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This paper deals with a Dirac system with transmission condition and eigenparameter in boundary condition. We give an operator-
theoretic formulation of the problem then investigate the existence of the solution. Some spectral properties of the problem are

studied.

1. Introduction

After Walter [1] had given an operator-theoretic formulation
of eigenvalue problems with eigenvalue parameter in the
boundary conditions, Fulton [2, 3] has carried over the
methods of Titchmarsh [4, chapter 1] to this problem. Then,
a large amount of the mathematical literature was devoted to
these subjects during the last twenty years. We will mention
some of the papers published at least twenty years ago, but
of course there are many other interesting and important
papers published more recently, which are not referred to
here. The existence of solution and some spectral properties
of Sturm-Liouville problem with eigenparameter-dependent
boundary conditions and also with transmission conditions
at one or more inner points of considered finite interval
has been studied by Mukhtarov and Tung [5]; see also [6,
7]. A Dirac system when the eigenparameter appears in
boundary conditions has been studied by Kerimov [8]. In
[9], an inverse problem for the Dirac system with eigenvalue-
dependent boundary conditions and transmission condition
is investigated.

The aim of the present paper is to study a Dirac system
with transmission condition and eigenparameter in bound-
ary condition. For this, we follow the method in [5]. We
consider the Dirac system

e (u) = Au' (x) - P(x)u(x) = \u(x), (1)

where
0 1
A= (—1 0>’
Po= (pléx) pﬁx))’ @
= (6)
or
uy (x) = py (%) 1y (x) = Ay (x), .
ul (X)) + py (X) ty (x) = — Ay (%), x € [a,c)U(c,b],
with boundary conditions
sin au, (a) — cosau, (a) = 0, (4)

byu, (b) — ayu, (b) + A (sin Buy (b) — cos Bu, (b)) =0, (5)
and transmission conditions at the inner point x = ¢

u, (c=0)=yu, (c+0),
| (6)
u,(c=0)=y u,(c+0).

Here and later on, A is a complex eigenvalue parameter; the
functions p;(x)(i = 1,2) are continuous on [a, ¢)U(c, b] which
have finite limits p; (+c) = lim, _, , p;(x)(i = 1,2).a,,b,, yare
real numbers and o, 8 € [0, 77).



2. Operator Formulation of the Problem

For convenience, we will assume that |a,| + |b;|#0, y #0. To
formulate a theoretic approach to problem (1)-(6), we define
the Hilbert space H = L,[a,c) U L,(c,b] ® C, with an inner
product

c T b T 1 -
U, Vi) = J u (x)v(x)dx+ J u' (x)v(x)dx + =i,
a c o
™)
where T stands for the transpose and
() v-()en
u )’ v ’
(%) (x) ®
uy (x 2
u(x) = (u; (x))’ v(x) = (v (x ))

u;(x),vi(x) € Lyla,c) U L,(c,b], (i = 1,2), 4,V € C. The
constant o is defined by

= det <31i B cc?éﬁ) ©)

Let dom(A) € H besetofal U = (“%")) € M, such that
u,(x), u,(x) are absolutely continuous on [a,c) U (¢, b], & =
sin Bu, (b)—cos fu,(b) and €(u) € H, sin au, (a)—cos au,(a) =
0, uy (%), u, (+c) have finite limits, &I = byu, (b)—a, u,(b). Now
define the operator A : dom(A) — H by

A <ugc)) _ <€_(Z)) (10)

Hence, we can rewrite the problem (1)-(6) in the operator
form as

AU = \U. a1

Obviously, the operator A and the Dirac system (1)-(6)
have the same eigenvalues. Also the eigenvectors of (1)-(6)
coincide with the first two components of the corresponding
eigenelement of the operator A.

Lemmal. The dom(A) is dense in H.

Proof. 1t is easily seen that there is no nonzero vector F =
(f(x),f) € H such that for every U = (u(x),#) € dom(A),
(F,U)y = 0. This implies dom(A)* = {®}, where ® =
(0,0, 0). Therefore, dom(A) is dense in H. O

Theorem 2. The operator A is symmetric.

Proof. For each U,V € dom(A) from the inner product (7)
and the integration by parts, we have

c

AUV, - |

a

(”; - Plul)T/ldx - L (ui + pzuz)m‘/zdx
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Uy — plul)T/ldx

b -_—
- J (u; + pzuz)T/zdx - (lyﬁ?

A
_“1‘/2]

_ _ 1¢=0 _
= [uv, - “11’2]; + [uy c+0

c

c [
—! —_ I
- J U, v dx — J pyuvidx + J U vydx
a

a a

c b b
- J P, vydx — J uzT/;dx - J piuvidx

a [ c

b b 1

! — ~=

+ J U Vodx — J Dpouyvydx — —1iv
c o

= [uy (€= 0) ¥, (¢ = 0) = 14y (¢ = 0) ¥, (c - 0)]
~ [, (@), (a) - uy (@) ¥, (a)]
+ [1 (b) ¥, (b) — 14, (B) ¥, ()]
— [ty (c+0) ¥ (c+0) —uy (c+0)V, (c +0)]

c

- JC u, (V'l +p2172)dx+ J u, (

a a

P1V1)

- Jb u, (V'l + p2172) dx + r u, (T/; - pﬁl) dx

c c

1
T (b1“1 (b) - ayu, (b))

x (sin Bv; (b) — cos fv, (b)) .
(12)

Since U and V satisfy the same boundary condition (4) at x =
a,

uy (@) vy (a) = u, (@) v, (a). (13)
From transmission condition (6), it follows that

U, (c=0)v,(c-0)=u, (c+0)v, (c+0),

(14)
u(c=0)v,(c=0)=u; (c+0)v,(c+0).
Furthermore,
(12 0)7, (B) =, ©)7, B)] - = (B0, ) - a1, (1)
x (sin Bv, (b) — cos v, (b))

= —é (sin Bu, (b) — cos Bu, (b)) (b, v, (b) — a,v, (b))

1 =
= ——uv.
o
(15)
Now substituting (13), (14), and (15) in (12), we obtain
(AU, V) = (U, AV)y,. (16)
O
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Since the operator A is symmetric, the following orthog-
onality relation is valid.

Corollary 3. All the eigenvalues of the system (1)-(6) are real
and to every eigenvalue A, there corresponds a vector-valued
eigenfunction u® (x,1,,) = (t,(x, A,),1p,(x, A,,)). Moreover,
vector-valued eigenfunctions belonging to different eigenvalues
are orthogonal in the sense of

c b
1 —
(U U )y = J ul g, dx + J u'n,dx - ~#,u,, =0. (17)
a c o
Remark 4. The vector-valued eigenfunctions stated in
Corollary 3 are not orthogonal in the usual sense in the
Hilbert space L,[a, b].

3. Existence of Solutions

In this section, we study the existence of the solution of the
Dirac system (1) with boundary conditions (4) and transmis-
sion condition (6).

Theorem 5. The Dirac system (1) has a solution ®(x, ) on
[a, b] satisfying boundary condition (4) and transmission con-
dition (6). For each x, ®(x, A) is a vector-valued entire function

of A.

Proof. From the classical theory of differential equations (see
[10]), since the Dirac system

Au' (X)) =P () u(x) = \u(x), xe€lac) (18)

with the initial conditions

u, (a) = cosa, u, (a) = sina (19)
is continuous on the interval [a, ¢), this system has a unique
solution @, (x, A) = (®;(x, 1), D, (x, )T which is an entire
function of A on [a, ).

Now consider the Dirac system of differential equations

) (x) = py (X) uy (%) = Mgy (%),
(20)
uy (x) + py () 1y (x) = —Auy (%), x € (c,b],

and nonstandard initial conditions contain eigenparameter

u, (c+0) = y_1d>11 (c-0,1),
(21)
U, (c+0) = yd,, (c-0,1).

Let us denote solutions of (20) by uy(x,A) = (u(x, A),
Uy (X, A))T in the case p;(x) = p,(x) = 0. It is clear that the
vector-valued function u,(x, A) is written as

Uy (%, A) = ¢ cos Ax + ¢, sin Ax,
(22)
Uy (%, 1) = —¢; sin Ax + ¢, cos Ax.

From the initial conditions (21), we obtain constants ¢; and ¢,.
Then, inserting these values into (22) and using some basic
trigonometric identities, we arrive at

1y (%, A) = (7/‘10 (x, /\)) B <y‘1<1)11 (c=0,A)cosA(x—(c+0))+yD, (c—0,A)sin A (x — (c+ 0))>. (23)

Uyg (x,A)

X

c

wee = (3 00)

X

c

In what follows, we use the method of successive approx-
imations, which is helpful in constructing a solution of

X

c

~(uy, (x, 1)
Uy (%, A) = (u; (x.A)

X

c

where u,,(x, A) and u,,(x, A) are defined in (23). It is obvious
that each of u,,(x, A) is an entire function of A for every x €

(c,b].

> Uy (%, A) + I {p1 () up,_y SINA (s — x) — py (s) ty,_; cOS A (s — x)} ds

)/I_ICD11 (c—0,A)sin A (x — (c +0)) + yP,; (¢ —0,4) cos A (x — (c + 0))

By applying the method of variation of the constants as in [11,
page 243], we find the following system of integral equations:

Uy (x,A) + J {p1 () uy (2, A)sin A (s — x) — p, (s) ty (x,A) cos A (s — x)} ds

(24)

Uyg (%, A) + J {p1 () uy (2, X) cos A (s — x) + p, (8) ty (x,A) sin A (s — x)} ds

the integral equation system (24). This method requires a
sequence of functions {u,(x, 1)} forn = 1,2, ... defined as

; (25)

Uy (%, A) + I {p1 () uy,_y cOSA (s — x) + p, (s) y,,_; sin A (s — x)} ds

Set
z, (6, A) =u, (6, A) —u,_; (x,A), (26)



where z;(x, A = (z2,(x,4),25,(x,A), and let M; =
maX, ¢ (.p] |p, ()], M, = maxxe(c,h]lpz(x)l, M =max(M,, M,),
Nl (A) = maXxE(C,bﬂum(X, A)L NZ()\) = maXxe(C’bﬂuzo(x, A)I
Then,

2y (o ) < j |9y () ago sin A (s - x)

=P, (8) thyg cOS A (s — x)| ds

+ J |py (5) uyg cos A (s — x) (27)
+p, (8) tyg sin A (s — x)| ds
<2M(N; (M) + N, (V) (x—o),
where the norm || - || can be any convenient norm in H, but

for the sake of presentation, we used 1 — norm. Furthermore,
let N; = max)zxN;(A), N, = maxjzN,(A), and Np =
max(Ny, N,) in closed contour {A € C : |A| < R}; then

[z, (x, )| < 2MNg (x = ¢). (28)
Similarly,
Iz, e ) < j 19, (5) (1t — 1) sin A (s — )
—p, (s) (u21 - ”20) cos A (s— x)| ds
' j |1 (5) (1131 — t15) cos A (s - x)

+P, (8) (g — tyg) sin A (s — x)l ds

< 22M3N (x - 5)2
= R —2 5
(29)
and so generally,
la, e )] < 27M N & ;lc) (30)
Now, consider the infinite series
Uy (%, 1) + Y 2 (x, 1) (31)
k=1
The nth partial sum of this series is u,,(x, A); that is,
ty, (36, 4) = 1y (36, 1) + Y 2 (x,4).. (32)

k=1

Therefore, the sequence {u,(x,A)} converges if and only if
series (31) does so. In view of (30), it follows that series (31) is
uniformly convergent with respect to x on (¢, b] and A in the
closed contour {A € C : |A| < R}. Let the sum of series (31) be
D, (x, 1) = (@, (x, 1), Doy (x, 1)) 7; that is,

D, (6, 1) = 1y (x,4) + Y 2 (x,4), (33)
k=1
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and so, (32) gives
nli_)ngoun (x, 1) =D, (x,1). (34)

Finally, we will show next that the limit function ®,(x, A)
satisfies (20). For this, we need to find CI);(x, A). From (33),

. D, (x, A)
3 () = D, (x, 1)

up (6A)\ & [z (% 4)
= =+ .
uy; (%, 1) ,;2 2y (%, 1)
For the first term on the right-hand side of (35), if we take
n = 1in (25), then

(2)-G:)
Uy Uy

*(p1(s)sinA(s—x) —p,(s)cosA(s—x)
+J <P1(5)COSA(S—X) pz(s)sin/\(s—x)>

(35)

c

(=Ap;(s)cosA (s —x) —Ap,(s)sinA (s — x)
+J Ap;(s)sinA (s —x) —Ap,(s) cosA (s — x)

X (ul()) ds
Uz

(ot ) (i)

now from (25) and the fact that (1,y, )" is a solution of the
homogeneous system, we have

9 R [ A !

(37)

c

(36)

For the second term on the right-hand side of (35), it follows
from (25) and (26) that

zZ\ _ [T p1(s)sinA(s—x) —p,(s)cosA(s—x)
(sz> - J- <P1 (s)cosA(s—x) p,(s)sinA(s—x) >

z
x ( 1k—1> ds
Zok-1

c

(38)
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and its derivative is

gl (T (-Apy (s)cos A (s —x) —Ap,(s)sinA (s — x)
Z;k - J Ap; (s)sinA (s —x) —Ap,(s)cosA(s—x)

Z1k
><< Ik 1)ds
Zok-1

(oo ) (E).

(39)
In this equation
*(=Ap; (s)cos A (s —x) —Ap, (s)sinA(s—x)
JC Ap; (s)sinA (s —x) —Ap,(s)cosA(s—x)
(40)

Z1k-1 _(0 _A) (Z1k>

X ds = .

(zzk—1> : <’\ 0/ \zy

By using (39) and (40), the second term on the right-hand
side of (35) becomes

o [zl (x, ) 0 A\ 2 [z,
$(Fn) -G DEE
0 -p®)\ N [zt
' <P1 (x) 0 ) ; <Z2k—1>
_ (0 A - zlk>_<zn>
(A 0 > [,; (sz 2
0 -p@\x [z
* (P1 (x) 0 ),; (sz> )
Substituting (37) and (41) into (35) gives
o)~ (D))
@, (x,A) )] \A 0 Uy, Zy
n < 0 -p (x)> (”10)
P (%) 0 Uy
0 -1\ v Zlk>
" <’\ 0 ),; <sz
+< 0 -p (x)> v <Z1k>
pl (x) 0 =1 sz
_ <0 —/\> (”10) + < 0 -p, (x)) <“10>
A0 Uyg D (x) 0 Uy
0 -A-p, (%)) v Zlk>
+</\+P1 (x) 0 >,;<sz

B <A + gl (x) - s m)

bl

(41)

5
U \ 21k
8 [(”20) " ,;1 <Z2k>:|
_ < 0 -A-p, (x)> <<D12 (x, /\)>
A+ py (%) 0 D, (x, 1)
(42)

so that @, (x, A) satisfies (20) on (c, b]. It also clearly satisfies
the boundary conditions (21). As a result, the vector-valued
function @ (x, A) defined by

O (x,1) = (0, Dy,), x€[a0),
D(x,A) = (43)
I (x,1) = (@15, Dy,), x € (c,b]
satisfies the Dirac system (1), (4), and (6). O
Theorem 6. For any A € C, the Dirac system
) (x) = py () uy (%) = Mgy (%),
, (44)
uy (x) + py (%) uy (x) = —Au, (x)
has a solution
¥l (x,A) = (¥, ¥y), x€ac0),
¥(x,A) = (45)
¥ (x, 1) = (¥),, ¥y,), x € (c,b]

on [a,c) U (c,b] satisfying the boundary condition (5) and
transmission condition (6). For each x € [a,c) U (c,b], ¥(x, A)
is a vector-valued entire function of A.

Proof. The proof of this theorem is similar to that of
Theorem 5 and hence is omitted. O

4. The Eigenvalues of the Problem

We know from [11, page 194] that the Wronskians W(®;, ¥;),
(i = 1,2) do not depend on x € [a,c) U (¢, b]. They depend
only on A, and let W(®;(x, 1), ¥;(x, 1)) = w;(A)(i = 1,2).
However, it follows from (6) that

- Oy (x,4) Dy (x,1)
Y1 (x,A) ¥, (x, 1)

w, A=W (D,,¥,)
=@, (c-0,1)¥,; (c-0,1)
~®,, (c—0,\) ¥}, (c—0,1)
=y D, (c+0,1) yWy, (c + 0, 1)
— YDy, (¢ +0,A)y "W, (c + 0, 1)

_ P (6, 1) Dy (x, 1)

- \PIZ (X, )‘) \IJZZ (x, A) =W (CD2’ \PZ) ) (A) .

(46)



Hence, we get
w (A)=w, (1) :==w(A). (47)

Here we defined a function w(A).
Let the solutions @(x, A) and ¥(x, A) of (1)-(6) be defined
by the initial conditions for some a, 3 € [0, )

D,, (a,A) =sina,

Y¥,, (b,A) = b, + Asin .
(48)

®; (a,A) = cosa,

Y, (b,A) = a; + Acos B,

Therefore, any solution of (1)-(6) may be represented as
u(x,A)

”1T (A = (@ + 0¥, 6D, +6¥,)), x€[ac)
ul (5, A) = (6D, + ¢, ¥, 6@y + ¢, ¥y), x € (c,b].
(49)
Applying conditions (4), (5), and (6) to solution (49) and

considering the initial values (48), we obtain the following
coeflicients matrix of linear system equations of the variables

C1, G G5 G4t

0 w, (A) 0 0
0 0 w, (A) 0

D (c=0,A) ¥;(c-0,1) —yD,(c+0,4) —p¥1, (c+0,4) | >

@y (c=0,A) ¥y (c—0,A) =y Dy (c+0,A) —p "Wy, (c+0,1)
(50)

and let us denote the determinant of this matrix by W(A);
then for every A € C,

D, (c-0,1) ¥;(c—-0,1)

W) =-w (V) w, (1) D, (c=0,1) ¥, (c—0,4)

(51)
= -0 N w,(N) = -0’ (N).

Theorem 7. The eigenvalues of the problem (1)-(6) are the
zeros of the function w(A).

Proof. Let w(A,) = 0 for any A = A,. Then, it follows from
(51) that the Wronskian of ®,(x, A,) and ¥,(x, A,,) is zero, so
that ¥,(x, A,)) is a constant multiple of ®,(x, A,,), say

Y, (x,A,) =k®, (x,4,,), x€(cb]. (52)

It follows that W(x, A,,) also fulfils the boundary condition
(5) and, therefore, is a vector-valued eigenfunction of the
problem (1)-(6) for eigenvalue A,,.

Conversely, let u,,(x, A,,) be a vector-valued eigenfunction
corresponding to eigenvalue A, but w(A,)# 0. Then, from
(51), at least one of the pair of the functions (@], ®I) and
w7, ‘I’ZT ) would be linearly independent. Therefore, u,,(x, A,,)
can be expressed as

C, o7 (x,1,) + G, ¥/ (x,4,), x€lac),

)An =
thy (% 4,) D, 0% (x,1,) + D! (x,1,), x € (cb],

(53)

Abstract and Applied Analysis

where at least one of the constants C,, C,, D, D, is not zero.
Since u,(x, A,,) is a vector-valued eigenfunction correspond-
ing to eigenvalue A, by substitution in conditions (4)-(6), we
obtain a system of linear, homogeneous equations and the
determinant of this system is zero. This means that W(A,) =
0, and from (51), w(A,,) = 0 which yields a contradiction to
the assumption that w(A,,) # 0. This completes the proof. [

Since w(A) is an entire function of A and the eigenvalues
of the problem (1)-(6) consist of the zeros of w(A), we have
the next theorem.

Theorem 8. The Dirac system (1)-(6) has at most denumer-
ably many eigenvalues, and these eigenvalues have no finite
limit point.
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