Clodc, | I8 o
0 0

t t
+C | lodl&ldr+c | lo. &l dr

t t
<clof « <&l +c | [0/ drc | lo.fdr

vC| B Fdar+c| g lar

t t
<clof’ + <&l +c | 1o/ drc | lo.fdr

t t
+C L (IV - ¢ + K28, d + C L &, |Pd.
(64)

Here the boundedness of |6, ., and the Ritz projection
l(Ry10) 1l o, were used. For B, we have

By = -2 (4, () ((Rya), - ) 0.8)
(A () (R, — ) 00§
+ (A () (Ry), ~ B)0.8,)
(A () (R0, ~ B)0.8,)-

Therefore by Cauchy-Schwartz inequality and € inequality we
obtain

t
IJ B,dt
0

(65)

< C101l €] + Clllloeo |B:]
w100+ 100 151 + €Ol sy
‘ j 1B &1 4 + Cll ooz
<[ QB1+ 1B 18

t
2
+ ClOM oo 0,520 ) 1 | oo 520 ) L 1B dr

7

t
<cqen+ gD I&1 ¢ | (8 l+ 1) gl dr
t
+C [ 101+ 18D 16 4+l
! 2
N
0
< ClI* +C (1+ el oz

Lo iz . 2la (12
x L (I - <12 + 26, ) dr
iC JO (161 + |6,]) d

+C | e lPar+ el
(66)

Here we used the boundedness of [|0]| ;0 1,10 () to obtain the
above estimate. Similarly, we can deduce

], 3| < Crgalel + Cledo, I 112

+C [ 180+ 18D 18 + Ol
< [ 1B I1E] dr + Ol
< [ (81 + 18D 18107

0

+ Il sz il oo 1y Lt I8 ax
< €||£t"2 + C”Et“Lm(O,t;L‘”(Q))

[ (195 110 + L&)

+ Cl& ] oo 0,520 NE N2 0,652

t t
<[ (1902 <o ) dr+c | g lPar.
(©7)

Further for B¢ and B, by Cauchy-Schwartz inequality and e
inequality we have

IL Bdr| < C([B] + vl 15|

+C L B+ el + 181+ D) 8. 4=

[ B+ DI ac



8
< C(IBF + ") + Il
cc [ (188 +nl)ar
w0 [ (1B + ) e+ [ JlPae
< cIo1” + [yIP) +el&
v [ (-8« w0 + ) de
v (108 + ) arc [ sl
[ 3] < COBIE + bl + 181 + )+ el

t
+C | (18I + Il + 18I + IyIP) ar
g 2 ! 2 2
+C [ J&Fdr+C [ (I8l + Inl?) e
t
< C(InlP + 161 + ) + C | el + el&l

t t
+C L (IV - ¢ + 12]0,,|) dr + C L lyee Pt
(68)

Combining the above estimates leads to

V-1 + o

<C (10 + 16 + I + 1607
Hall + I + el
o [ (10l + 10, + 108+l + o
w10l + I+ Il + vl ) e (9)
+C(1+ &) oo nzoan)
[ I L) e
+ Cl&e] oo 1252 18l 2o 05200y
xJ:mv-aF+hw¢J3dr

To prove the main result we need to make the following
induction hypothesis: there exists a constant 0 < h, < 1 such
that the following estimate holds for 0 < h < hy;:

max { 1€l oo 1€l ooy} <1 0<t<T.
(70)
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Then by setting € small enough and using Gronwall’s inequal-
ity we obtain the following estimate which holds for constant
K> 0:

V- ¢ + o€,
<K (|8, + 6.1 + I + 161

+al + Il + )

t (71)
K | (18wl + 18, + 161 + "
+a” + 18, + Iyl) e
t
K | (18,7 + Il + Iyl
Further, using (27) and (29) gives
||V . z"2 + "£t"2 < K’thin{kH,mH}) (72)

where constant K > 0 is independent of /. We are now in
position to prove the inductive hypothesis (70) which holds
ont € J. Suppose that there exists a constant 0 < h, < h,
such that

max {|I£*||L°°(0,t;L°°(Q))’ & ||L°°(0,t;L°"(Q))} 21, 0st<T.
(73)

Let

t, = inf {t €] max{“E*"Lm(O,t;Lm(Q))’
(74)

l&: ”L‘X’(O,t;L‘X’(Q))} z 1}'

Then we know that

max{||£*||L°°(o,t*;L°°(Q))’ “‘E: "L"“(O,t*;L‘X’(Q))} =1 (75)
max{”E* ||L°°(0,t;L°°(Q))’ ”E: "L"O(O,t;L‘X‘(Q))} <1, 0<t<t,.
(76)
By the same arguments for (72) we can prove
[V- C*||2 +& ||2 < Rpmintkslmell g e <p o (77)
Moreover, we can also deduce
t
*|12 %112
&' < c | 1 Par
0 (78)
< Ethmin{kJrl,mH}’ 0O<t<t..

By inverse inequality of finite element spaces we can conclude
I8 oo,y
< Ch—d/z "6: ” < Ch_d/zflhmm{kﬂ’mﬂ}

< CI"<’ hmin{k+1,m+1}—d/2
= 1 5
(79)
18 e .. 5250y

< Ch—d/z "£*|l < Ch_d/zﬁzhmm{kﬂ’mﬂ}

< CE hmin{k+1,m+l}—d/2
< 2 .
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FIGURE 1: The figures of exact solution 1 and numerical solution u;, at ¢ = 0.5, 1.0 ((a), (b) for u and u;, att = 1.0 and (¢), (d) for u and u,, at
t =0.5).

TABLE 1: The errors of [u — u,,|| at different times.

Time t =02 t=04 t=0.8 t=1.0
h=At Error Order Error Order Error Order Error Order
1/10 0.001 \ 0.0025 \ 0.0075 \ 0.0104 \
1/20 2.6553e — 4 1.9131 6.3152e — 4 1.9850 0.0019 1.9809 0.0026 2.0000
1/30 1.1843e - 4 1.9913 2.8183e -4 1.9899 8.4165¢ — 4 2.0082 0.0012 1.9069
1/40 6.6744e — 5 1.9934 1.5903e - 4 1.9890 4.7373e — 4 1.9978 6.6038¢ — 4 2.0761
1/50 4.2788¢ - 5 1.9925 1.0212¢ — 4 1.9850 3.0325¢ — 4 1.9991 4.2104e — 4 2.0170
Choose h,, satisfying Combining (50), (60), (72), (82), the estimates of projections
(27),(29), and triangle inequality leads to the desired theorem
— . mi - = o mi _ 1
max { CK, h311n{k+l,m+1} 42 CR, h(r)nm{k+1,m+l} d/z} < result. O
(80) .
5. Numerical Examples
which implies The goal of this section is to carry out two numerical exper-
) iments to illustrate our theoretical findings. We consider the
max {“g ||L°°(0,t*;L°°(Q))’ & ||L°°(0,t*;L°°(Q))} < > (81)  following second-order nonlinear hyperbolic problem:

. . . . . utt_v'(A(u)Vu)zf’ (X’t)EQX[Oal])
This contradicts with (75). Therefore the induction hypothe-

sis (70) holds. u(x,t)=0, (xt)eoQx][0,1], (83)

By Poincaré’s inequality and (49) we have
u(x,0)=0, u,(x,00=0, x€Q,

181" < CIVAI* < C (11 + 161°) . 82 where Q= [0,1] x [0, 1].
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(@ (®)

0.5

() (d)

FIGURE 2: The figures of exact solution p = (P,, P,) and numerical solution p;, = (P,;, P,,) att = 1.0 ((a), (b) for p and (c), (d) for p,).

TABLE 2: The errors of ||p — p, |l at different times.

Time t=02 t=04 t=0.8 t=1.0

h=At Error Order Error Order Error Order Error Order
1/10 0.0045 \ 0.0137 \ 0.0745 \ 0.1203 \
1/20 0.0013 1.7914 0.0062 1.1438 0.0372 1.0019 0.0601 1.0012
1/30 7.0149%¢ — 4 1.5215 0.0040 1.0809 0.0248 1.0000 0.0400 1.0041
1/40 4.7332e - 4 1.3676 0.0030 1.0000 0.0186 1.0000 0.0300 1.0000
1/50 3.5745e — 4 1.2583 0.0024 1.0000 0.0149 0.9940 0.0240 1.0000

TABLE 3: The errors of |lo — ¢,,|| at different times.

Time t=02 t=04 t=0.8 t=1.0

h=At Error Order Error Order Error Order Error Order
1/10 0.0045 \ 0.0138 \ 0.0769 \ 0.1306 \
1/20 0.0013 1.7914 0.0062 1.1543 0.0383 1.0056 0.0653 1.0000
1/30 7.0242e — 4 1.5182 0.0040 1.0809 0.0255 1.0032 0.0435 1.0019
1/40 4.7410e — 4 1.3665 0.0030 1.0000 0.0191 1.0045 0.0326 1.0027

1/50 3.5811e — 4 1.2574 0.0024 1.0000 0.0153 0.9941 0.0261 0.9966
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FIGURE 3: The figures of u;, and p,

Example 7. In this example the exact solution is chosen as

u (x,t) = sin’ (t) sin (7x) sin (7y) . (84)

We set A(u) = u® + 1. Inserting the above functions into
the governing equation we can derive the corresponding right
term f.

In the first example, we investigate the order of conver-
gence for the H'-Galerkin expanded mixed finite element
method proposed in this paper. Piecewise linear polynomial
is used to approximate the unknown function u, while the
gradient function p and the flux function ¢ are approximated
by the vector function space of the lowest Raviart-Thomas
spaces, respectively. For time discretization we adopt back-
ward Euler method. Here we couple the time step with spatial
mesh as h = At.

The errors of u — uy,, p — pj» and @ — 63, in L* norm at
different times and the order of convergence for u, p, and
o are presented in Tables 1, 2, and 3, respectively. We can
observe that the order of convergence for u approaches 2, and

0
-1
1 1
0.5 0.5
00

()

1

0.5
0.5
00

(c)
((a) for uy,, and (b), (c) for p;,).

those for p and ¢ approach 1, which are in agreement with our
theoretical results proposed in the previous section.

The figures of the exact solutions u, p and the numerical
solutions uy, p, at t = 1.0 are shown in Figures 1 and
2, respectively. We can see that the numerical solutions are
accurate and without oscillation compared with the exact
solutions.

Example 8. In this example we consider problem (83) with
prescribed data f = 3 sin(2x) sin(2ny)e3t and A(u) = u.

The profiles of the numerical solutions for u and p are
shown in Figure 3, respectively. From these figures we can see
that our method works well for this kind of problems.
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