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The existence and multiplicity of sign-changing solutions for a class of fourth elliptic equations with Hardy singular terms are

established by using the minimax methods.

1. Introduction
Consider the following Navier boundary value problem:

2 2
_NIN-4" u - fxu), in O,

A’u(x)
Hx 16 |x* a)

u=A~Au=0 on 0Q,

where Q is a bounded smooth domain in RN (N > 5),0 € Q.
The conditions imposed on f(x,t) are as follows:

(H,) there exists C > 0 such that

[f (] <CA+]tF), VteR, VxeQ, ()

where 1 < p < (N +4)/(N —4);

(Hy) f € CCQxR,R), f(x,t)t>0forallx e Q,teR;

(Hy) limy o f(e, )/t = fo, limy o fO, )/t = 1
uniformly for x € Q, where f, and [ are constants;

(Hy) lim,, , o [f(x, 1)t =2F(x, )] = —co uniformly for x €
Q, where F(x,t) = Iot f(x,s)ds;

(Hs) there exist g > 2 and R > 0 such that
0<uF(x,t)< f(x,0)t, x€Q, |t|=R; (3)

(Hg) f(x,t)isoddint.

In recent years, this fourth-order semilinear elliptic problem:

Azu(x)+cAu:f(x,u), in Q, @
4
u=Au=0 on 0Q,

can be considered as an analogue of a class of second-order
problems which have been studied by many authors. In [1],
there was a survey of results obtained in this direction. In
[2], Micheletti and Pistoia showed that (4) admits at least
two solutions by a variation of linking if f(x,u) is sublinear.
And in [3], the authors proved that the problem (4) has at
least three solutions by a variational reduction method and a
degree argument. In [4], Zhang and Li showed that (4) admits
at least two nontrivial solutions by Morse theory and local
linking if f(x,u) is superlinear and subcritical on u.

To the authors’ knowledge, there seem few results about
the sign-changing solutions on problem (1) with hardy sin-
gular terms. In this paper, motivated by [5-8], the existence
and multiplicity of sign-changing solutions for problem (1)
are obtained by introducing a compact embedding theorem
and a maximum principle. Our results are new.

2. Preliminaries and Auxiliary Lemmas

We introduce the new working space E which is obtained by
the completion of C;°(Q) with respect to the norm (see [5])

B , NN - 4) Juf? v
lul = (jﬂ(mm - Tw)dx) 5)



associated with the inner product

2087 N2
(u,vy = J (AuAv— Mu—t)dx.
Q 16 | x|

Throughout this paper, we denoted by | - || » the LP(Q)
norm.
At first, we here give two important lemmas.

(6)

Lemmal. E —<— L*(Q) (see [5]).

Lemma 2 (see [6, Corollary 4.1]). Assume N > 5,V € L°(Q),

and V' > 0. Let us suppose that the operator A% = (V/|x|Y) is
coercive on H*(Q) N Hé (Q). Let f € L*(Q) such that f=0.
Let u € H*(Q) be a solution of

v
APu(x) - Wu = f, in Q,

(7)
u=Au=0on 0Q.
Thenu > 0 in Q.
Now, we consider the following eigenvalue problem:
A’u (x) - NZ(N—_f)zu = Au, in Q, (8)
16|x|
u=Au=0 on 0Q. 9)
The first eigenvalue of this problem is given by
Ay = inf {Jull® : u € E, Jull, = 1}. (10)

By Lemmal, E < W"P(Q) < L*(Q) for p — 2.
The minimizing sequence is compact in L*(Q2). By standard
argument, we may assume that the first eigenfunction ¢, is
positive in Q (see [9, page 167]). The second eigenvalue is
given by

A, = inf {||u||2 ‘ue EJ ud, = 0, ull, = 1} (1)
Q

which possesses a sign-changing eigenfunction ¢,. Similarly,
we can characterize the nth eigenvalue A, with a sign-
changing eigenfunction. By standard elliptic theory, A, —
coasn — 0.

It follows from (H,) that the functional

N?(N - 4)?
32

2
XJ u_4_J F(x,u)dx
Q |x| Q

is of C' on the space E. Under the condition (H,), the critical
points of I are solutions of problem (1).

If [ in the above condition (Hj) is an eigenvalue of (A2 -
(N3N - 4)*/16)(1/|x|%), E), then the problem (1) is called
resonance at infinity. Otherwise, we call it nonresonance.

For looking for sign-changing solutions of problem (1),
we recall a very useful result.

I(u) = % L) |Aul*dx —
(12)
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Proposition 3 (see [10, Theorem 3.2]). Let X be a Hilbert
space and f be a C' functional defined on X. Assume that f
satisfies the (PS) condition on X and f '(4) has the expression
f'(u) = u— Au foru € X. Assume that D, and D, are
open convex subset of X with the properties that D; N D, # 0,
A(0D,) ¢ D,, and A(OD,) < D,. If there exists a path
h:[0,1] — X such that

h(0) € D\ D,, h(1) €D, \Dy,
inf_f(u)> sup f(h(D)),

u€D;ND, te[0,1]

(13)

then f has at least four critical points, one in D; N D,, one in
D, \ D,, one in D, \ D,, and one in X \ (D; U D,).

Remark 4. 1f f satisfies the (C), condition, then this propo-
sition still holds (see [11]).

3. Main Results

Let us now state the main results.

Theorem 5. Assume conditions (H,) and (H;) hold. If f, < A,
and | € (A, A,,) for some k > 2, then problem (1) has
a positive solution, a negative solution, and a sign-changing
solution.

Remark 6. This result is similar to [7, Theorem 1.1]. As far
as verifying the (PS) condition is concerned, our method is
more simple than that in [12, 13].

Theorem 7. Assume conditions (H,)-(H,) hold. If f, < A,
and l = My for some k > 2, then problem (1) has a positive
solution, a negative solution, and a sign-changing solution.

Remark 8. When I = A (k > 2), the case is called resonance
and not considered by [7]. This result is completely new.

Theorem 9. Assume conditions (H,), (Hs), and (Hy) hold. If
fo = 0, then problem (1) has infinitely many sign-changing
solutions.

Lemma 10. Under the assumptions of Theorem 5, if A, < | <
Ai1> then I satisfies the (PS) condition.

Proof. Let {u,} c E be a sequence such that |I(u,)| < ¢, <
I'(u,), and ¢ > — 0. Since

(I' (w,), )

N*(N - 4)* u,¢
= JQ (AMHA(/S— TW dx (14)

_ jﬂ f(xu,) ¢dx = o (|¢])

forall ¢ € E.If ||u, |, is bounded, we can take ¢ = u,,. By (H;),
there exists a constant ¢ > 0 such that | f(x, u,,(x))| < clu, (x)],
a.e. x € Q. Sou, is bounded in E. If [lu, [, — +co,asn —
00, set v, = u,/|lu,l,, then ||v,|, = 1. Taking ¢ = v, in (14),
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it follows that [|v, || is bounded. Without loss of generality, we
assume v, — v in E, and thenv, — vin L*(Q)). Hence,
v, — vae. inQand|v,| < g(x) (q(x) € L*(Q)). Dividing
both sides of (14) by [|u,|,, for all ¢ € E, we get

2 2
J <AVHA¢_MVn¢)dx
Q

16 |xf*
£ (xn) ol o
- U dx =0 .
Ja (uunuz)

Then for a.e. x € Q, we have f(x,u,)/llu,l, — Ivas
n — oo.In fact, if v(x) # 0, by (H;), we have

|, ()] = |v,, (O] ]}, — +00,

flou,) _ f(x>un)v (16)

= — Iy,
. Uy "

If v(x) = 0, we have

|f (6]

Jaall

Since | f (x, u)|/lu,ll, < clv,l < cq(x), by (15) and the
Lebesgue dominated convergence theorem, we arrive at

<clv,| —o0. (17)

N* (N -4)* vp

Av A pdx —
JQ ¢ 16 ||

J Ivgpdx =0, V¢ € E.
Q
(18)

It is easy to see that v # 0. In fact, if v = 0, then
[vll, = 0 contradicts lim, _, llv,l, = lvll, = 1. Hence,
I is an eigenvalue of (A* — (N*(N — 4)*/16)(1/|x|*), E).
This contradicts our assumption. Thus {u,} is bounded. By
standard argument (see the proof of our Lemma 12 below),
{u,} — wuin E. The lemma is proved. O

Lemma 11. Under the assumptions of Theorem 7, if | = Ay,
then the functional I satisfies the (C) condition which is stated
in [11].

Proof. Suppose I satisfies

I(u,) —ceR, (1+]|u,]) “I' (un)" —0
(19)

as n — 0.

In view of (Hjs), it suffices to prove that u,, is bounded in
E. Similar to the proof of Lemma 10, we have

2 2
J- (AVA(/S— MV_VZ)‘{’C
Q 16 | x|
(20)

—J Ivgdx =0, V¢ € E.
Q

Therefore v # 0 is an eigenfunction of A;, and then
[u,(x)] — oo fora.e. x € Q. It follows from (H,) that

lim [f (x,u, (x))u, (x) = 2F (x,u, (x))] = —0c0  (21)

n—+0o

holds uniformly in x € Q, which implies that
J (f (x,u,)u, — 2F (x,u,)) dx — —00 as n — 0.
Q
(22)
On the other hand, (19) implies that
21 (u,) - <I’ (u,) ,un> —2casn—o00. (23)
Thus
J (f (x,u,) u, — 2F (x,u,)) dx — 2c as n — oo, (24)
Q
which contradicts (22). Hence u,, is bounded. O

Lemma 12. Assume (H,) and (Hs) hold. Then I satisfies the
(PS) condition.

Proof. Assume that {u,,} is a (PS) sequence; |I' (u,,)| — 0and
{I(u,)} is bounded. A routine argument implies that {||u,, ||} is
bounded. By [6, Theorem A.2], we have

E— W, (Q), (25)

where 1 < g < 2. For p given in (H,), p < (n+4)/(n—4), and
we may choose g such that (p + 1) < gN/(N — gq), q < 2. By
the Sobolev embedding theorem, we have

N
W (Q) e LH(Q), Vi < 5 1

(26)

We infer from (26) that {u,} is compact in L?*'(Q). By (H,),
2
””ﬂ - ”m"

= [ 1 ) = £ (o) ity =+ 0 1)
? (27)

» 1/(p+1)
sC(J- lu, — u,,|? dx) +o(l) — 0.
Q

This completes the proof of this lemma. O

For the aim of using Proposition 3 that proves our main
results, we prove an important lemma below.

From previous Section 1, we know that I is C' functional
and its gradient at u is given by

I'wy=u-A(u), A:E—E,

_NZ(N—4)2L - (28)

1
| A2
A(u)—(A e |x|4) f(xu).

Then (A(u),¢) = fQ f(x,u)¢dx for all ¢ € E. We
consider the convex cones P = {u € H : u > 0} and
—P = {u € E : u < 0}; moreover, for € > 0, assume

P, ={u € E:dist(u,P) <€},
(29)
—P. ={u € E : dist (u,—P) < €}.

Note that P, and —P, are open convex subsets of E and

E\ (P, U (-P,)) contains only sign-changing functions.



Lemma 13. Assume (H,) and (H;) hold. Then, there exists
€y > 0 such that for 0 < € < ¢, there holds

A(0(xP.)) c +P.. (30)

Moreover, if u € +P, is a nontrivial solution of problem
(1), then u is positive (negative) in the sense thatu > 0 (u <
0) in Q.

Proof. Indeed, if u € E and u" = max{u, 0}, 4~ = min{u, 0},
then

dist (A (u),P) < inlf3 A () — w|
we

= i}lg; [A@W)" + A@w)™ - w| < |A@w)|.
(31)

For every s € (2,2N/(N — 4)), there exists C; > 0 such
that

||ui||s < inf lu - w|, < C, dist (u, ¥P). (32)
wEeFP
Choose €' > 0 such that (fo + €) <Ay Using (32), the

Holder inequality, the Poincaré inequality, and the Sobolev
embedding theorem, we have

dist (A (u),P) ||A(u)"||

<A@ [

_ L £ (,u) A(u) dx

< L (o) Ay dx

< L ((fo+€) | +Cllu|”) Aty dx

< (fo+€) fu lLlaw ], (33)
+ Clllu I A,y

< (fo +€') infllu - wi,|A@w) ",

+C infllu —wi}, JA@) .,

!
< JoC gist w2y A |
1

+C dist (u, P)P ”A(u)_“ ,
where Cé, C > 0 are constants. Hence
dist (A (1), P) < (8 + Cdist (u, P)P ") dist u, P),  (34)

where 8 = (f, + €')/A, < 1. Take ¢, such that §, = & +
Ceg’*1 < 1. Now if dist(u, P) < € < €,, then we have

dist (A (1), P) < &, dist (u, P). (35)
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Thus for every u € oP., by (35) we have
dist (A (u),P) < &6 (36)

thus A(u) € P.. Hence A(OP,) < P..In a similar way,
A(O(-P.)) c (-P.).If0 < € < €5, and u € P, (resp.,—P.)
is a nontrivial solution of problem (1), then I "(u) = 0. By (35)
we have dist(u, P) = 0; thatis, u € P (resp., u € —P). By
Lemma 2, we imply that u > 0 (1 < 0) in Q. O

Lemma 14. Assume (H,), (H,), and (Hs) hold. Then, there
exists €, > 0 such that for 0 < € < €, there holds

A(0(£P.)) c +P.. (37)

Proof. The proof is quite similar to that of Lemma 4.2 in [8].
We omit it here. O

Lemma 15. Assume (H;) holds. Then
I(u) — —oo0, Yu € E, (38)

where the definition of E;. introduced in our proof of Theorem 9.

Proof. Because dim E;, < 00, then by (Hs),

B F(x,u) L
e o

as lull — oo, u € E,. This lemma follows immediately. [

Lemma 16. Assume (H,) and (H;) hold. Let 0 < € < €,, and
then there exists Cy > —00 such that infz 5 I(u) = C,.

Proof. By the conditions (H,) and (H;), we know that, for any
€ > 0, there exists C > 0, such that

+i). (40)

If )] < (fo+€) 1t +Cll? (1 <p< 1111]_

Using (40) and the Sobolev embedding theorem, we have

1
Iw) = Sl - L F (x,u) dx
> Wl -5 (fove) | wdx-crulli @
T2 2 V0 o Pl

> == (fo+€') lul - Cllull}).

N | =

By (32) we have ||u*||; < C,¢, for every u € P, N (-P.). So
there exists C, > —o0 such that

_inf I'(u) =C,.

P.n(-F,) (42)

Hence this lemma is proved. O
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4. Proof of the Main Results

Proof of Theorem 5 and Theorem 7. Motivated by the Proof of
Theorem 4.2 in [10], we still define a path i, : [0,1] — Eas

hg (t) = R, cosmit + R, sinmt, 0 <t < 1. (43)

Obviously, hz(0) € P, \ (-P.) and hg(1) € (-P.) \ P.. By
the Fatou’s lemma, the condition (H;) with > A, and a direct
computation shows that

li 1 = —00.
W1, sup 1 () = o0 (44)

So, it yields that there exists R, such that I (hRO ) <Cy-
¢ (c* > 0). Hence we obtain

_inf I(u)> sup I(h(t)).

P.n(-P.) tef0,1] (45)

By using Lemmas 10, 11, and 13, Proposition 3, and Lemma 16,
we can find a critical point in P. \ (-P.) which is a positive
solution, a critical point in (=P.) \ P. which is a negative
solution, and a critical point in E \ (P. U (~P.)) which is a
sign-changing solution. O

Before beginning our proof of Theorem 9, we need the
following important proposition.

Proposition 17 (see [9, Theorem 5.6]). Assume E is a Hilbert
space with inner product <, > and the corresponding norm
I+ 1, I € CY(E,R) and I(u) = (1/2)|ul’* - G(u), u € E, where
G € C'(E, R). P denotes a positive closed convex cone of E.

(A) Assume that A(+D,) C +D,, where Dy := {u € E :
dist(u, P) < py}, phg > 0, and A = G.
(A’;) Assume that, for any a, b > 0, there is a constant C > 0
such that

Gw<a, |ul,<b= |ul=<C, (46)

where | - ||, denotes another norm of E such that ||ull, < Cllul|
forallu € E.
(A3) Assume that lim,cy |, _ 0o I(4) = —00, supy I := .

Ifthe even functional I satisfies (PS) condition at level c for each
c € [y, Bl, then

Hy-eB+e|N(E\(-PUP)) 0 (47)

for all € > 0 small, where (supyI := B (Y and M are two
subspaces of E with dimY < oo, dimY - codimM > 1),

info-I =y, and Q** == Q*(p) N I¥ (Q*(p) = {u € M :

(el /lell®) + (Cleallleall )/ (el + D, el ) = p}, where p > 0,
D, > 0,and p > 2 are fixed constants.

Now, we give an outline proof for our Theorem 9.

Proof of Theorem 9. Let N denote the eigenspace of 1. We
fix k and let E;, := N; @ --- @ N;.. Consider another norm

5

Il := 1+ llpy Of Es p € (L, (N + 4)/(N = 4))). Write E =
Eiy ® By

Let
Nl el el
Q" =duecE p P = ,
() U e Tl Dl
(48)

where p, D, are fixed constants. By our assumptions, we may
find a constant C > 0 such that

1
F(x,t) < Z/lltz +CIt|P", Vx e Q, teR,  (49)

where 1 < p < (N +4)/(N —4). For any a,b > 0, there is a
constant C > 0 such that

Iw) <a, |lully, <b=ul<C. (50)
By Lemma 15,

li I (u) = —c0,
ueY,HEﬂl—»oo (u) 0 (51)
where Y = E,. Then (A]) and (A}) are satisfied. By
Lemma 14, the condition (A) holds.
Now, we define

sup I := 3.
up =P (52)
Let
Q" =Q (p)n 1" infli=y. (53)

By Lemmal2, I satisfies the (PS) condition. Thus, by
Proposition 17 and the Proof of Theorem 5.7 in [9], we
know that the functional I posses a sequence sign-changing
solution {u}. O
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