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In this paper, an HIV infection model including an eclipse stage of infected cells is considered. Some quicker cells in this stage
become productively infected cells, a portion of these cells are reverted to the uninfected class, and others will be latent down in
the body. We consider CTL-response delay in this model and analyze the effect of time delay on stability of equilibrium. It is shown
that the uninfected equilibrium and CTL-absent infection equilibrium are globally asymptotically stable for both ODE and DDE
model. And we get the global stability of the CTL-present equilibrium for ODE model. For DDE model, we have proved that the
CTL-present equilibrium is locally asymptotically stable in a range of delays and also have studied the existence of Hopf bifurcations
at the CTL-present equilibrium. Numerical simulations are carried out to support our main results.

1. Introduction

In recent years, mathematical models have been done on the
viral dynamics of HIV. In the basic mathematical modeling of
viral dynamics, the description of the virus infection process
has three populations: uninfected target cells, productively
infected cells, and free viral particles [1-7]. In this model,
infected cells are assumed to produce new virions immedi-
ately after target cells are infected by a free virus.

However, there are many biological steps between viral
infection of target cells and the production of HIV-1 virions.
In 2007, Rong and coworkers [8] studied an extension of the
basic model of HIV-1 infection. The main feature of their
model is that an eclipse stage for the infected cells is included
and a portion of these cells are reverted to the uninfected
class. Perelson et al. [9] presented this kind of cell early in
1993. Buonomo and Vergas-De-Leo6n [10] have performed the
global stability analysis of this model. Perelson et al. [1] put
forward another model in 1997. He divided infected cells into
two kinds: long-lived productively infected cells and latently
infected cells. Latently infected cells are also activated into
productively infected cells [11]. Motivated by their work and
now we concern the progression of infected cells from this
eclipse phase to the productive, and a portion of these cells are
reverted to the uninfected class or are latent down in the body.

In most virus infections, cytotoxic T lymphocytes (CTLs)
play a critical role in antiviral defense by attacking virus-
infected cells. Therefore, the dynamics of HIV infection
with CTL response has received much attention in the
past decades, some include the immune response without
immune delay [12-15], and others contain immune delay
[16-19]. Some HIV infection models with CTL-response
describe only the interaction among uninfected target cells,
productively infected cells, CTLs [12, 14, 20]. The most basic
model can be written as

Z—fzs—dx—ﬁxy,

d

%=ﬁw-w—mz ®
dz

= = erz)-ra

where x, y, and z represent the concentration of uninfected
target cells, productively infected cells, CTLs at time ¢,
respectively. Parameters s and d are the birth rate and death
rate of uninfected cells, respectively. The uninfected cells
become infected at rate of Sxy. Productively infected cells
are produced at rate Sxy, « is the death rate of productively



infected cells, p is the strength of the lytic component, and r is
the death rate of CTLs. Function f(x, y, z) describes the rate
of immune response activated by the infected cells. Wang et
al. [14] assumed that the production of CTLs depends only on
the population of infected cells and gave f(x, y,z) = cy.Jiet
al. [12] assumed that the production of CTLs also depends on
the population of CTL cells and chose the former f(x, y,z) =
cyz.

In this paper, we also consider the dynamics of HIV
infection with CTL response and give f(x,y,z) = cyz.
Meanwhile, our model also concludes an eclipse stage of
infected cells. After the eclipse stage, some quicker infected
cells which become productively infected cells are obviously
attacked by CTLs. Other infected cells which will be reverted
to the uninfected class or be latent down in the body do
not have the ability to express HIV and will not cause
CTL immune response. Therefore, we only take the immune
response to productively infected cells into account and
ignore the attack to latently infected cells by CTLs. So we get
the following ODE:

Z—)::s—ﬁxy—dx+6w,

dw
o P (+n+q)w,
(2)
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5 = dw Pz -y,

Z —
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where w represents the concentration of infected cells in the
eclipse stage at time . Infected cells in the eclipse phase revert
to the uninfected class at a constant rate §. In addition, they
may alternatively progress to the productively infected class
at the rate g or die at the rate #. But some authors believe that
time delay cannot be ignored in models for immune response
[16-19]. In this paper, T represents CTL-response delay, that
is, the time between antigenic stimulation and generating
CTLs. We investigated the effect of a time delay on system
(2) to obtain the following DDE model:

Z—j:s—ﬁxy—dx+6w,
dw
= =~ Py - @ rntqw,
3)
dy

P pyz —ay,

dz
7 cy(t-1)z(t-71)—-rz

Our paper is organized as follows: the three equilibriums
on system (2) and (3) are given in the next section. In
Section 3, the global stability of the ODE model is discussed.
The analysis of the stability for this DDE model is carried out
in Section 4. Finally, some numerical simulations are carried
out to support our analytical results, and some conclusions
are presented.
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2. The Existence of the Equilibrium of System

In system (2) and (3), the basic reproduction numbers for
viral infection and for CTL response are given as follows:

R . 9P
" da(0+n+q)

(4)
. casf
Ycda(0+n+q)+apr(n+q)

It is clear that R, > R, always holds. For system (2) and
(3), there exists three equilibriums.

Theorem 1. For system (2) and (3), the uninfected equilibrium
E,(s/d,0,0,0) always exists;

Dif Ry, > 1, a CTL-absent infection equilibrium
E,(x;, wy, y;,2,) exists, where
a(8+7+4)
X = —>,
Pq
w = (1_i), (5)
n+q R,
q
N = awl’ z; = 0;

2)if Ry > 1, there exists a CTL-present infection
equilibrium E,(x,, W,, ¥,,2,), where
c(8+n+q)
Xy = Twz,
spr
w (6)
> T d S +n+q)+Printa)
r a
=, =Z (R, -1).
po) c ) P( 1)
3. The Global Stability of the ODE Model
The initial conditions for system (2) are given as follows:
x(0)>0, w(@)>0, y(0)>0, z(0)>0. (7)

It is clear that all solutions of system (2) are positive for t > 0.
Before analyzing the stability of system (2), we now show that
the solutions of system (2) are bounded.

Theorem 2. Let (x(t), w(t), y(t), and z(t)) be the solution of
system (2) satisfying initial conditions (7), then there exists
M > 0 such that x(t) < M, w(t) < M, y(t) < M, and
z(t) < M hold after sufficiently large time t.

Proof. Let

L(t):x(t)+w(t)+y(t)+gz(t), )
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where k = min{d, , a, r}. It follows from (2) that

dL(t) _

pr
o= s dx® () —ay () - Tz (0

_ p )
<s k<x(t)+w(t)+y(t)+ Cz(t))

=s—kL(t).

Therefore, L(t) < s/k+e¢ for all large ¢, where € is an arbitrarily
small positive constant. Thus, x(t) < M, w(t) < M, y(t) < M
and z(t) < M for some positive constant M. O

Theorem 3. IfR, < 1, the uninfected equilibrium E,, of system
(2) is globally asymptotically stable.

Proof. Construct a Lyapunov function

x
Vi (xw, y,2) = x—xo—xolnx—
0

0

+ W[(X—Xo)ﬂv]

) 5
er( +’1+¢Z)y+P( +1+q)
q cq

z,
(10)

where x,, = s/d. The derivative of V; along positive solutions
of system (2) is given as follows:

%_ ('x_x())(

e . s—dx - Bxy + dw)
0

+—(d+11+q)x0 (x = xy +w)

X [s—dx-(n+q)w]
(11)

S+n+
+M(qw—fw—py2)

+Bxy— (8 +n+q)w

0 )
pd +f1+q)yz_pr( tntq)
q cq
On substituting s = dx, and Sw(x - x5)/x =

—Sw((x — xo)z/xxo) + Sw((x — x,)/x,) into (11), we derive
that

2

%=_<dx0+5w+ ddx )(x—xo)
dt d+n+q XX

_ d(m+a)

@rn+a)x

(12)

a(d+n+

(O gy,

_pr(@tn+q)

q

IfR, < 1,thendV,/dt <Oforallx >0, w>0, y>0andz >
0. So the uninfected equilibrium E,, is stable. Clearly, it follows
from (12) that dV,/dt = O ifand only if x = x;, = s/d, w =
0, y = 0, and z = 0. Therefore, the largest invariant set in the
set {(x,w, y,z) € R* | dV,/dt = 0} is the singleton {E,}. By
LaSalle invariance principle, it follows that the equilibrium E,,
is globally asymptotically stable. O

Theorem 4. For system (2), if Ry, < land 1 < R, <
1+ (n + q)/6, CTL-absent infection equilibrium E, is globally
asymptotically stable.

Proof. Define a Lyapunov function

x
V, (xw, y,2) = x— x; —xllnx—
1

w X
+w—w1—wlln—+mz
wy cqu,

1)
+2(d+11+q)x1

+w<y—y1—yllnl>-
N1

qu,

[(x =) + (w=w)]*

(13)

Calculating the derivative of V, along positive solutions of
system (2), it follows that

%=<1_ﬁ)d_x+w<l_&)d_y
dt x/dt  qu, y ) dt
5

+ W [(x = x;) + (w-w)]

X<d_x+d_w>+<1_ﬂ)d_w+ﬁpx1yld_z
dt dt w/ dt gcw, dt

= (12 (s—dx—

—<l x)(s dx - Bxy + dw)
Bx, 31 (1_&> o (14)
e ) (qu - ay - pyz)

)

+ W [(x =) + (w-w)]

X [s—dx—(n+q)w]

+<1_%>[ﬂxy—(5+f1+‘1)w]

+ Bpx, 1 yz - Bprx,y, .
qu, cqw,



At CTL-absent infection equilibrium E,, on substituting s =

Bxiyy +dx; — 6wy, a = q(w,/y,), and § + 1+ g = Bx; y;/w,
into (14), we obtain that

av,

dt

- (1 - %) [~d (x = x;) = Bxy + Bxy yy + 6 (w—w,)]

/3x1y1< y1>< y )
+——(1-= w - qw,— — pyz
qu; y qw-—q 1y1 py

é
+ m [(x = x;) + (w-w)]
x [~d (x =) = (7 +q) (w-w)]

(1——></3xy Bxiy — )

N Bpxi 1 - Brpx, .
qw, cqu,
(15)
Noting that
x
Sl1-— -
(1- %) w-w)
2 (16)
(x-x) 3
= —8(w—w1)Tll + x_l(x_xl)(w_wl)>
therefore,
av,
dt

ddx ) (x- xl)2

—|dx, -6 8
(xl wy + w+d+?]+q o,

X hw o xyw, )
- PBx dy—r—=—-3
B 1}’1< Xy w

+ﬁpx1y1 [d(5+’7+q)+r‘8(}7+q)](Rl—l)z.

cqu, B(n+q)
(17)

Since x, /x + y,w/yw, + xyw, /x, yw—3 > 0 and the equality
holds if and only if x = x,, w = w, and y = y,. If R, <
1+ (n+q)/d, thendx, —dw; >0.S0,if Ry <land 1< R; <
1+ (n+q)/6,thendV,/dt <Oforallx >0, w >0,y >0
and z > 0. Clearly, it follows from (17) that dV,/dt = 0 if and
onlyifx = x;, w = w;, y = ¥, and z = 0, thus the largest
invariant set in the set {(x, w, y,2) € Ri | dV,/dt = 0} is the
singleton {E, }. Therefore, the global asymptotic stability of E,
follows from the LaSalle’s invariance principle. O
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Theorem 5. For system (2), if R, > 1 and cd(§ + n + q) -
rBd > 0, CTL-present infection equilibrium E, is globally
asymptotically stable.

Proof. Define a Lyapunov function

Vs (xw, y,2)
x w
=x-x,-xIn—+w-w,-w,In—
X W,
8 2
Te T eyl CEEART L) SN
/32)’2< )’)
In 2
qw, Y=Y }’2ny2
+M<z—zz—zzlni>.
cqu, 2

Calculating the derivative of V; along positive solutions of
system (2), we obtain that

av,
dt
=(1__) ﬁxzyz(l_&>ﬂ
dt  qu, dt
1) dx dw
+ W [(x = x,) + (w - w,)] <E + E)

(1)t )
= <1——)(s—dx Bxy + dw)

Bx,y, ( )’2)
+—=(1-2 ) (qw-ay - pyz)
qu, Y

L6
(u+n+q)xz

-(n+q)w]

x s~
( )ﬁxy (0 +1+q)w]

Brxay, (2 B
+ (1 Z)(cyz rz).

qcw,

[(x=x,) +

(w - w,)]

(19)

At CTL- present infection equilibrium E,, on substituting s =

Bx, y,+dx,—0w,, a = q(w,/y,)-pz,, ¥, =r/c,and d+y+q =
Bx,y,/w, into (19), it follows that

%_<1_&)
dt X

X [=d (x = x;) = Bxy + fx, , + 6 (W~ w,)]
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+l3xzyz(1_&

qu, y

L0
(d+n+q)

x [=d (x = x,) = (1 + q) (w - w,)]
+ <1 - &> (/3xy _ﬁxzyzu%)

> <qw - qwzl +Pyz, - pyz)
Y2

[(x = x3) + (w - wy)]

w

+_ﬁpx2y2 (1—é>(cyz—rz).
qcw, z

(20)

Noting that

(x - x2)2

XX,

a(l—x—z)(w—wz)= 8 (w-w,) .

+§2<x—x2)(w—wz>,

it follows from (20) and (21) that

avy (x - x2)2
% = (dx, + 6 (w-w,)) o

+x£2(x—x2)(w—w2)

Xy X y)
+ fx 1- - —= 4+ =
2 2)’2( X2, X )

(222

w, Y, JYw,

—’%@—yﬁ(z—zg)

0 [ d (x—x,)" + (x - x,)

x, ld+n+gq

n+q N2
d+11+q(w w,) ]

xy w o Xw,y
+ - -2 41
P, (xz)’z w, Xwy, )

x (w-w,)+

Bpxy, B
+ qw, (z-2)(y-»)

dox ) (x-x,)°

= —(dx, - 6w, +6
(x2 w, + w+d+11+q o

_o+a)
(d+11+q)( 2

x w
—,szyz<—2 + 222

M_3>
X YW, '

X hw

Since x,/x+ y,w/ yw, + xw, y/x, y,w—3 > 0 and the equality
holdsifand onlyif x = x,, w = w,,and y = y,. If cd (6 + 1 +
q)-1rf38 = 0,then dx,—-Sw, = ((cd(§+n+q)—rpd)/rPlw, > 0.
Therefore, if R, > 1 and cd (6 + 1+ q) — r6 > 0, it follows
from (22) that dV;/dt < O forallx > 0, w > 0, y > 0, and
z > 0. Clearly, it follows from (22) that dV;/dt = 0 if and
onlyif x = x,, w = w,, ¥y = ¥,,and z = z,. So the largest
invariant set in the set {(x, w, y,z) € Ri | dV,/dt = 0} is the
singleton {E,}. By LaSalle invariance principle, we conclude
that the equilibrium E, is globally asymptotically stable. [J

4. The Stability Analysis of the DDE Model

In this section, we consider the stability of the delay model

(3).
Let C = C([-7,0], Rio) be the Banach space of continu-

ous functions mapping from the interval [-7, 0] to R%, with
the topology of uniform convergence, where

Ry = {(x x5 x5, %,) | x; 20, i = 1,2,3,4}. (23)

The initial conditions for system (3) are given as follows:

x=¢0), w=¢,0), y=¢;0),
z=¢,0), 0¢€l-1,0], (24)
x(0)>0, w(0)>0, y(0)>0, z(0)>0,

where (¢,(0), 9,(0), ¢;(0), 9,(0)) € C([-7,0], Rio). It is clear
to see that all solutions of system (3) satisfying the initial
conditions (24) are positive for all + > 0. By the similar
method to Theorem 2, we can get the following theorem.

Theorem 6. Let x(t), w(t), y(t), and z(t) be the solution of
system (3) satisfying the initial conditions (24), then there exists
M > 0 such that x(t) < M, w(t) < M, y(t) < M, and z(t) <
M hold after sufficiently large time t.

Theorem 7. IfR, < 1, the uninfected equilibrium E,, of system
(3) is globally asymptotically stable.

Proof. If R, < 1, construct a Lyapunov functional

x
W (x,w, y,2) = x—xo—xolnx—
0

)

+—2(d+11+q)x0[(x—x0)+w] +w

. (5+’1+Q)y+P(5+’7+‘1)z
q cq

t
+p(5+n+q)J
q

t—

y(0)z(0)do,
(25)



where x, = s/d. Calculating the derivative of W, along
positive solutions of system (3), it follows that

aw, _ (x = x,)
el (s —dx — Pxy + dw)

)

+—(d+f1+q)x0 (x = xo + W)

X [s—dx - (n+q)w]

) (26)
+ @ (quw - ay — pyz) + Bxy

_(5+ﬂ+q)w+Myz

_pr(8+n+q)
cq ’

On substituting s = dx, and dw(x - xy)/x =
—Sw((x — xo)z/xxo) + dw((x — x,)/x,) into (26), we derive
that

%= —<dx0+6w+&>
dt d+n+gq
(x—x)" 8w (n+4)

— 27
XX, (d+n+q)x, @7

) 5
L x(@+n+q) (Ro_l)y_Pr( tn+q)
q cq

If Ry, < 1, we have dW,/dt < Oforallx > 0,w > 0,y > 0,
and z > 0. It follows that the uninfected equilibrium E is
stable. Clearly, it follows from (27) that dW,/dt = 0 if and
onlyif x = s/d, w =0, y = 0, and z = 0. Therefore the largest
invariant set in the set {(x, w, y, z) € Ri | dW,/dt = 0} is the
singleton {E;}. By LaSalle invariance principle [21], we can
conclude that the equilibrium E, is globally asymptotically
stable. O

From the above analysis, we can obtain that the time delay
has no effect on the stability of the uninfected equilibrium E;
for the DDE model.

Theorem 8. For system (3), if R, < land1 < R, < 1+
(n+q)/98, then CTL-absent infection equilibrium E, is globally
asymptotically stable.

Proof. Define a lyapunov functional

x
W, (x,w, y,2) = x — x, —xllnx—
1

+M<y—y1—yllnl>
4

qu,
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w
+w—w1—wllnw—1
t
+ ﬁpx1y1z+ prxlyl J y(e)z(e)de
cqu, quw, Jt-—

(28)

Calculating the derivative of W, along positive solutions of
system (3), it follows that

aw, x1>
% —<1 . (s —dx — Bxy + dw)

X
B (1—%>(qw—fw—py2)

qu,

1
+W[(x—x1)+(w—w1)] (29)

X [s—dx-(n+q)w]

+(1- ) [y - (04 +q)w]

_ /3PTX1Y1Z+ Bpxy yz.
cqu, qw,

At CTL-absent infection equilibrium E;, on substituting s =

Bxiyy +dx; = 0wy, a = q(w,/y;), and 6 + 1+ g = Bxy 1 /w,
into (29), we obtain that

W,
dt

(1= 58) [ ) By + By + 00— w)]

+ @<1_ &><qw—qwll —py2>
qu, y )2

L0
(d+n+q)

x [-d(x-x) - (n+q) (w-w)]

+ <1 - %)(,Bxy—[j’xlyll%>

B ﬁrPx1Y1z + Bpxy
cqun qu,

[(x=x1) + (w-w))]

yz.
(30)
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It follows from (16) and (30) that

aw, _ (x - x1)2
7 = (dxl +8(u) wl))x—xl

+§l(x—x1>(w—wl>

Xy  x)y
+ Bx,y <1————+—)
i XN X N

Xy  w  xwy
+ﬁx1y1< ———ﬁ*’l)
1 1

(x _Xl)z + (%= xp)

n+q
d+n+gq

(w-w)|

B :Brpxlylz+ Bpxiy

z
cqu, qu, Y
= —(dx1 - 0w, + 6w + dox )
d+n+q

X(x_xl) 3 8(n+q) (w_wl)z

XX, (d+n+q)
X, I hw o Xyw,
- fad AP A I
P < X ' yw, ' X w >

, Brxin [d(5+n+q)+rﬁ(n+q)](Rl_l)z.

cqu, B(n+aq)
(31)

Since x,/x+ y,w/ yw, + xyw, /x; y,w—3 > 0 and the equality
holds if and only if x = x;, w = wy,and y = y,. If R, <
1+(n+q)/d, then dx, —Sw, > 0. Therefore, if R; < land 1 <
R, < 1+(n+q)/6, it follows from (31) that dW, /dt < 0 for all
x>0, w>0, y>0,andz > 0.Itisreadily seen from (31) that
dW,/dt =0ifandonlyifx = x;, w=w,, y = y;,and z = 0.
Thus the largest invariant set in the set {(x,w, y,z) € R‘i |
dW,/dt = 0} is the singleton {E, }. Then the global asymptotic
stability of E, follows from the LaSalle’s invariance principle
[21]. O

From the above analysis, we obtain that the time delay
has no effect on the stability of the CTL-absent infection
equilibrium E, for the DDE model. Next, we analyze stability
and Hopf bifurcation at the CTL-present equilibrium E,.

Firstly, the linearized equations of system (3) at E, are
given as follows:

dx

dar (Byy +d) x(t) = Py () + dw (1),

dw

= = Prax O+ Py @) - (+n+quw),
(32)
dy
5 - aw® - (a+pzy) y () - pyrz (1),

% =cz,y(t-T)+cyz(t—1)—rz(t).

The characteristic equation of system (32) at O(0,0,0,0)
takes the form

GA) = A+ M A + MyA* + MA + M,
—(N{ A% + NyA% + NjA + N, ) e =0, )
where
M, =By, +d+5+n+q+a+pz,+71,
M, =By, (n+q)+d(8+n+4q)
+(By, +d) (« + pz,)
+r(By,+d+8+n+q+a+pz,),
My=r[By,(n+q)+d(5+n+q)
+(By, +d) (a+ pz,)]
+ By, (n+q) (a + pz,),
M, =By, (+4q) (a+ pz,),
N, =1,

(34)

Ny=r(By,+d+8+n+q+a+pz,)
—cpyzzz,
Ny =r[By,(n+q)+d(d+n+q)
+(By, +d) (a + pz,)]
—cpyz, (By, +d+8+n+q),
N, =By, (n+4q) (a + pz,)
—cpyrz [Py, (n+q) +d (5 +n+q)].

Theorem 9. Suppose T = 0, if R, > 1, then the CTL-present
equilibrium E, of system (3) is locally asymptotically stable.

Proof. If T = 0, (33) becomes

A+ (M - N) A + (M, - N,) A?
(35)
+(M; = N3)A+M, - N, =0.



Since R, > 1,x, > 0, w, > 0, y, > 0,and z, > 0, by the
Routh-Hurwitz criteria, it follows that

H =M, -N,=By,+d+8+n+q+a+pz, >0,
H,= (M, - N,)(M, - N,) - (M; - N;)
= [By,(n+q)+d(d+n+q)
+(Byz +d) (a + pz;) + cpyyz,)
X (By,d+8+n+q+a+pz,)
=By, (n+q) (a+ pz,)
= cpyrzy (By, +d + 8 +1+q)
= [d(8+n+q)+(By, +d)(a+ pz))]
X[By,+d+8+n+q+a+ pz,]
+ By, (n+a) (By+d+8+n+4q)
+cpy,z, (a+ pz,y) > 0,
Hy= (M, - N,)[(M, - N,) (M5 - N;)
= (M, = Ny) (M, = N,)] = (M; = N;)’
= [By,(n+q)+d(5+n+q)
+(By, +d) (a+ pz,) + cpyyz, ]
X(By,+d+8+n+q+a+ pz,)
x [Bys (n+q) (a + pz,)
+cpy,z, (By, +d+8+n+q)]
By, +d+8+n+q+a+pz,)
X cpyzy [Byy (+q) +d (8 +1+q)]
= [By, (n+q) (a+ pz,)
+cpysz, (By, +d+ 0 +n+q)°
= A(cpy,z,)’ + Bepy,z, + C,
(36)

where

A=(a+pz,)(By,+d+8+n+q)>0,
B=[(By, +d)" + Bys6] (o + pz,)
x (By, +d + o+ pz,) + [(By, +d)’ + By,0]
x 8 (a+ pzy) + (Bdy, + d°) (n+q) (a + pz,)

~Br(n+a)* (a+ pz,),
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C=By(n+q)(a+pz,) By, +d+8+n+q)
x [By, (n+q) +d (8 +n+q)(By, +d) (a+ pz,)]

+ By, (1 +4) (a+ pz,)’
x[d(8+n+q)+ By, +d)(a+ pz,)] > 0.
(37)
Let
D=By(n+q) (a+pz),  h=cpyz >0,
f (h) = AW* + Bh+ C, (38)

g(h) = Ah® — Dh +C.
If g(h) > 0 for all h > 0, then f(h) > 0. Since
A, = D> - 4AC
—4(a+ pz,) By, +d +8+1+q) By (n+q)
x[d(8+n+q)+(By, +d) (a+ pz,)]
— 4+ pz,)” (By, +d +8) By, (1 +4)
x(By,+d+6+n+q)

x [By, (1 +4q) (39)
+d (8 +n+q) (By, +d) (a+ pz,)]

—4(a+ pz,) (n+9) By, (By, +d + 8+ 1+ )
xd(8+n+q)(By,+d)

—4(a+ pz,)"(1+q) (B,)" (By, +d + )
=3Byl +a) (a+ p)] <0,

and g(0) = C > 0, it follows that g(h) > 0 for all & > 0, thus
f(h) > 0, that is, H; > 0.

M,-N, M;-N, 0 0
1  M,-N, M,-N, 0
0 M,-N, M,-N, 0
0 1 M,-N, M,-N,

H, =
(40)

(M, - N,) H.
Noting that

My =Ny = cpy,2, [By, (n+q) +d (8 +n+q)] >0, (41)
it follows that H, > 0. Therefore, all the roots of (35) have
negative real parts. This completes the proof of Theorem 9.

O

For 7 = 0, the all roots of G(A) = 0 have negative real
roots in Theorem 9. By the continuous dependence of roots
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of G(A) = 0 on the parameters, it follows that there exists
7 > 0 such that for 7 € [0, 7), all roots of (33) satisty

G) =0, Re(1) <0, fortel0,7), (42)

and when 7 = 7, Re(1) = 0. To determine T and the
associated purely imaginary roots wi (w > 0).

Suppose that A = wi (w > 0) is a solution of (33), it follows
that

4 3. 2. .
w - Mw'i-M,wi+ M;wi

- (—lesi — N,w” + Bywi + B4) (coswt —isinwt) = 0.
(43)

Separating the real and imaginary parts, it follows that
(N4 - Nzwz) coswT + (N3w - le3) sin wt
=o' - M2w2 + M,,
(44)
(Nla)3 - N3a)) COs WT + (N4 - Nzwz) sin wt
= le3 - M;w.
From (44), we obtain that
1
CoswT = A (Ala)6 + A2w4 + A3a)2 + A4) )

(45)

. 6 4 2
sinwt = - (Blw + B,w” + Byw +B4),

>le

where
Ap=MN - N,,
A, =N, + M,N, - M|N; - M;N,,
Ay = M3N; = MyN, = MyN,, Ay = MyN,,
B, =Ny, B, = MyN, = N3 = M,Ny, (46)
By = M,N; + MyN,; — M3N, — M|N,,

By = M3N, — M,N;,
A= (N, - Nyo?) + (Nyw - Nyo®)” > 0.
It follows from (44) that
w® + q,0° + g, 0" + g0’ +g, = 0, (47)
where
q = Mf - 2M, ‘N12’
4> = Mj +2M, — 2M; M; + 2N, N, - M3,

2 2
q, = M; - Nj.
(48)

g; = M2 —=2M,M, + 2N, N, - M3,

Letting u = w?, (47) becomes

ut + q1u3 + q2u2 +qsu+q,=0. (49)

Denote G(u) = u* + q,u’ + q,u’ + qsu + q,. Then we have
G' (1) = 4 + 3q,u” + 2qyu + g5 (50)

Suppose that (49) has positive real roots. Without loss of
generality, we assume that it has n (1 < n < 4) positive real
roots, defined by u; < u, < --- < u,, respectively. Then (47)
has n positive real roots

W, = U], Wy = Uy, ...

From (45), we have

, W, = U, (51)

A} + Ay + Asw] + Ay

Tl] =— <arccos > ;
@ (N4_N2“’1) +(N3wl—N1wl)

3 +2j7r> , (52)

wherel =1,2,...,n, j=0,1,2,3,..., then + wji are a pair of
purely imaginary roots of (33) with 1/’

Differentiating (33) implicitly with respect to 7, we obtain
that

[d/\ ]—1 — (41° +3M, A% + 2M,A + M;) €
drl T T ANA N+ NA+N
( 1 2 3 4) (53)
) 3N, A% +2N,A + N,
A(N;A% + N,A2 + N3A + N,)

T
T
Thus,

dr ]1

1
- = ok {(3M1w12 - M)

e=t]
x [(Ny @] = N, ) cos wy
+(N, = Ny} ) sinwy]
+ (40 - 2Myw,) (54)
% [(Ny = Nyw} ) cos wyr
— (N} = Nyw;) sin w7
+(Ny = 3N ) (N, - Ny )
+ 2Ny, (N, = Nywyp )}
On substituting (45) into (54), we obtain
=
[l
- % [4f +3 (M - 2M, - N?) !
+2(M; - Nj +2M, + 2N, N; - 2M, M, ) o}

G (”1)’

+M; = Nj +2N,N, - 2M,M, | = i

(55)
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where A = (N, — N2w2)2+(N3w - le3)2 > 0. If we suppose

that G' (1) # 0, then
dA a1
ion { Re | — ien { Re | —
sign { e [dr ]T_T{_]» sign <| e [dr ]T_le}
G' (u)

sign {T} — sign (G’ ()]

(56)

Applying Theorem 9 and the Hopf bifurcation theorem for
functional differential equation [22] from (56), we derive the
existence of a Hopf bifurcation as follows.

Theorem 10. Suppose that (49) has at least one simple positive
root and u is the last such root, then there is a Hopf bifurcation
for the system (3) as T passes upwards through T leading to a
periodic solution that bifurcates from E,, where

—6 —4 —2
Ajw] + Ay + Asw; + Ay

(N, - N@?)” + (Ny@, - Ny@y )

bl
Il

arccos 5 +2jm

gll—

(57)

Remark 11. If u is the last simple positive root of (49), then
we have G'(#7) > 0. From (56), we obtain Re [dA/dt],z > 0.

Remark 12. In this paper, we construct a few Lyapunov func-
tions (functionals) to prove the global stability of steady states
of ODE model (DDE model). This function (functional)
can also prove the global stability of steady states of other
viral infections models with cure rate [7, 10]. Moreover, the
method studying the existence of Hopf bifurcations applies to
other viral infections models with immune delay [2, 18, 19].

5. Numerical Simulations

In this section, we perform numerical calculation to support
our theoretical analysis of this paper.

Example 13. If we choose parameters s = 1.5, # = 0.3, a =
0.1, p=0.015,¢=0.12,r=0.8,d =0.1,8 = 0.6, = 0.4, and
q =0.7,then R; = 1.33 > 1 and the CTL-present equilibrium
E,(1.1751, 1.3825, 6.6667, 1.6283). From (49), we obtain that

u* +10.5385u° + 3.9615u° + 0.0729u + 0.0151 = 0. (58)

Equation (58) has no positive roots, and all roots have
negative real parts. Therefore, the equilibrium is locally
asymptotically stable for all 7 > 0 (e.g., T = 1.5, see Figure 1).

Example 14. If we select parameters s = 10, = 0.1, a =
04,p =03,¢c=057r=09d=106 =11 =1,and
q = 4, then R; = 1.45 > 1 and the CTL-present equilibrium
E,(8.8107,0.2642,1.7997,0.6244). It follows from (49) that

u* +40.7439u° + 41.9038u* — 1.9589u — 2.0726 = 0.
(59)

Equation (59) has only one positive real root u =
0.2217 and any other roots have negative real parts. Thus,
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FIGURE 1: The CTL-present infection equilibrium E, of system (3) is
locally asymptotically stable when R, = 1.33 > 1 and 7 = 1.5.

0.8

0.75

0.7

0.65

z(t)

0.6

8.8

8.7 N
8.6 &
16 g5 *
FIGURE 2: The CTL-present infection equilibrium E, of system (3) is
locally asymptotically stable when R, = 1.45 > land 7= 0.2 < 7.

= +u = 0.4709. In addition, it is easy to show that
0.948. Therefore, Theorem 10 is satisfied.

If 7 = 0.2 < 7, the CTL-present infection equilibrium E,
of system (3) is locally asymptotically stable (see Figure 2). If
T =5 > T, then the CTL-present infection equilibrium E, of
system (3) becomes unstable, and the Hopf bifurcation occurs
(see Figure 3).

w
?:

6. Conclusion

In this paper, we have studied an HIV infection model
including infected cells in an eclipse stage and CTL immune
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FIGURE 3: The bifurcating periodic solution from the equilibrium E,
of system (3) occurs when 7 = 5.

response. The global stability of the uninfected equilibrium
E, for system (2) and (3) has been given by the LaSalle’s
invariance principle when the basic reproductive ratio R, < 1;
it shows that the disease will be controlled. Compared with
the earlier modeling studies on the immune response of HIV
infection [14, 18, 20], our analysis reveals the existence of
a CTL-absent infection equilibrium E,(x,,w;, ¥;,0) when
R, > 1. We also obtained the global asymptotic stability of
a CTL-absent infection equilibrium E, for system (2) and (3)
when R, < land1 < R, < 1+ (5 + gq)/8. This indicates
that there is a persistent HIV infection with no humeral and
cellular immune responses. Furthermore, we can see that the
time delay has no effect on the stability of the uninfected
equilibrium E;; and CTL-absent infection equilibrium E,; for
the DDE model.

When R; > 1, we show that the CTL-present infection
equilibrium E, is locally asymptotically stable when the delay
7 is small, and with the increase of the delay 7 the stability of
E, may destabilize and lead to Hopf bifurcation. This suggests
that, with the HIV infection developing, the proviral load
and CTL frequency can either stabilize at a constant level
or show oscillations. Similar phenomenon was also observed
in [17-19]. The HIV dynamics model without immune delay
is globally stable [14, 15]. In this paper, we show that the
HIV infection model including infected cells in an eclipse
stage and CTL immune response without immune delay is
globally stable; and for the model with immune delay, Hopf
bifurcation appears under some conditions.
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