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Let E be a reflexive Banach space having a weakly sequentially continuous duality mapping J,, with gauge function ¢, C a nonempty
closed convex subset of E,and T : C — % (E) a multivalued nonself-mapping such that Py is nonexpansive, where P;(x) = {u, €
Tx : [x —u.l = d(x,Tx)}. Let f : C — C be a contraction with constant k. Suppose that, for each v € C and t € (0,1), the
contraction defined by S,x = tPrx + (1 — t)v has a fixed point x, € C. Let {«,}, {3,}, and {y,} be three sequences in (0, 1) satisfying
approximate conditions. Then, for arbitrary x,, € C, the sequence {x,,} generated by x,, € «, f(x,,_,) + 3, %,_, +V,Pr(x,) forall n > 1

converges strongly to a fixed point of T'.

1. Introduction

Let E be a Banach space and C a nonempty closed subset of
E. We will denote by & (E) the family of nonempty closed
subsets of E, by €AB(E) the family of nonempty closed
bounded subsets of E, by #(E) the family of nonempty
compact subsets of E, and by # G(E) the family of nonempty
compact convex subsets of E. Let H(:,-) be the Hausdorft
distance on €% (E); that is,

H (A, B) = max {sup d(a,B),supd (b, A)]> , @)

acA beB

for all A,B € €AB(E), where d(a,B) = inf{||la — b|| : b € B}
is the distance from the point a to the subset B. Recall that a
mapping f : C — Cisa contraction on C if there exists a
constant k € (0, 1) such that || f(x)— f(y) < kllx-yl, x,y €
C.
A multivalued mapping T : C — F(E) is said to be a
contraction if there exists a constant k € [0, 1) such that
H(Tx,Ty)<k|x-y| Vx,yeC. )
If (2) is valid when k = 1, the T is called nonexpansive. A
point x is a fixed point for a multivalued mapping T'if x € Tx.
Banach’s contraction principle was extended to a multivalued

contraction by Nadler [1] in 1969. The set of fixed points of T
is denoted by F(T).

Given a contraction f with constant k and ¢ € (0, 1), we
can define a contraction G, : C — #(C) by

Gx:=tTx+(1-t) f(x), xeC. (3)

Then G, is a multivalued, and hence it has a (nonunique, in
general) fixed point x, := x{ € C (see [1]); that is,

x, €tTx, +(1-1) f(x,). (4)
If T is single valued, we have
x, = tTx, + (1 -1) f (x,), (5)

which was studied by Moudafi [2] (see also Xu [3]). As a
special case of (5),

x, =tx, + (1 -t)u, for given u € C, (6)
has been considered by Browder [4], Halpern [5], Jung and
Kim [6, 7], Kim and Takahashi [8], Reich [9], Singh and
Watson [10], Takahashi and Kim [11], Xu [12], and Xu and Yin
[13] in a Hilbert space and Banach spaces.

In 2007, Jung [14] established the strong convergence of
{x,} defined by x, € tTx,+(1-t)u, u € C for the multivalued



nonexpansive nonself-mapping T in a reflexive Banach space
having a uniformly Géteaux differentiable norm under the
assumption Ty = {y}.

In order to give a partial answer to Jung’s open question
[14] Can the assumption Ty = {y} be omitted?, in 2008,
Shahzad and Zegeye [15] considered a class of multivalued
mapping under some mild conditions as follows.

Let C be a closed convex subset of a Banach space E. Let
T:C — J/(E)be amultivalued nonself-mapping and

Prx={u, € Tx: |x—u,| =d(x,Tx)}. (7)

Then P : C — HK/(E) is multivalued, and Ppx is nonempty
and compact for every x € C. Instead of

Gx=tIx+(1-t)u, uecC, (8)
we consider, for t € (0, 1), that
Sx=tPpx+(1-t)u, uecC. 9)

It is clear that S,x € G,x, and if P} is nonexpansive and
T is weakly inward, then S, is weakly inward contraction.
Theorem 1 of Lim [16] guarantees that S, has a fixed point,
point x,; that is,

X €tPpx, + (1 -t)u S tTx, + (1 - t)u (10)

If T is single valued, then (10) is reduced to (6).

Shahzad and Zegeye [15] also gave the strong convergence
result of {x,} defined by (10) in a reflexive Banach space
having a uniformly Géteaux differentiable norm, which
unified, extended, and complemented several known results
including those of Jung [14], Jung and Kim [6, 7], Kim and
Jung [17], Lopez Acedo and Xu [18], Sahu [19], and Xu and
Yin [13].

In 2009, motivated by the results of Rafiq [20] and Yao et
al. [21], Ceng and Yao [22] considered the following iterative
scheme.

Theorem CY (see [22, Theorem 3.1]). Let E be a uniformly
convex Banach space E having a uniformly Gdteaux differ-
entiable norm, C a nonempty closed convex subset of E, and
T :C — H(E) a multivalued nonself-mapping such that Pp
is nonexpansive. Suppose that C is a nonexpansive retract of
E and that for each v € C and t € (0,1) the contraction S,
defined by S,x = tPpx + (1 — t)v has a fixed point x, € C. Let
{a,}, {B,}, and {y,} be three sequences in (0, 1) satisfying the
following conditions:

D)o, +B+v. =1

(i) lim,, _, oo, = 0 and lim,,_, o (B,/a,) = 0.

For arbitrary initial value x, € C and a fixed element u € C,
let the sequence {x,,} be generated by
x, € au+ B,x, ; +v,Prx, VYn>1. 1

Then {x,} converges strongly to a fixed point of T.
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Theorem CY also improves, develops, and complements
the corresponding results in Jung [14], Jung and Kim [6, 7],
Kim and Jung [17], Lopez Acedo and Xu [18], Shahzad and
Zegeye [15], and Xu and Yin [13] to the iterative scheme (11).
For convergence of related iterative schemes for several non-
linear mappings, we can refer to [23-26] and the references
therein.

In this paper, inspired and motivated by the above-
mentioned results, we consider a viscosity iterative method
for a multivalued nonself-mapping in a reflexive Banach
space having a weakly sequentially continuous duality map-
ping and establish the strong convergence of the sequence
generated by the proposed iterative method. Our results
improve and develop the corresponding results of Ceng and
Yao [22], as well as some known results in the earlier and
recent literature, including those of Jung [14], Jung and Kim
[6,7], Kim and Jung [17], Lopez Acedo and Xu [18], Sahu [19],
Shahzad and Zegeye [15], Xu [12], and Xu and Yin [13], to the
viscosity iterative scheme in different Banach space.

2. Preliminaries

Let E be a real Banach space with norm || - ||, and let E* be
its dual. The value of x* € E* at x € E will be denoted by
(%, x™).

A Banach space E is called uniformly convex if 6(¢) > 0
for every € > 0, where the modulus d(e) of convexity of E is
defined by

4 (¢)

+
=inf{1—|l¥ll:llxllsl, Iyl <1, ||x—)’||28}
(12)

for every e with 0 < & < 2. It is well known that if E is
uniformly convex, then E is reflexive and strictly convex (cf.
(27]).

By a gauge function we mean a continuous strictly
increasing function ¢ defined on R* := [0, 00) such that
¢(0) = 0 and lim, _, . ¢(r) = co. The mapping Jp E — 2F
defined by

To ) ={f € E": {x, f) = Izl | £]> |£] = o (<D}
Vx € E

is called the duality mapping with gauge function ¢. In
particular, the duality mapping with gauge function ¢(t) = t
denoted by ] is referred to as the normalized duality mapping.
It is known that a Banach space E is smooth if and only if the
normalized duality mapping ] is single valued. The following
property of duality mapping is also well known:

T 0\)

- signA<W>1m Vx € E\ {0}, 1 € R,
(14)
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where R is the set of all real numbers; in particular, J(—x) =
—J(x) for all x € E ([28]).

We say that a Banach space E has a weakly sequentially
continuous duality mapping if there exists a gauge function
¢ such that the duality mapping J, is single valued and

continuous from the weak topology to the weak” topology;

— x,J,(x,) = J, (). For
example, every If space (1 < p < 00) has a weakly continuous
duality mapping with gauge function @(t) = tP~'. Tt is well
known that if E is a Banach space having a weakly sequentially
continuous duality mapping J,, with gauge function ¢, then E
has the opial condition [29]; this is, whenever a sequence {x,,}
in E converges weakly to x € E, then

that is, for any {x,} € E with x,

lim sup ||xn - x” < lim sup ||xn - y|| VyeE, y#x. (15)

A mapping T : C — GRB(E) is *-nonexpansive [30] if, for all
x,y € Candu, € Tx with ||x —u,|| = inf{l|lx — z|| : z € T«x},
there exists u, € Ty with [y —u, | = inf{lly —w| : w e Ty}
such that

s =y < 1 - 51l (16)

It is known that #-nonexpansiveness is different from non-
expansiveness for multivalued mappings. There are some
*-nonexpansiveness multivalued mappings which are not
nonexpansive and some nonexpansive multivalued mappings
which are not *-nonexpansive [31].

We introduce some terminology for boundary conditions
for nonself-mappings. The inward set of C at x is defined by

Ic(x)={z€eE:z=x+A(y-x):y€eC, A20}. (17)
Let Tc(x) = x + T(x) with

d(x+1y,C)
) -

Te(x) = {y €E: li)tm inf 0} (18)
— 0"

for any x € C. Note that, for a convex set C, we have Tc(x) =
Io(x), the closure of I(x). A multivalued mapping T : C —
F (E) is said to satisty the weak inwardness condition if Tx
Io(x) forallx € C.

Finally, the following lemma was given by Xu [32] (also
see Xu [33]).

Lemmal. IfCisa closed bounded convex subset of a uniformly
convex Banach space E and T : C — H(E) is a nonexpansive
mapping satisfying the weak inwardness condition, then T has
a fixed point.

3. Main Results

Now, we establish strong convergence of a viscosity iterative
scheme for a multivalued nonself-mapping.

Theorem 2. Let E be a reflexive Banach space having a
weakly sequentially continuous duality mapping J, with gauge
function ¢. Let C be a nonempty closed convex subset of E

and T : C — FK(E) a multivalued nonself-mapping such
that F(T) #0 and Py is nonexpansive. Let f : C — C be a
contraction with constant k. Suppose that for each v € C and
t € (0, 1), the contraction S, defined by S,x = tPrx+(1—t)v has
a fixed point x, € C. Let {«,}, {8}, and {y,} be three sequences
in (0, 1) satisfying the following conditions:

@ a,+ oty =1

(ii) lim,, , o, = 0 andlim, _, . (B,/a,) = 0.

For arbitrary initial value x, € C, let the sequence {x,} be
defined by
Xn € (an (xn—l) + ﬁnxn—l + VnPTxn Vnz 1. (19)

Then {x,,} converges strongly to a fixed point of T.
Proof. First, observe that, for each n > 1,

“nf (xn—l) + ﬁn'xn—l
- (-p) (2

1 n

(20)

F(xn) + lf—nynxn—l)-

From x,,_,, f(x,_,) € C, it follows that («,/(1-y,)) f(x,_;) +
(B,/(1 = y,))x,_; € C. Also, notice that, for each v € C and
t € (0, 1), the contraction S, defined by S,x = tPrx + (1 - t)v
has a fixed point x, € C. Thus, for («,/(1 - y,)) f(x,_,) +
(B,/(1=y))x,_, € Candy, € (0, 1), there exists x,, € C such
that

xe (-

(jn)/nf (xn—l) + [f—nyxn—l> + VnPT (xn) .

1 n
(1)

1

This shows that the sequence {x,} can be defined well via the
following:
X, € ‘xnf (xn—l) + ﬁnxn—l + YnPTxn Vn > 1. (22)

Therefore, for any n > 1, we can find some z,, € P;(x,) such
that

Xn = ‘xnf (xnfl) * ann—l T VnZn- (23)
Next, we divide the proof into several steps.

Step 1. We show that {x,,} is bounded. Indeed, notice that
Pr(y) = {y} whenever y is a fixed point of T. Let p € F(T).
Then p € Pp(p) and we have

”Zn_P” = d(zn’PT(p)) < H(PT(xn)’PT(p)) < "xn_p”'
(24)

It follows that
% = 2l = llotnf (xum1) + BuXus + ¥uza = Pl
<o | f (xus) = F (D) + e |f (P) - Pl
+ Ba %01 = Pl + vullzn - P (25)
< a, (k |, = pl + 1 £ (p) - Pl
+ Bl = 2l + vl - 2l



and so

%, - pll < (k% =Pl + 15 () = 2l

n

Bu

* T b =
_ ka,+B, k) @, ||f p||
= 1_—%1 %0 = 2| + . 1—k

< max {IIxH o, ||f pll }

(26)

By induction, we have

"f (p) - P”} for n> 1.
(27)

[, - pll < max {llxo - pll. s

Hence {x,} is bounded and so are {z,,} and { f(x,,)}.

Step 2. We show that lim, , (llx, — z,[l = 0. In fact, since
x, = o, f(x,_1) + B.x,_1 + V.2, for some z, € Pp(x,), by
conditions (i) and (ii), we have

”xn - Zn" < &y, ||f ('xn—l) - Zn“ + ﬁn “xn—l - Zn" —0

Step 3. We show that there exists p € Pp(p) ¢ Tp. In fact,
since {x, } and {z,,} are bounded and E is reflexive, there exists
a subsequence {x,, } of {x,} such that x, — p. For this p, by
compactness of P(p), we can find w, € Pp(p), Vn > 1, such
that

|z = wl = d (2. Pr (p)) < H (Py (), Pr (p))
< %= 2l

Now suppose that x,, = x, and x, — p. The sequence
{w,} has a convergent subsequence, which is denoted again
by {w,} with w, — w € Pp(p). Assume that w# p. Since
a Banach space having the weakly sequentially continuous
duality mapping satisfies the opial condition [29], by Step 2,
we have

lim sup |x,, — w|
(e}

<limsup (||x, — z,|| + ||z, — w,| + [w, — w|)
n— oo

(30)
< limsup ||z, - w,| < limsup |x, - p|

< limsup ||x, - w|,
n—o00

which is a contradiction. Hence we have w = p, and so p =
w € Pr(p) c Tp.
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Step 4. We show that lim,, _, (2, = f(x,1), Jo(x, = )) <0
for y € F(T). Indeed, for y € F(T), by (24), we have

<xn _Zn’](p(xn _y)> = <xn _y+y_zn’](p(xn _y)>
2 [, =yl (. = 1) = 120 = ¥l @ (% = 1)

> |lx, = ¥l @ (%, = ¥I) = |%: = [ ¢ (| = ¥])) = 0.

(31)
So,
0< <xn _Zn’](p (xn _y)>
=ay, <f (xn—l) ~ Zp ](p (xn - y)>
+ ﬁn <xn—1 ~Zp ](p (xn - )/)> (32)
Say < <f (xn—l) ~Zp ](p (xn - )’)>
B
L, =zl (=D
Thus it follows that

(20— f(x00) 5], x—y)><—||xn1 Zull o (I = 51)-

(33)
Hence, from condition (ii), we conclude that
nlgréo <Z nfl)’]qo (xn _y)> <0. (34)

Step 5. We show that lim,, _, . Ilx,, — pll = 0, where p is defined
as in Step 3. Indeed, for y € F(T),

Ix. = ¥l o (I, - ¥]))
=, (f (51) = 22Ty (50— )

+ By (s = 20Ty (5= ) + 90 (20 = 20Ty (%= )
= (0, + ) (f (x0) = 3Ty (%, = )
+ fxi (Xn1 = 2Ty (0= )
P (20— (Kut) T (0= 9)) -
(35)

Interchanging p and y in (35), we obtain
"xn - P" ¢ (”xn - P")

= (o +7) {f (%) = £ (P) Ty (x4 = P))

+ (o, + 1) (f (p) - P T, (xn—p)> (36)
" f— s = Pl (%, — o)
+ Y, <zn - f(xn—l) ’]q) (xn - P)> >
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and so

(I = 2l = Kllxs = pl) @ (1, = 2I)
< ﬁnk “xnfl - P" % ("xn - p”)
+(1_ﬁn) <f(P)_p’](p(xn_p)> (37)
= plo (s, £l

+Vn <Zn _f(xn—l)’](p ('xn - P)>

Using the fact that ], is weakly sequentially continuous, Step
4, and condition (ii), we have

(I = 2l = s = ) @ (5 = pl) — 0

as n — 0.

(38)

This implies that x, — pasn — oo.Infact,iflim, _, . llx, -
pl = #%#0, then lim, , ¢(lx, — pl)#0, and by (38)
lim, , (lx, — pll = klx,_; — pll) = 0. This means that
lim, _, llx, — pll = # = kn, which is a contradiction. Thus
we proved that there exists a subsequence {x,, } of {x,} which
converges strongly to a fixed point p of T'.

Step 6. We show that the entire sequence {x,} converges
strongly to p € F(T). Suppose that there exists another
subsequence {xnj} of {x,} such that X, — qasj — oo.
Since d(xnj,PT(xnj)) < ||an ~z, | - O0asj — oo, itfollows
that d(q, Pr(q)) = 0 and so q € Pr(q) ¢ T(q); thatis, g €
F(T). Notice that P(q) = {g}. Since {x,,} is bounded and the
duality mapping J, is single valued and weakly sequentially
continuous from E to E*, we have

(2, = 1@ Ty (%, - £)) - (2= £ (@) Ty (a- p)))|

SR ACRR)

+(a-1@Jy (%, - p) - Iy (a-p)))|

< Jsy o, o)
+[(a- @7, (%, - p) - Ty (a-p)))|
— 0 as j— oo.

(39)

Thus, from Steps 2 and 4, it follows that
(a-1@).Jy(a-p))
= lim (x,, = £ @)-Ty (%, P))
= Jim (x, =20y (x,, < p))
F (1) Tp (%0, - P))
+ Jim (f (x,1) = £ @], (%, - )

o ([, - o)

S

+ jlirréo <zn
(40)

<

Xy, = 2,

+ k lim

J— 00

-7])
+ lim

j;oo an - f(xnj,l),]q, (xnj —p>> <0.

By the same argument, we also have

(p-f(p).J,(p-q) <0. (41)

Therefore, from (40) and (41), we obtain
lp-allo(lp - al)
=(p-al,(p-a)
=(p-f(p).J,(p-9)
+(f(p)- J,(p—q)) (42)
+{q-f(a).J,(a-p))
<(f(p)-f(@).J,(p-a))

<klp-ale(p-4l),

and so (1-k)[| p—¢lle(llp—4gll) < 0. Thus p = g. This completes
the proof. O

Remark 3. (1) In Theorem 2, if f(x) = u € C, x € E,isa
constant mapping, then the iterative scheme (19) is reduced to
the iterative scheme (11) in Theorem CY of Ceng and Yao [22]
in the Introduction section. Therefore Theorem 2 improves
Theorem CY to the viscosity iterative scheme in different
Banach space.

(2) In Theorem 2, we remove the assumption that C is a
nonexpansive retract of E in Theorem CY.

(3) In Theorem 2, if 8, = 0 for n > 0, then the iterative
scheme (19) becomes the following scheme:

X, € (xnf (xn—l) + (1 - (xn) PT (xn) > (43)

which is a viscosity iterative scheme for those in Shahzad and
Zegeye [15]. Therefore Theorem 2 develops Theorem 3.1 of



Shahzad and Zegeye [15], as well as Theorem 1 of Jung [14],
to the viscosity iterative method in different Banach space.

(4) Theorem 2 also improves and complements the corre-
sponding results of Kim and Jung [17] and Sahu [19] as well
as Jung and Kim [6, 7], Lopez Acedo and Xu [18], and Xu and
Yin [13].

By definition of the Hausdorff metric, we obtain that if
T is =-nonexpansive, then P is nonexpansive. Hence, as
a direct consequence of Theorem 2, we have the following
result.

Corollary 4. Let E be a reflexive Banach space having a
weakly sequentially continuous duality mapping ], with gauge
function @. Let C be a nonempty closed convex subset of E
and T : C — FK(E) a multivalued *-nonexpansive nonself-
mapping such that F(T)#0. Let f : C — C be a contraction
with constant k. Suppose that, for eachv € C and t € (0,1),
the contraction S, defined by S,x = tPrx + (1 — t)v has a fixed
point x, € C. Let{a,}, {3}, and {y,} be three sequences in (0, 1)
satisfying the following conditions:

() o+ By + 70 = 1

(ii) lim,, , oo, = 0 and lim, _, ., (B,/«,) = 0.

For arbitrary initial value x, € C, let the sequence {x,} be
generated by (19). Then {x,,} converges strongly to a fixed point
of T.

It is well known that every nonempty closed convex
subset C of a strictly convex and reflexive Banach space E is
Chebyshev; that is, for any x € E, there is a unique element
u € Csuch that |x — u|| = inf{||x — v|| : v € C}. Thus, we have
the following corollary.

Corollary 5. Let E be a strictly convex and reflexive Banach
space having a weakly sequentially continuous duality mapping
J, with gauge function ¢. Let C be a nonempty closed convex
subset of E and T : C — KHG(E) a multivalued nonself-
mapping such that F(T)+0 and Pp is nonexpansive. Let f :
C — C be a contraction with constant k. Suppose that, for
eachv € Candt e (0,1), the contraction S, defined by
S;x = tPrx + (1 — t)v has a fixed point x, € C. Let {«,}, {,},
and {y,} be three sequences in (0, 1) satisfying the following
conditions:

@) o, + Bty =1

(i) lim, , &, = 0 and lim, _, (B, /«,) = 0.

For arbitrary initial value x, € C, let the sequence {x,} be
generated by (19). Then {x,} converges strongly to a fixed point
of T.

Proof. In this case, Tx is Chebyshev for each x € C. So Py is
a selector of T and Py is single valued. Thus the result follows
from Theorem 2. O

Corollary 6. Let E be a strictly convex and reflexive Banach
space having a weakly sequentially continuous duality mapping
J, with gauge function ¢. Let C be a nonempty closed convex
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subset of Eand T : C — K €(E) a multivalued *-nonexpan-
sive nonself-mapping such that F(T) #0. Let f : C — Cbea
contraction with constant k. Suppose that, for each v € C and
t € (0, 1), the contraction S, defined by S,x = tPpx+(1—t)v has
a fixed point x, € C. Let {«,}, {8}, and {y,} be three sequences
in (0, 1) satisfying the following conditions:

@ a,+ oty =1
(i) lim, _, &, = 0 and lim,, _, (B, /«,) = 0.

For arbitrary initial value x, € C, let the sequence {x,} be
generated by (19). Then {x,} converges strongly to a fixed point
of T.

Corollary 7. Let E be a uniformly convex Banach space having
a weakly sequentially continuous duality mapping J, with
gauge function . Let C be a nonempty closed convex subset of E
and T : C — F(E) a multivalued nonself-mapping satisfying
the weak inwardness condition such that Pr is nonexpansive.
Let f: C — C bea contraction with constant k. Let {e,,}, {3},
and {y,} be three sequences in (0, 1) satisfying the following
conditions:

(1) (Xn+ﬂn+yn: 1;
(ii) lim,, , &, = 0 and lim,, _, ., (B,/a,) = 0.

For arbitrary initial value x, € C, let the sequence {x,} be
generated by (19). Then {x,} converges strongly to a fixed point
of T.

Proof. Define, for each v € C and t € (0, 1), the contraction
S;:C — H(E)by

Sex =tPpx+(1-t)v, xe€C. (44)
As it is easily seen that S, also satisfies the weak inwardness
condition: S,x C I-(x) for all x € C, it follows from Lemma 1

that S, has a fixed point denoted by x,. Thus the result follows
from Theorem 2. O

Remark 8. (1) As in [31], Shahzad and Zegeye [15] gave
the following example of a multivalued T such that P is
nonexpansive. Let C = [0, 00), and let T be defined by Tx =
[x,2x] for x € C. Then Prx = {x} for x € C. Also T is *-
nonexpansive but not nonexpansive (see [31]).

(2) Corollaries 4-7 develop Corollaries 3.3-3.6 of Ceng
and Yao [22] to the viscosity iterative method in different
Banach spaces.

(3) By replacing the iterative scheme (11) in Theorem
CY with the iterative scheme (19) in Theorem 2 and using
the same proof lines as Theorem CY together with our
method, we can also establish the viscosity iteration version
of Theorem CY.
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