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We study the existence of periodic solutions of the second-order differential equation x” + ax* — bx™ + g(x(t - 1)) = p(t), where
a, b are two constants satisfying 1/+/a+1/Vb = 2/n,n € N, T is a constant satisfying 0 < 7 < 271, g, p : R — R are continuous, and
p is 2r-periodic. When the limits lim, _, , g(x) = g(+c0) exist and are finite, we give some sufficient conditions for the existence

of 2r-periodic solutions of the given equation.

1. Introduction

In this paper, we are concerned with the existence of periodic
solutions of the second-order differential equation with an
asymmetric nonlinearity and a deviating argument:

M taxt —bxT v g(x(t-T1)=p(t), @

where a, b are two constants satisfying 1/+/a + 1/ Vb = 2/n,

n € N, T is a constant satisfying 0 < 7 < 2m, g,p: R — R
are continuous, and p is 27r-periodic.

In recent years, the periodic problem of the second-order

differential equation with a deviating argument has been

widely studied because of its background in applied sciences

(see [1-6] and the references cited therein).
In case when 7 = 0 and a = b = n?, (1) becomes

X+ tx + gx)=p(). (2)
Assume that the limits
Jim g (x) = g (+00) (9)
exist and are finite. Lazer and Leach [7] proved that (2) has
one 27-periodic solution provided that the function
Y (0) =2[g(+00) — g (-00)] - Joznp (t)sinn(t +6)dt
3)

is of constant sign.

In case when 7 = 0 and a, b satisfy the equation 1/+/a +
1/Vb = 2/n,n € N, (1) becomes

" taxt —bx" +g(x)=p(t). (4)

Equation (4) was first introduced by Fulik [8]. Lately, the
periodic problem of (4) was widely studied in the literature
(see [9-13] and the references cited therein). To deal with the
existence of periodic solutions of (4), Dancer [9] introduced
a 27r/n-periodic function

D (6) = 2n [g(+°°) - g(_oo)] - Jznp(t)c(t+9)dt,
b 0
(5)
where c(t) is a 27/n-periodic function defined by
1 T
— sin (Vat), 0<t<—,
cw=1"" Vi s
—\/lsin[\/g<t—l>] l<t<2—n
b Va)l’ NaT T on’

Obviously, c(t) is a periodic solution of the equation x" +
ax"—bx~ = 0 satisfying the initial value x(0) = 0, x'(0) = 1.1t
was proved in [9] that (4) has at least one 277-periodic solution
provided that ® has a constant sign in [0, 277/n).

In the present paper, we will deal with the periodic
solutions of (1) under condition (g). Owing to the appearance



of the asymmetric nonlinearity ax™ — bx~, the methods in
[4, 5] are no longer valid. To overcome this difficulty, we
embed (1) into an operator equation with the form Lx =
N(x, A) instead of Lx = ANx as in [4, 5]. We first prove a
continuation lemma and then apply this continuation lemma
to prove the existence of periodic solution of (1).

Let us denote

v=1(modZ"). )
n
Obviously, we have
0<v<Z, ®)
n

We obtain the following result.

Theorem 1. Assume that condition (g) holds and 0 < v <

min{r/~/a,/Vb}. Then (1) has at least one 2m-periodic
solution provided that either

1-cos~av 1+ cosVby
ng (~c0) -

b

+ng(+oo)<1+C(;S\/av— 1_C(;S\/Ey> )

21
+ J p)c(t+0)dt, VO € [0,2n]
0

or

(g (~c0) - g (+00)) <sin\/\éﬁv . sin\/\gzv>

2
* J p)s(t+0)dt, VO e€|0,2n]
0

(10)

holds, where the function s is defined by s(t) = d),teR

Remark 2. In the case when min{n/+/a, w/Vb} < v < 27/n,
we can obtain the similar sufficient conditions. For brevity, we
omit the detailed description.

Remark 3. Obviously,if v=0or 7t =2kn/n, k=0,1,2,...,n-
1, then the first inequality of Theorem 1 reduces to the
condition as in [8]; namely,

g(+00)  g(-00)

2n
a b

2
]¢j Pt +0)d,
0 ()

v € [0,27] .

Throughout this paper, we always use R to denote the real
number set. For a multivariate function { depending on r, the
notation { = o(1) always means that, forr — 00,{ — 0
holds uniformly with respect to other variables, whereas { =
O(1) (or { = O(r™")) always means that { (or 7 - {) is bounded
for r large enough. For any continuous 27-periodic function
¢(1t), we always set [Pl = max; ;. |P(t)].

Abstract and Applied Analysis

2. Preliminary Lemmas

We now embed (1) into a family of equations with one
parameter A € [0, 1],

X" axt-bx"+ (1-Dy (x) +Ag(x (- 1) = Ap (©),
(12)

where ¥ : R — R is continuous and satisfies the sign
condition as follows:
v(x)x >0, VxeR, x+0. (13)

Lemma 4. Suppose that there exist two positive constants M,
and M, such that, for any 2mt-periodic solution x(t) of (12), the
following conditions hold:

Ixlle < M, ”x'"oo < M,. (14)

Then (1) has at least one 2m-periodic solution.

Proof. We follow an argument in [14] to prove Lemma 4.
At first, we introduce some notations. Let X and Y be two
Banach spaces defined by

X ={xeC (RR): x(t+2m) =x(t),Vt € R},
(15)
Y={yeC(RR): y(t+2n) =y(t),Vt € R},

with the norms

lxllx = max {Ixleos <]} Iy = Il 6)

Define a linear operator by
L:D(L)cX —Y, Lx=x", (17)

where D(L) = {x € X : x"" € C(R,R)}, and a nonlinear
operator N : X x [0,1] — Y,

NN () = —(axt —bx") - (1 -y (x)
(18)
~Ag(x(t-1) +Ap ().

It is easy to see that

T
ImL = {yEY:J y(t)dt=0]>. (19)

0

Ker L = R,

It follows that L is a Fredholm mapping of index zero.
Let us define two continuous projectors P : X — KerL
andQ:Y — Y by setting

T
Qy= % J y () dt. (20)

0

Px = x(0),

Set Lp = Llpgykerp — ImL. Then Lp is an algebraic
isomorphism, and we define K, : InL — D(L) by

Kp=1L1,. 1)
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Clearly, we have that, for any y € Im L,

¢ (T t
(pr)(t)=—% L (t—s)y(s)ds+J'0 (t—s) y(s)ds. |
(22

For any open bounded set Q2 ¢ X, we can prove by standard
arguments that Kp(I — Q)N and QN are relatively compact
on the closure Q. Therefore, N is L-compact on Q.

It is noted that (12), together with the 2m-periodic
boundary condition, is equivalent to the operator equation

Lx=N(x,M). (23)

Let Q ¢ X be the open bounded set defined by
O={xeX:|xly < M| <M} (4
From (14), we have
Lx+N(x,A), forxeoQnD(L),Ae[0,1]. (25)

Since L is a Fredholm operator with index zero and N is L-
compact on Q x [0, 1], we get from the homotopic invariance
of the coincidence degree that

D, (L-N(,1),Q) =D, (L-N(,0),Q).  (26)

Next, we will compute D; (L — N (-,_0), Q). To this end, we
introduce an auxiliary operator S : Q2 x [0,1] — Y defined
by
S(x,u)=-(ax" —bx") -y (x') - ux'. (27)
Clearly, S is L-compact on Qx[0,1] and
S(x,0) = N (x,0), for x € Q. (28)
Now, we will prove that
Lx#S(x,u), forxeoQndomL,ue[0,1]. (29)
Obviously, it follows from (25) and (28) that
Lx#S8(x,0), for x e dQ. (30)

On the other hand, if x € dom L is a solution of Lx = S(x, y),
then x satisfies the equation as follows:

K"+ ux’ + (axt —bxT) vy (x/) =0. (31)

Multiplying both sides of (31) by x" and integrating over
[0, 277], we get

2n 2m
MJ X% (t)dt + J y(x")«'dt = 0. (32)

0 0
If u > 0, then we infer from (13) and (32) that x'(t) = 0 for
everyt € [0,27]. Furthermore, x(t) = ¢ for every t € [0, 27],

where ¢ is a constant. Consequently, we have x(t) = 0, and
then x € Q.

From the homotopic invariance of the coincidence
degree, we have

D, (L-S(~0),Q) =D, (L-S(-1),Q).  (33)

In the following, we will compute D; (L — S(-, 1), Q). To this
end, we use the equality [15] as follows:

|D, (L-S(1),Q)| = |dg (-QS (-, 1lger 1> @ N Ker L, 0)],
(34)

which holds provided that the following conditions are
satisfied,
Lx#AS(x,1), Vxe€eoQndomL, A€ (0,1], (35)

QS(x,1) #0, Vx e o0QnKerlL. (36)

In what follows, we will prove that conditions (35) and (36)
are satisfied. In fact, if x € 0Q N dom L is a solution of Lx =
AS(x, 1), then x(t) satisfies the equation as follows:

X"+ A"+ A (axt -bxT) + Ay (x) =0, (37)
Using the same method as before, we can get x € Q. This
is a contradiction. To check condition (36), we notice that if

x € 00nKer L, then x(t) = ¢’ with|c'| = M, . Hence, we have
that, for x € 0Q NKer L,

T
QS(x,1) = % j (-ax" +bx")dt = —ac’ or —bc' #0.
0
(38)

Finally, we can easily calculate the Brouwer degree
dp(—QS(, 1)lger - © N Ker L, 0) and obtain

dp (-QS(, Dlger, QN Ker L,0) = 1. (39)
Therefore, we have
D, (L-N(-1),Q) #0. (40)
Consequently, the equation
Lx =N (x,1) (41)

has at least one 27r-periodic solution. Equivalently, (1) has at
least one 27-periodic solution. O

Remark 5. In (12), if y satisfies the following condition,

xy(x) <0, VxeR, x#0, (42)
then the conclusion of Lemma 4 still holds. This claim can be
proved by using the same method as the one used for proving
Lemma 4. In fact, we only need to modify the term —ux' in
the auxiliary operator S(x, y) to the term px’.



3. Periodic Solutions of Duffing Equation with
a Deviating Argument

At first, we choose a continuous function ¥ : R — R
satisfying

Jim () =y (keo), (43)

where y(+co) € R are constants. Moreover, y satisfies
condition (13).
Considering the equivalent system of (12),

!

x =y,
y' = —(ax"-bx ) -Ag(x(t-1) - (1 —A)l//(x') (44)

+Ap(t).

Let x(t) be any (possible) 27m-periodic solution of (12). Write
y(t) = x'(t). Then, (x(t), y(t)) is a 27r-periodic solution of
system (44).

In what follows, we will introduce a transformation. To
this end, let us denote by c(¢) a solution of equation x" +axt-
bx~ = 0 satisfying the initial condition ¢(0) = 0, ) = 1.
Obviously, c(t) is 27t/n-periodic. The derivative of c(t) will be
denoted by s(t) = ). Itis easy to check that the following
properties are satisfied:

1) c(t + 2mr/n) = c(t), s(t + 2/n) = s(t).
(2) (1) = s(t), ' (t) = ~(ac* (t) -

(3) s(t)* +act(t)* +bc () =1, Vt € R.

bc (1)).

Let us define a mapping @ : (0, p) € S'% (0, +00) — (x, y) €
R*\ {0} as follows:
0 0
1/2 1/2
5 = I B 45
=P < n ) y=ps < n > (45)

where S' = R/27Z.

Under the transformation @, if |x(t)| + |y(t)| #0, Vt €
[0,27], then the 27-periodic solution (x(¢), y(¢)) of system
(44) can be expressed in the form (p(t),0(t)) satisfying the
equations as follows:

A (e RO )
(75 (2)(2)
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do
dt

=n+ n)tpfl/z

(ol () ()
- (o () 2)

Letus denote (p,,6,) = (p(0),0(0)). From now on, we always
assume that g is bounded. From the first equation of (46) we
get that

(46)

d 1/2

= ol o0 (52)):(0)
capos()- - mu(75(O)s(2).

Therefore, we have
P = pi v o). (48)
Furthermore, we get
pt) = +0(p"). (49)

From the second equation of (46), we have

0
I —n+O(p01/2). (50)

As a result,
0(t) =6, +nt +0(p,"?). (51)

Substituting (51) in (47), we obtain that, for t € [0, 27],
dPl/2 1/2 6o )
i~ a(e(e-re ) row)e(ee 2)
+Ap(t)s<t+ %> -(1 —A)w(p1/25<g>>s<g>
n n n

+O(p01/2).

(52)
Consequently,

p' (2m)

o (e B) o) (12 %)

A
n

+/\rnp(t)s<t+ ) p'?)

-(1-1) v/(

(53)
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Similarly, substituting (51) in the second equality of (44), we
get that, for ¢ € [0, 27],

Zf—n+n/\p01/2g<pl/z (t—‘[+ 0—>+O(1)>
c<t+%>—m\ ~1/2 (t)c(t+0—>
n
1y, ( 112 %
ylpys t+; +0(1)

c<t+%>+0(p(;l).

(54)
+n(1-1)p,"

Therefore, we have

0 (2m)

=0, +2nm + nx\p&l/z

2 0 0
XJO g<pé/2c< T+—>+O(1)> ( go)dt

+n(l- /\)p*l/2
) o) e(r+

2
<J, vl (e

2m
_n/\pol/2 L p(t)c<t+%>dt+0(po_l).

(55)

Write

Recalling that v = 7(mod(27/n)) and 0 < v < 2m/n, we have
the following estimates.

Lemma 6. Assume that condition (g) holds. Then, for p, —

+00,
ACH)
(g (+00) - (Oo))(sm\/\[v sm\/\_fv)
+o (1),
forvsls d — l,
AW T
n(g (+00) — g (-00))
X[sm\/_(v n/\/_)_ \/_]+0(1)
& |
for — d <V —
RN
n(g (+00) - g (-00))
] sin\/E(v—rr/\/E) sin \/av
x[ 7a - NG ]+O(l),
forl<vsl,
%" VG
n(g (+00) — g (-00))
X[sinx/a(v—n/\/g)+sin\/l_9(1/—7r/\/a)]
Va v
+o (1),
forlsl<vorlsl<v
i< Va

(57)

Proof. We only give the proof for the case 0 < v < m/+/a <

71/Vb < 27/n. The other cases can be treated similarly. Since
s(t) is 2 /n-periodic, it follows from the expression of y, (6,)
that

v, (6,) = LGg<p3/2c <t— T+ %) +O(1)> (t + e—)dt

= r"g( 2 (u) + O(l))s(u +7)du
0

= JZ” g (pé/Zc (u) + O(l)) s(u+v)du.
0 (58)

From the dominated convergent theorem, we have that, for
Po — 0O

ACH)

n/~\a
= ng (+00) j s(u+v)du +ng (—oo)

0

2nt/n
xj s(u+v)du+o(1)
n/~\a

m/a- n/\a
:ng(+m)[J0 s(u+v)du+J s(u+v)du]

n/\a—v



21 /n—v
+ng(—oo)[J - s(u+v)du

t/\a

2nt/n
+J s(u+v)du]+o(l)

27t /n—v

sin v/av N sin \/Ev)
va b

sin \/ay  sin

+ bv>+o(1)
va b

sinvav  sin Vby
va + 7 )+o(1).

= —ng (+00) (

+ ng (—00) (

-n(g (+00) — g (-00)) (

(59)
O

Lemma 7. Assume that condition (g) holds. Then, for py —
+00,

v, (6,)

(1+c05\/5v_ l—cos\/Ev)
a

b
_1+cc;s\/l_7v>+o(1),
orvs =<l
N A
cos\/_v—cos\/—(v n/~a)

b

[(2 2) COS\/Ev—cosVl_o(v—n/\/E)]
“\a7s)” b

’ ng (+00)

41 (~00) ( 1- cc;s \av

71
forv<s — < —

ng (—oo)

ng (+00) [G-%)_ COS\/E(”_”/;/E)—COS \/Ev]

cos \/E(v - 71/\/5) - cos \/av
=1 +ng(-00) "
+o (1),

for%< %
l—cos\/_(v—n/\/z)

a
_1+c03\/5(v—rr/\/5)'
b

1+ cos \/E(v—n/\/l_?)_
+ng (—0o) -

_l—cos\/E(v—n/\/E)-

ng (+00)

(60)
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Proof. We also only give the proof for the case 0 <

v < m/va < m/Vb < 2m/n. The other cases can be
treated similarly. Since c(t) is 271/n-periodic, it follows from
the expression of y,(0,) and the dominated convergent
theorem that, for p, — 0o,

v, (6))

=J-2ng<P3/2(;< T+6—>+O(1)> <t+%>dt
0 n
= rng(PS/zc W) +O0(1))c(u+1)du

0

=rn (P () + O (1)) ¢ (1 + v) du
0

n/~\a
= ng (+00) L c(u+v)du

2r/n
cu+v)du+o(l)

+ ng (—00) J

/+a
= ng (+00)
[ 7/ va—y n//a
X J c(u+v)du+J c(u+v)du]
L0 n/~a—v

+ ng (—00)

21 /n—v 27t/n
X J c(u+v)du+J c(u+v)du]+o(1)
L Jn/va 27 /n—v

crgtron L

1 - cos Vb
b

1 - cos \/av
a

1+C(;S\/EV>+O(1).

+ ng (—00) (

(61)
O

Lemma 8. Assume that condition (43) holds. Then, for p, —
+00,

3 (0y) =2

4 (80) = n [y (+00) +y (-00)] (= = 3 ) +o 1),

[y (+c0) -

v (-00)] +0(1),
(62)

Proof. From the expression of y;(0,) and the dominated
convergent theorem we have that, for p, — oo,

ACH)

= LGw<pé/zs<t+ %) +O(1)>s<t+ %)dt

) rnw(pé”s(u) +O(1)) s (u) du
0
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n/2/a 27t/n
:”‘//(JFOO)(J s(u)du+J
0 7/ a+m/2Vb

n/a n/\a+m/2Vb
+ ny (—00) J s(u)du + J s(u)du
n/2+a n/va

s(u) du)

+0(1)

=2 [y (+00) —y (-00)] +0(1).
(63)

Similarly, we have that, for p, — +00,

ACH

2

) o2
2

- J v (P25 () + O (1)) ¢ (w) du
0

n/2~Ja 2r/n
:mp(+oo)(I c(u)du+J
0 (rt/Na)+(r/2Vb)

n/a (] Na)+(rt/2Vb)
+mp(—oo)<J c(u) du+J c(u) du)
v

c(u) du>

n/2~/a n/a

+0(1) = n[y (+00) + y (—00)] (é - l)+o(1).

b
(64)
O

Proof of Theorem 1. We proceed to prove Theorem 1 in two
different cases.

(1) Assume that the first inequality of Theorem 1 holds.
Without loss of generality, we assume

1-cosvav 1+ cos by
ng (~c0) a - b

1+cos~av 1-cosVby
+ng(+oo)< a\/_ - 5 )

(65)

> Jznp(t)c(t +0)dt, VO € [0,27].

0

Let us set

l—cos\/Ev_1+c05\/l_w
a b

1 (0) = ng (—co) (

(66)

+ ng (+00) (

1+cos\/ﬁv_ 1 — cos Vb
a b

21
—I p)ct+0)dt>0, 0el0,2n].
0

We now choose a function y satisfying (43) and (13).
Moreover, y(+00) satisfy

H=[1//(+00)+w(—oo)](é—%>>0. (67)

7
Then we infer from Lemmas 7 and 8 that, for p, — oo,
-1/2 6o
0@2m)=0y+2nm+np, " |Ag| — |+n(1-A)u
§ (68)

+o(p(;1/2).

Since ©(0) > 0, 0 € [0,27], and p > 0, there exists a constant
y > 0 such that, for 6 € [0,27] and A € [0, 1],

M@)+n(1-A)pu=y. (69)
From (68) and (69) we have that, for p, — oo,

0@2n)=0,+2nm+0(1), 0(2m) > 0, +2nm.  (70)
Consequently, there exists a constant M > 0 such that if
(p(1),0(t)) is a 2m-periodic solution of system (46), then
p(t) < M, t € [0,2r]. Furthermore, there exist constants
M, > 0and M, > 0 such that if x(¢) is a 2-periodic solution
of (12), then
!
Ixloo < My, ] < My (71)

From Lemma 4, we know that (1) has at least one 277-periodic
solution.

(2) We assume that the second inequality of Theorem 1
holds. Without loss of generality, we assume

sin \/av . sin bv)

n(g (—00) — g (+00)) (

V& '
2 (72)
> L p)st+0)dt, VO el0,2n].
Let us set
{(0) =n(g(-00) - g (+c0)) < Sin\/aav Sin\/gbv> .

2
—J p(O)sE+0)dt>0, 0e[0,21].
0

Similarly, we choose a continuous function v satisfying (43)
and (13). Moreover, y(+00) satisfy

P‘, =¥ (+00) — y (—00) > 0. (74)

Then we infer from Lemmas 7 and 8 that, for p, — oo,

p' 2m) = pil* - [M(%) +2(1 —A)y'] +0(1). (75)

Since {(0) > 0,60 € [0,2m], and pt’ > 0, there exists a constant
y' > 0 such that, for 0 € [0,27] and A € [0,1] and p, — 00,

MO +2(1-Mp =9, (76)

From (75) and (76) we have that, for sufficiently large p,,

!
P (2m) < py* - % (77)



Consequently, there exists a constant M' > 0 such that
if (p(t),0(t)) is a 2m-periodic solution of system (46), then
pt) < M 't € [0,2m]. Furthermore, there exist constants
M{ > 0 and M; > 0 such that if x(¢) is a 277 periodic solution
of (12), then

Ixlloo < M, "x'"oo <M., (78)
From Lemma 4 we know that (1) has at least one 27 periodic
solution. O
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