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In this paper, conservation laws for the (2 + 1)-dimensional ANNV equation and KP-BBM equation with higher-order mixed

>«

derivatives are studied. Due to the existence of higher-order mixed derivatives, Ibragimov’s “new conservation theorem” cannot be
applied to the two equations directly. We propose two modification rules which ensure that the theorem can be applied to nonlinear
evolution equations with any mixed derivatives. Formulas of conservation laws for the ANNV equation and KP-BBM equation are
given. Using these formulas, many nontrivial and time-dependent conservation laws for these equations are derived.

1. Introduction

The construction of explicit forms of conservation laws plays
an important role in the study of nonlinear science, as
they are used for the development of appropriate numerical
methods and for mathematical analysis, in particular, exis-
tence, uniqueness, and stability analysis [1-3]. In addition,
the existence of a large number of conservation laws of a
partial differential equation (system) is a strong indication
of its integrability. The famous Noether’s theorem [4] has
provided a systematic way of determining conservation laws
for Euler-Lagrange equations, once their Noether symmetries
are known, but this theorem relies on the availability of
classical Lagrangians. To find conservation laws of differ-
ential equations without classical Lagrangians, researchers
have made various generalizations of Noether’s theorem [5-
16]. Among those, the new conservation theorem given by
Ibragimov [5] is one of the most frequently used methods.

For any linear or nonlinear differential equations, Ibrag-
imov’s new conservation theorem offers a procedure for
constructing explicit conservation laws associated with the
known Lie, Lie-Backlund, or nonlocal symmetries. Fur-
thermore, it does not require the existence of classical
Lagrangians. Using the conservation laws formulas given by
the theorem, conservation laws for lots of equations have
been studied [6-16]. When applying Ibragimov’s theorem to

a given nonlinear evolution equation with mixed derivatives,
we must be careful with the mixed derivatives. If we apply the
conservation laws formulas to equations with mixed deriva-
tives directly, it will result in errors. In [9], we have proposed
two modification rules to apply Ibragimov’s theorem to study
conservation laws of two evolution equations with mixed
derivatives, but the mixed derivatives are all second order and
not the highest derivative term. In this paper, we will give two
new modification rules and then use Ibragimov’s theorem
to study conservation laws of the following ANNV equation
[17-20]:

3u.u

Uy + Usxxy ~ 3uxxuy T U Uy = 0, ¢))

and KP-BBM equation [21-24]
Uy + Uy, — ZOcufC = 20Uty = Py + YU, =0, (2)

where &, f3, and y are constants. Both in (1) and (2), the highest
derivative terms u,,,, and u,,,, are mixed. Furthermore,
there are other lower-order mixed derivatives in addition to
the higher-order mixed derivatives.

The rest of the paper is organized as follows. In Section 2,
we recall the main concepts and theorems used in this paper.
In Section 3, taking the ANNV equation as an example,
we first give two new modification rules which ensure the
theorem can be applied to nonlinear evolution equations



with any mixed derivatives. Then formulas of conservation
laws and explicit conservation laws for the ANNV equation
are obtained. In Section 4, conservation laws for the KP-
BBM equation with higher-order mixed derivative term are
derived by means of Ibragimov’s theorem and the two new
modification rules. Some conclusions and discussions are
given in Section 5.

2. Preliminaries

In this section, we briefly present the main notations and
theorems [5-7] used in this paper. Consider an sth-order
nonlinear evolution equation

F(x, u, U(l), U(z),...,U(S)) = 0, (3)
with n independent variables x = (x;,x,,...
dependent variable u, where ), (), . . .
lection of all first-, second-, .
u; = D;(u), u;; = D;D; (1), .

,x,) and a

, U5 denote the col-

.., sth-order partial derivatives.
.. Here

D —i+ui+u i+
T ox;  Ou ijauj ’

i=1,2,...,n, (4)
is the total differential operator with respect to x;.
Definition 1. The adjoint equation of (3) is defined by

F* (x, u,v, u(l), V(l)’ u(z), V(Z)’ P U(S), V(S)) = 0, (5)

with
. é (vF)
F™ (%, 1, v, (1), V1) Uy V() - - -2 Uie)s V(s)) = S (6)
where
0 0
22Ny, @)
Su Ou ,; b, auil,.z__,,.m

denotes the Euler-Lagrange operator, v is a new dependent
variable, and v = v(x).

Theorem 2. The system consisting of (3) and its adjoint
equation (5),

F (.x, u, M(l), I/l(z), ey u(s)) = 0,
) (®)
F (X, u,v, 1/[(1), V(l)’ U(z), V(Z)’ P l/l(s), V(S)) = 0,
has a formal Lagrangian; namely,
L =vF(x,u, Uy Uy - - - ,u(s)) ) (9)

In the following we recall the “new conservation theorem”
given by Ibragimov in [5].

Theorem 3. Any Lie point, Lie-Backlund, and nonlocal sym-
metries,

; 0 0
—Ea—Xi+1’]£, (10)
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of (3) provide a conservation law D,»(Ti) = 0 for the system (8).
The conserved vector is given by

oL oL oL
§L+W(aui D; (au )+DDk<au )

ijk

oL ( oL ) ( oL ) )
+DW | —-D,( — )+ DD, —e
! (auij g a“ijk k a”ijkr

+D]DkW(a_L_Dr< aL >+>+,
a”ijk auijkr

(1)

where L is determined by (9), W is the Lie characteristic
function, and

W=r]—§ju]-. (12)

3. Two Modification Rules and Conservation
Laws for the ANNV Equation

The asymmetric Nizhnik-Novikov-Veselov (ANNV) equa-
tion (1) is equivalent to the ANNV system [17, 18]

=q,  (13)

by the transformation g = u,, p = u,. A series of new
double periodic solutions to the system (13) were derived in
[17], and the variable separation solutions of (13) have been
given in [18]. The Lie symmetry, reductions, and new exact
solutions of the ANNV equation (1) have been studied by us
from the point of Lax pair [19]. Optimal system of group-
invariant solutions and conservation laws of (1) have been
studied by Wang et al. [20]. In the following, we will study
the conservation laws of (1) by Theorem 3.

pt+pxxx_3qxp_3qpx =0, Py

3.1. Two Modification Rules and Formulas of Conservation
Laws for the ANNV Equation. To search for conservation
laws of (1) by Theorem 3, Lie symmetry, formal Lagrangian,
and adjoint equation of (1) must be known. According to
Definition 1, the adjoint equation of (1) is

Vot + Vixxx = 6uxyvx

-3u, v, —3u.v,, =0, (14)

yVxx x ' xy

where v is a new dependent variable with respect to x, y, and
t.
According to Theorem 2, the formal Lagrangian for the
system consisting of (1) and (14) is
L= (u +u - 3u

yt YXXX XX

u, - 3uxuxy) v, (15)

where v is a solution of (14).
Suppose that the Lie symmetry for the ANNV equation
(1) is as follows:

5 o o2 o
v=td il 29l
S5 15 T %o 16)
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From Theorem 3, we get the general formula of conservation
laws for the system consisting of (1) and (14):

oL oL oL
X =¢&L —-D.|— |-D,| —
e (5o () -2 ()
oL
-D _
o (5e)
oL oL
+ Dx (W) <auxx + ny ( auxxxy ))
oL oL
+Dy(W)<a— +D’C’°<—a >>
uxy uxxxy
oL
+D ) (-, (522 )
XXXy
oL
ny(W)<_Dx<au ))
XXXy

oL
+Dxxy(w)<a—)>

Usexxy

e (2, () ()
du, du,, Ju,
_Dxxx (a oL ))
uxxxy
oL
auxxxy

X

.02

+D, (W) < a—L )

< ( xxxy ) )
oL

auxxxy ’

T=TL+W<—Dy(a—L)) +Dy(W)( oL )
Juy, Ju,

where W is the Lie characteristic function, W = ¢ — &u, —
nu,, — Ty, and L is the formal Lagrangian determined by (15).

In fact, because of the existence of the mixed derivative
terms u,,, U, and u,,,, the general formula of conserva-
tion laws must be modified; otherwise the previous X, Y, and
T do not satisfy

+ D, (W) (

(D, X+D,Y +D,T)

Uy =Bty F 30 U~y =0. (18)
The rules of modifications are as follows.

(1) In one conservation vector (X, Y, or T), the time that
one derivative with respect to a mixed derivative term appears

is determined by the order of the derivative with respect to
its independent variables. For example, whether in X or in
Y, 0L/0u,,, can only appear once; OL/0u,,,,, can only appear
oncein Y and can appear three times in X; 0L/0ou,.,.., can only
appear once in T and can appear three times in X; 0L/0u,,,,
can only appear once in T and can appear two times in X.

(2) The location that one derivative with respect to a
mixed derivative term appears at cannot be the same in
different conservation vectors. That is to say, if there is
W(—Dy(BL/auxy)) in X, then the term appears in Y can
only be Dx(W)(aL/auxy) and the term W(—Dx(aL/auxy))
cannot appear in Y at the same time. And if there is
W(-D,,,(0L/0u,,,,)) in Y, then the terms that appear in
X contain Dxxy(w)(aL/au ) and first and second total
derivatives of OL/ou

Applying the two rules to the general conservation laws
formula in Theorem 3, we can get the following results.

XXXy

xXXXY*

Theorem 4. Suppose that the Lie symmetry of the ANNV
equation (1) is expressed as (16). According to the different
locations of OL/ou,,, OL/0u,,, and OL[Ou,..,, the symmetry
provides sixteen different conservation laws for the system

consisting of (1) and (14). The conserved vectors are given as
follows:

(X Y, T) (X",Y",T")+(Bf,B}’,o),

ij> L ij> l,] =1,2,3,4,

(19)

with

ng((_f_LDgL))

+Dx(w)(ail;x>+W<—Dy<aiiy>>,
))-pn(Gi5)

(2

uyt ’

e (oo (5)) o

(- (ais)

y? L+W(

Y! =11L+W(a—L—Dt(a—L
ou,, Ju,

T! =17L+D, W)

W )(a‘zf)

D) (-

+Dt(W)(aL),

Outy,

T =7L+W| -D oL ,
7\ ouy,

)




X =grew(Shop (L)) ep, o) ()

X XX XX

+Dy(W)( oL )

Juy,

e (5o () 2 )
du,, duy, Ju,

T° =7L+D, (W)(a—L),
Ouy,

X (2o, () emyon ()

X X. XX

+Dy(W)( oL )

Juy,

oL oL
-qmv(__D (a))D (W)(a_),
xxy < )
xxxy
ny (W) (_Dx <auaL ))
XXXy
D, W) <Dxx (ajL )) ,
XXXy
v ool oL
Bl - W< Dxxx (auxxxy >) ,
x_ ool oL oL
5= (D () ) #2005
oL
ny (W) <_Dx (auxxxy >> ’
B! =D, (W) (Dxx ( X ))
XXXy
x_ ool oL oL
BY = W( D, (auxm )) ey W) (auxm)
oL
D, (W) (ny <_a )) ,
- oL
=00 (-0 (5 )
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oL
5w (0 (50)
xxxy
oL
+Dxx<w>(—Dy<—au ))
XXXy
L
+Dx(W)(ny(—aua ))
XXXy

B4Y_ xxx(w)(aaL )a

Usxxy

(20)

where W is the Lie characteristic function and W = ¢ — &u,, —
nu,, — Tuy, L is the formal Lagrangian determined by (15).

3.2. Explicit Conservation Laws of the ANNV Equation. Now,
conservation laws of (1) can be derived by Theorem 4 if Lie
symmetries of (1) are known. In fact, Lie symmetries of (1)
have been obtained in [19] and they are as follows:

0 0
Vi=g(y) 3’ V, =-F(t) 30

0 xft
V. = 21
=10 ox 3 ou @)
_xh, 0 d B h, hy, 2> 0
V, = 3 ax+h(t) ; <3u+ —x 3

where g(y), F(t), f(t), and h(t) are arbitrary functions.

Using the Lie symmetry V; and Theorem 4, we can get
sixteen conservation laws for the system consisting of (1) and
(14). They are listed as follows:

Xlll = - 39 (y) uivx - 3g (y) UyUyVy = VG yUyxy

VG () thryy = VixGythy = Vixd (1) thyy
VoGt + Vg () Uy
Yin = g () vitg, + 9 (¥) Vihery + 9 () v,
+g(¥) Uy Vrso
Ty, = -vgu, —vg () Uyys
X = -39(y) ”i

-vg (y) Usxyy +

Ve =39 (y) uytieyy, —vg ey,
Viyd (V) thy + Vg Uy
+ g (y) ity
Yip = g (0) vitgy + 9 (¥) Vidry + 9 () v,
=g (¥) thyyViers

T112 =—vg,u, —vg (y) Uyys
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X3 = =39 () uyve =39 (V) uyuv, —vg,u.,
= VG () thexyy + Viny g (9) 1ty = 9 (1) 1y Vs
Vi3 = g (0) viy, + g () Vidgrry + g (9) w9
+ 9 (¥) ey Vo
Ty3 = -vgyu, —vg () Uyys
Xig= =390 uyve =39 (M) uyu, + v (y)u,
+ 9 (¥) thryVy = G (V) thy Vy»
Vi =g(y) vy, + g (y) u,vs,
T4 = —vg,uy, — Vg () uy,,
Xon = =39 () uv, =39 (V) uuv, —vg,u,.,
=G (¥) Uryy = Vi Gyy — Vix g () 1y
VG Uy + Vg (V) ey
Y =9(0) Vlyxxy T 9 () UyVoxxo
Ty, =9(y) Uyvy,
Xom = =39 () uyv, =39 (V) uyuv, —vg,u,.,
=G (V) Uy + G (¥) Uy Vicwy + Vi Gylhy,
+ .9 () thyy
Vo1 = 9 (9) Vihery = 9 (¥) thy Vo
Ty =9 (») Uyvy,
Xop = =39(n)uyve =39 (V) uyuv, —vg,u.,
Vg (¥) theryy + G (V) Uy Vi) — 9 (¥) thy v,y
Yy =g (») VUyxxy T 9 (») UsexyVor
Ty =9g(y) Uyvy,
Xon = =39 (N usve =39 (N uyu, +g(y) vy,
+ 9 (§) thexyVy = 9 (¥) thy Vi
Yo, =0,
Toy =9 () Uy,
X = -39(») ujvx +3g(y) ugu,v+3uvg,u,

+ 314ng (}’) Uyy = VGylxxy = VY (y) Usxyy

T VxxGyUy — Vixd (y) Uyy + VxGyUxy T Vg (y) Usyys

Y311 =9 ()/) W’lty +9g (y) Vuxxxy - 3g ()/) Vuxxuy

=39 (y) vy, = 3g (y) uyuv, + g () uy v,
+9(¥) thyVsrro
Tyyy = —vg,u, —vg(y) uy,,
Xap = =39 (y) v, +3g (y) uy v+ 3uvg u,
+3u,vg () Uy = VG lhery = VG (V) thiryy
+ g (1) UyVery + Vi)l + Vg (V) thyy s
Vi =g (») Vi, + g (») Vi = 39 (y) ViU,
=39 (y) vy, =39 (y) uyuv, + g () uyv,
= 9(y) theyVirs
T3y = -vg,u, —vg () Uyys
Xs3 = -39(y) uivx +3g(y) ugu,v+3uvg,u,
+3u,vg (¥) 1)y = VG Uy = VG () Uiy
+9(¥) Uy Vixy = g (¥) thyyViys
Y = g (9) viy, + g () Vidgrry — 39 () vy,
=3g () vuuy, = 3g (y)uyuv, + g (y)uyv
+ 9 (¥) ey Vo
T35y = -vg,u, —vg () Uyys
X3 = -39(») ui,vx +3g () yyuy v + 3u,vg,u,
+3u,vg (y) )y + g (3) UyVisy + 9 () thy vy
— g (y) thyyVsy»
Vi = g () vy, = 39 (¥) vitrty, = 39 () vy,
=39 () uyuv, + g (y)uyv,
Tony = —vgyuy, —vg () uyy,

X1 = -39(y) uivx +3g (y) uyyu,v + 3u,vg,u,
+3u,vg (¥) 1)y = VG Uy = VG () Uy
~VixGythy = VixG (V) thyy, + Vi gyt + Vg () Uy

Y = 9 () Vb = 39 () viguty, = 3g () viea,
=39 (y) uyuv, + g (¥) thyVirrs

Tyi=9 ()/) Uyvy,



X = -39(») uivx +39 (y) gyt + 3u,vg,u,
+3u,vg () thyy, = VGl = VG (V) theryy
+ 9 (9) UyViay + VieGylhy + Vg () gy
Y = g (¥) Vibry — 39 () vituty, = 3g (y) vy,
=39 (y) uytt vy = g (¥) thy Vi
T =9(y) Uyvy,
Xy = -39(y) u;vx +3g(y) Uy U,V + 33U, Vg U,
+3u,vg () Uy = VG lhry = VG (V) thiryy
+9(9) Vi = 9 () thy Vi
Y1 = 9 (¥) Vibery = 39 () ity = 3g (y) vy,
=39 (y) thytt Vi + g () thry Vo
Ty =9 (y) Uy,

Xy = -39 (y) uivx +3g(y) ugu,v+3uvgu,
+3uvg () thyy + g (9) Uy Vi) + 9 (¥) iy v,
= g (¥) ey Vieys

Yy = =39 (y) viugu, = 3g () vy, = 3g (y) u vy,

Ty =9g(y) Uyv,.
(22)

For the Lie symmetry V,, we can also get sixteen conser-
vation laws by Theorem 4. For example, making use of

(Xo1, Yo, Tyy) = (X2,Y%,T%) + (BY, By,0),  (23)
we can get
X5, = -3F (1) u,v, - 3F (t) Uy, v —3F () uyvy,

Y,, =3F{t)u,,v—-Fv+F(t)v

xXxXx?

(24)

Ty, =F(t)v,,.

For the Lie symmetry V;, we can also get sixteen conser-
vation laws by Theorem 4. For example, making use of

(Xgp Yip Ti) = (X5 Y4 TY) + (B, B}, 0) (25)
we can get
Xz = f (1) Vidyy, = xftuyvx -3f(t) Uy Vildy + uyvft

1
+ gxftvxxy + f (t) UyVixy T f (t) UsexyVio
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1

2

Yy = —xfiuv, =3f () uyv, - ngftt - vfi,

1
- Vf () Uy — gftvxx - f () ViexUxx>
1
Tis = gxftvy + f (1) Vyly.

(26)

Using the Lie symmetry V, and Theorem 4, sixteen

conservation laws for (1) can be obtained. For example,
making use of

(X13, Y13, Tis) = (XYL TY) + (B, BS,0), (27)

we can get
1
Xiza = —h(t) vidgyy, + guhtvxxy - h(t) UpVyy — hthxy

1 2
- xhtuxuyvx - §xhttvxy + h(t) VexyUe — 5htuxvxy

1 >
+ —x"h,v

T wxy — 2Xhvuu, — hauu v, — b, v

xy

1, 1,
- huu,v, - e hyuyv, - &% hyy,v

1, 2
—g* hyuyv, — xhauyv, — 3h(t) uu,v,
= 3h(t) uu,v - 3h () uu,v, + 2hvuu,

1 1
+ nguyhtt + 3h () vuyuy, + gxhtvxxyux

1 1
- EXhtvxyuxx + gxhtvuty,

1
Y4 = hyvuu,, + gxzvhttuxx + 2xh,vu, u,
1 1,
+3h (t) vuu, + —uvh, + —x"vhy,
3 18
1 2
+ EXhtvtux +h(t) vou, + 2h,vu,
1
+ gxhttvux +3h () uvuy, + hou, v,

1 1
+ §vxhtt + §Xht"x“xxx + h (1) Viltyyy

Ti34 = h(t) Vit — 3 (8) vuu, = 30 (8) vuu,,

XXXy

1 1
- gvuyht - gvxuxyht.
(28)

In the previous expressions of conservation laws, v is a
solution of (14). If we can find an exact solution v of (14),
explicit conservation laws of the ANNV equation (1) can be
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obtained by substituting it with the previous expressions. For
example,

v=m(y)+n(t) (29)

is a solution of (14) with m(y) and n(t) being two arbitrary
functions. By that, nontrivial conservation laws of (1) can be
obtained.

Remark 5. It is pointed out that the previous conservation
laws are all nontrivial. The accuracy of them has been checked
by Maple software.

Remark 6. The conservation laws of (1) obtained in this paper
are different from each other and are all different from those
in [20].

4. Formulas of Conservation Laws
and Explicit Conservation Laws for
the KP-BBM Equation

The solutions of the KP-BBM equation (2) have been studied
by Wazwaz in [21, 22] who used the sine-cosine method,
the tanh method, and the extended tanh method. Abdou
[23] used the extended mapping method with symbolic
computation to obtain some periodic solutions, solitary wave
solution, and triangular wave solution. Exact solutions and
conservation laws of (2) have been studied by Adem and
Khalique using the Lie group analysis and the simplest
equation method [24].

4.1. Formulas of Conservation Laws of the KP-BBM Equation.
To search for conservation laws of (2) by Theorem 3, Lie sym-
metry, formal Lagrangian, and adjoint equation of (2) must
be known. According to Definition 1, the adjoint equation of
(2)is

Vat T Vax — ZOCMVXX - /';Vxxxt + YVyy = 0, (30)

where v is a new dependent variable with respect to x, y, and
t.

According to Theorem 2, the formal Lagrangian for the
system consisting of (2) and (30) is

L= (uxt Uy — 2000 — 20Uthyy, — Bl + yuyy) v. (31)

Since there are a higher-order mixed derivative u,,.,, and
a mixed derivative u,, in (2), the two modification rules
must be used if we want to get conservation laws of (2) by
Theorem 3. Therefore, we can get the following statement.

Theorem 7. Suppose that the Lie symmetry of the KP-BBM
equation is as follows:

d d 0 d
V—fa+7’]$+‘[§+¢$. (32)

According to the different locations of OL/0u,, and OL/0u,,,
the symmetry provides eight different conservation laws for

the system consisting of (2) and (30). The conserved vectors are
given as follows:

(X, Y Tyy) = (XLY, 1) + (47,0, 47), )

i=1,2, j=1,2,3,4

with

X1=£L+w(aa—L—Dx< oL )>+DX(W)< oL )

u, ou,, ou,,

+W(_Df<ai,>>’

v!= 11L+W(—Dy<a—L)) +D, (W)(a—L),
ou,, ou,,

T1:TL+DX(W)< oL >

Ut

X2:£L+W<a—L—Dx< oL >>+Dx(W)< oL )

ou, ou,, ou,,

+Dt<W>(aL),

ou,,

Y:=Y'

T :TL+W<—Dx< oL >>
Oty
A5 = D) (52 )+ D 0 (-0 (52 )
+ D, (W) <Dxx <ail;xt )) >

Al = W(—Dm (aua—L>>
afL )+ Do (D, <ajL )
' W(‘D’““ <afL )>

1= (521 )

s )+ <00 (2 (5))
(o (22))

o002, (24))

xxxt

A}Z( = Dxxt (W) <

A% = Dy (W) (




X _ )
A% = Do ow) (-, - )
+Dx(W) <Dxt< aL ))
auxxxt

(- (5))
xxxt

oL )
ou ’

xXxxt

AT =D, (W) (
(34)

where W is the Lie characteristic function, W = ¢—&u,. —nu,,—
Tu,, and L is the formal Lagrangian determined by (31).

4.2. Explicit Conservation Laws of the KP-BBM Equation. Lie
symmetries of (2) have been derived in [24] and are listed as
follows:

0 0 0
= > V = > =
Vl 2 ay V3 at
0 d d ()
V, = —ocy@ - Zocta + ou—1) T

Applying Theorem 7, we can obtain conservation laws for the
system consisting of (2) and (30). For the symmetry V;, we
can get the following eight conservation laws:

X1 = Vg + YVidy, = 200, VU + UV, + UV,
+ ﬁutxvxx - :Butxxvx’
Tlll = TVlyx — ﬁuxvxxx’
Xiop = Vi + yvidy, — 2ou, v, u+u, v, +uv,
- ﬁvtxxux - ﬁutxxvx’
Tip = —Vidyy + ﬁuxxvxx’
X131 = Vil + YVUdy, = 200U,V U + UV, + ULV,
- ﬁvtxxux + ﬁuxxvtx’
T131 = TVl — ﬁuxxxvx’
Xia1 = Vi = PlhperV + YV, — 2000,V 0 + UV,
T UV = ﬁvtxxux + :Buxxvtx - :Buxxxvt’
T141 =Vl + ﬁuxxxx‘/’
X211 =Yy, — Zocuxvxu T UVt ﬁutxvxx - ﬁutxxvx’
T211 = UV — ﬁuxvxxx’
X221 =yvuy, — 2au, v+ u v, - ﬁvtxxux - ﬁutxxvx’
T221 = UV ﬁuxxvxx’

X231 =Yy, — Z(XMxVxl/l T UV~ ﬁvtxxux + ﬁuxxvtx’
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T231 =UVy — ﬁuxxxvx’
Xou1 = — PV + YViy, = 200U, VU + UV,
- thxxux + ﬁuxxvtx - ﬁuxxxvt’

T241 S UVt ﬁuxxxxv’
(36)

where Y = yu,v, —yu,v,i=12,j=12,3,4.

For the symmetry V,, we can also get eight conservation
laws for the system of (2) and (30). For example, making use
of

(X135 Y13, Ty3) = (XL YL T) + (A3,0,A%), (37)
we can get

Xz = 200U, v = 200, ViU + UV, — Uy V + 200, VU
+ Uy vy = ﬁvtxxuy + ﬁutxxyv + ﬁuxyvtx’
Y3 = vuy, +vu,, — Zocvui = 20VUl .y — BVl + YUYy,
T132 = UV - ﬁuxxyvx'

(38)

Similarly, for the symmetry V;, we can get eight conserva-
tion laws for the system of (2) and (30). For example, making
use of

(Xp0 Vo0 Tp) = (X2, Y2,T2) + (A3, 0,A), (39)
we can get

Xyoz = 200U, v — 200U,V U + UV, — Uy, V + 200U, VU
— UV — ﬂvtxxut + :Buttxxv - ﬁuttwi
Y5 = YUvy = Yl Vs (40)
Thys = UpV + Vidy, — 2(xvui = 2avuid,, — BVl

+YVUy, + UV, F Pl Vi

For the symmetry V,, we only list the conservation laws
derived by

(X140 Y145 Tg) = (Xl» YI’TI) + (A)f’ 0, AD (4D
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and they are as follows:
X 44 = 4o, v + 4oc2u2vx - 2av,u — 4av, u — ﬁcxyvtxuxy

2
+ vyt Payvil, = BV + v, — 8o U,y

— QYU VY, = 20UV, + Xy, v + 2atu, v — ayviu,
= 2atvu, + 2Pav,, u — 2Bav,, u,
- 2a° +2 + 207
o yuy, Uy + 2avi,, + 207 yu, v,
2 2 2 2

Yiy = —4a7tuu, v + 4 tuv,u — 207 yu, vu — 4a7tu, vu
+ ﬁ(xyvtxxuy + 2ﬁ“tvtxxut - 2ﬁ“tvtxutx
+ 2Batv, ..,

Ty = = 20tviy, + 4o’ tvids + 4ot - 2ayt

a4 = atvid,, +4a” tvi + 4o tvuu,, — 2aytvu,,

+ 200,V + oYU,V = 2aVid ., — foyvid,,.
(42)

In the previous expressions of conservation laws, v is a
solution of the adjoint equation (30). If we can find an exact
solution v of (30), explicit conservation laws for the KP-
BBM equation (2) can be obtained by substituting it with the
previous expressions. For example,

v=(x+M(@)y+N() (43)

is a solution of (30) with M(t) and N(t) being two arbitrary
functions. By that we can get many infinite conservation laws
for (2). Furthermore, the conservation laws are nontrivial and
time dependent.

Remark 8. The correctness of the conservation laws of (2)
obtained here has been checked by Maple software. The
conservation laws obtained here for (2) are much more than
those in [24] and different from them.

5. Concluding Remarks

Recently, conservation laws of nonlinear evolution equa-
tions with mixed derivatives have attracted the interest of
mathematical and physical researchers. As shown in [16],
when applying Noether’s theorem and partial Noether’s
theorem to obtain conservation laws of nonlinear evolution
equations with higher-order mixed derivatives, the obtained
conservation laws must be adjusted to satisfy the definition of
conservation laws. We face the same problem when applying
Ibragimov’s new conservation theorem to find conservation
laws of nonlinear evolution equations with mixed derivatives.
In this paper, we propose two modification rules which
ensure that Ibragimov’s theorem can be applied to nonlin-
ear evolution equations with higher-order and lower-order
mixed derivatives. The two modification rules given in this
paper are a generalization of those proposed in [9]. The
results are used to study the conservation laws of two partial
differential equations with higher-order mixed derivatives:

the ANNV equation and the KP-BBM equation. Many
infinite explicit and nontrivial conservation laws are obtained
for the two equations. Based on the two modification rules,
Ibragimov’s new conservation theorem can be used to find
conservation laws of other partial differential equations with
any mixed derivatives.

Acknowledgments

This study is supported by the National Natural Science
Foundation of China (Grant no. 10871117) and the Natu-
ral Science Foundation of Shandong Province (Grant no.
ZR2010AL019).

References

[1] T. B. Benjamin, “The stability of solitary waves,” Proceedings of
the Royal Society A, vol. 328, no. 1573, pp. 153-183, 1972.

[2] R.J. Knops and C. A. Stuart, “Quasi convexity and uniqueness
of equilibrium solutions in nonlinear elasticity,” in The Breadth
and Depth of Continuum Mechanics, pp. 473-489, Springer,
Berlin, Germany, 1986.

[3] P. D. Lax, “Integrals of nonlinear equations of evolution and
solitary waves,” Communications on Pure and Applied Mathe-
matics, vol. 21, no. 5, pp. 467-490, 1968.

[4] E. Noether, “Invariante variations problem,” Nachrichten von
der Gesellschaft der Wissenschaften zu Géttingen, Mathematisch-
Physikalische Klasse, vol. 2, pp. 235-257, 1918.

[5] N. H. Ibragimov, “A new conservation theorem,” Journal of
Mathematical Analysis and Applications, vol. 333, no. 1, pp. 311-
328, 2007.

[6] N. H. Ibragimov, “Quasi-self-adjoint differential equations;’
Archives of ALGA, vol. 4, pp. 55-60, 2007.

[7] N. H. Ibragimov, “Integrating factors, adjoint equations and
lagrangians,” Journal of Mathematical Analysis and Applications,
vol. 318, no. 2, pp. 742-757, 2006.

[8] N. H. Ibragimov, M. Torrisi, and R. Tracina, “Quasi self-adjoint
nonlinear wave equations,” Journal of Physics A, vol. 43, no. 44,
p- 442001, 2010.

[9] L.-H. Zhang, “Conservation laws of the (2 + 1)-dimensional KP
equation and Burgers equation with variable coefficients and
cross terms,” Applied Mathematics and Computation, vol. 219,
no. 9, pp. 4865-4879, 2013.

[10] L.-H. Zhang, “Self-adjointness and conservation laws of two
variable coefficient nonlinear equations of Schrodinger type,”
Communications in Nonlinear Science and Numerical Simula-
tion, vol. 18, no. 3, pp- 453-463, 2013.

[11] M. S. Bruzén, M. L. Gandarias, and N. H. Ibragimov, “Self-
adjoint sub-classes of generalized thin film equations,” Journal
of Mathematical Analysis and Applications, vol. 357, no. 1, pp.
307-313, 2009.

[12] M. L. Gandarias, M. Redondo, and M. S. Bruzodn, “Some
weak self-adjoint Hamilton-Jacobi-Bellman equations arising
in financial mathematics,” Nonlinear Analysis: Real World Appli-
cations, vol. 13, no. 1, pp. 340-347, 2012.

[13] R. Naz, E M. Mahomed, and D. P. Mason, “Comparison of
different approaches to conservation laws for some partial

differential equations in fluid mechanics,” Applied Mathematics
and Computation, vol. 205, no. 1, pp. 212-230, 2008.



10

(14]

(16]

(17]

(20]

B. Xu and X.-Q. Liu, “Classification, reduction, group invariant
solutions and conservation laws of the Gardner-KP equation,”
Applied Mathematics and Computation, vol. 215, no. 3, pp. 1244
1250, 2009.

E. Yagar, “On the conservation laws and invariant solutions
of the mKdV equation,” Journal of Mathematical Analysis and
Applications, vol. 363, no. 1, pp. 174-181, 2010.

R. Narain and A. H. Kara, “Conservation laws of high-order
nonlinear PDEs and the variational conservation laws in the
class with mixed derivatives,” Journal of Physics A, vol. 43, no.
8, p. 085205, 2010.

Y. Yu, Q. Wang, and H. Zhang, “The extension of the Jacobi
elliptic function rational expansion method,” Communications
in Nonlinear Science and Numerical Simulation, vol. 12, no. 5, pp.
702-713, 2007.

C.Dai, E Liu, and J. Zhang, “Novel types of interactions between
solitons in the (2 + 1)-dimensional asymmetric Nizhnik-
Novikov-Veselov system,” Chaos, Solitons & Fractals, vol. 36, no.
2, pp. 437-445, 2008.

L.-H. Zhang, X.-Q. Liu, and C.-L. Bai, “Symmetry, reductions
and new exact solutions of ANNV equation through Lax pair;’
Communications in Theoretical Physics, vol. 50, no. 1, pp. 1-6,
2008.

L. Wang, Z.-Z. Dong, and X.-Q. Liu, “Symmetry reductions,
exact solutions and conservation laws of asymmetric Nizhnik-
Novikov-Veselov equation,” Communications in Theoretical
Physics, vol. 49, no. 1, pp. 1-8, 2008.

A.-M. Wazwaz, “Exact solutions of compact and noncompact
structures for the KP-BBM equation,” Applied Mathematics and
Computation, vol. 169, no. 1, pp- 700-712, 2005.

A.-M. Wazwaz, “The extended tanh method for new compact
and noncompact solutions for the KP-BBM and the ZK-BBM
equations,” Chaos, Solitons and Fractals, vol. 38, no. 5, pp. 1505-
1516, 2008.

M. A. Abdou, “Exact periodic wave solutions to some nonlinear
evolution equations,” International Journal of Nonlinear Science,
vol. 6, no. 2, pp. 145-153, 2008.

K. R. Adem and C. M. Khalique, “Exact solutions and conserva-
tion laws of a (2+1)-dimensional nonlinear KP-BBM equation,”
Abstract and Applied Analysis, vol. 2013, Article ID 791863, 5
pages, 2013.

Abstract and Applied Analysis



