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We investigate the following typical form of a certain class of quadratic functional equations: f(ax + by) + f(ax — by) + c[f(x +
P+ flx—y) = 2f(x) = 2f(y)] = 2a>f(x) + 2b* f(y). Furthermore, we provide a systematic program to prove the generalized
Hyers-Ulam stability for the class of functional equations via the stability for the typical form.

1. Introduction
In 1964, Ulam [1] proposed the following stability problem:

“let G, be a group and G, a metric group with the
metric d. Given a constant 8 > 0, does there exist
a constant ¢ > 0 such that if a mapping f : G, —
G, satisfies d(f(xy), f(x) f(y)) < cforallx,y €
G,, then there exists a unique homomorphism h :
G, — Gywithd(f(x),h(x)) < dforallx € G;?”

In 1941, Hyers [2] answered this problem under the
assumption that the groups are Banach spaces. Aoki [3]
and Rassias [4] generalized the result of Hyers. Rassias [4]
solved the generalized Hyers-Ulam stability of the functional
inequality

If (x+y) - F-f DI <e(lxl”+ ) @

for some € > 0 and p with p < 1and forall x,y € X,
where f : X — Y is a function between Banach spaces.
The paper of Rassias [4] has provided a lot of influence in
the development of what we call the generalized Hyers-Ulam
stability or the Hyers-Ulam-Rassias stability of functional
equations. A generalization of the Rassias theorem was
obtained by Gavruta [5] by replacing the unbounded Cauchy

difference by a general control function in the spirit of Rassias
approach.
The functional equation

fle+y)+f(x-y)=2f(x)+2f(y) )

is called a quadratic functional equation and a solution of
a quadratic functional equation is called quadratic. A gen-
eralized Hyers-Ulam stability problem for the quadratic
functional equation was proved by Skof [6] for mappings
f: X — Y, where X is a normed space and Y is a Banach
space. Cholewa [7] noticed that the theorem of Skof is still
true if the relevant domain X is replaced by an Abelian group.
Czerwik [8] proved the generalized Hyers-Ulam stability for
the quadratic functional equation, and Park [9] proved the
generalized Hyers-Ulam stability of the quadratic functional
equation in Banach modules over a C*-algebra. Also, the
stability problems of functional equations related to quadratic
functions can be found in many papers (e.g., [10, 11], etc.).

Rassias [12] investigated the following Euler-Lagrange
functional equation:

flax+by)+ f (bx—ay) =2(a" +") [f () + f (D]
(3)



and Gordji and Khodaei [13] investigated other Euler-
Lagrange functional equations

f (ax +by) + f (ax - by)

b b b b
SO fea )+ Xy )

+ (2% —ab=0") f () + (b — ab) f (»)

for fixed integers a, b with b # a, —a, —3a, and

fax+by)+ flax—-by) =2a"f (x) +2b°f (y)  (5)

for fixed integers a, b with a* # b* and ab # 0.
In this paper, we consider the sum of two functional equa-
tions (2) and (5), that is,

f (ax +by) + f (ax —by)
+c[fx+y)+ flx-y)-2fx)-2f(»)] (6)
=2a’f (x)+2b°f (y)

for fixed nonzero real numbers a,b,c with a#1,-1 and
a’ #b?, and prove the generalized Hyers-Ulam stability for it.

As applications of theorems in Sections 2 and 3, we have
a systematic program to prove the generalized Hyers-Ulam
stability for functional inequalities which can be deformed
into the following functional inequality:

“f(ax+by)+f(ax—by)—Zazf(x)—szf(y)
+e[f(x+ )+ f (x=y)-2f )-2f ()] < ¢ (x. ).
(7)

Throughout this paper, assume that X is a normed space
and Y is a Banach space.

2. Solutions of (6)

In this section, we investigate solutions of (6). In Corollary 5,
it can be concluded that any solution of (6) is quadratic if a is
a rational number. We start with the following lemma.

Lemma 1. Let f : X — Y be a mapping with f(0) = 0.
Suppose that f satisfies (6); then the following equation holds:

<C+;_§)[f<zx+y>+f<zx—y>1
2B S+ (o)
+<4b2+5c+%+2§>f(y)
+<C_&)f(—y)+4<b2+26+;—z)f(x)

(8)
forallx,y € X.

Abstract and Applied Analysis

Proof. Letting y = 0in (6), we have

flax)=a’f (x) ©)
for all x € X. Setting x = 0 and y = x in (6), we have

fx)+ f(-bx) +c[f(-x) - f(0)] =2b°f (x)  (10)

for all x € X. Letting x = —x in (10) and adding the two
equations, we have

f(bx) + f (=bx) = b* [f (x) + f (-x)] (11)

forall x € X.
Replacing y by x + y in (6), we have

flax+b(x+y)+ f(ax-b(x+))
+c[f(2x+y)+ f(-y)] (12)

=2(a2+c)f(x)+2(b2+c)f(x+y)
for all x, y € X, and letting y = —y in (12), we have

flax+b(x-y))+ f(ax-b(x-y))
+c[f(x-y)+ f()] (13)

=2(a+c) f)+2(bP +¢) f(x-)

forall x, y € X.
Replacing x and y by x+(b/a)y and x in (6), respectively,

we have

flax+b(x+y))+ f(ax—-b(x-y))
el ) (@) w9
=2(a2+c)f<x+gy>+2(b2+c)f(x)

for all x, y € X, and letting y = —y in (14), we have
flax+b(x=y))+ f(ax=-b(x+y))

A SR G50 B
:2(a2+c)f<x—Sy>+2(b2+c)f(x)

for all x, y € X. By (12), (13), (14), and (15), we have
c[f@x+y)+ fQx-y)+ f(y)+f(-y)]

)+ £ )
- 5 1f ax + by) + f (2ax - by)]
=4(a® =) f)+2(b +¢) [f(x+y) + f(x-y)]

_2<1+é)[f(ax+by)+f(ax—by)]
(16)
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for all x, y € X. By (6) and (16), we have

c[f@x+y)+ fQx-y)+ f(y)+f(-y)]
()4 £ )

2

+ S [fxry)+ f(2x-y)-2f @x) -2 (7)
—2a’ f (2x) - 27 f (y)]
=4(a®-0") f)+2(B + ) [f (x+ )+ f(x— )]
2 (14 S)[F (et 2)+ £ (x=2) -2/ ()

~2f (y)-2d’f (x) - 26 f (y)]
17)

for all x, y € X. Now, just simplifying this equation, we can
get the result. O

Next three theorems deal with (6) for the different cases.
Theorem 2. Let f : X — Y be a mapping with f(0) = 0.
Suppose that f satisfies (6). If c# — b and c* # a°b?, then f is

quadratic.

Proof. By (10) and (11) in the proof of Lemma 1, we have
(b +c) f(x) = (b +c) f () (18)
for all x € X. Since b + ¢ 0, we have
f=x)=f(x) (19)
for all x € X. By (10) and (19), we have

fbx) =bf (x) (20)

for all x € X. Replacing x and y by bx and ay in (6), respec-
tively, by (20), we have

@b’ [f (x+y) + f (x - )]
+c[f(bx+ay)+f(bx—ay)—2b2f(x)—2a2f(y)]

=2a°" [f () + f ()]
(21

for all x, y € X. Replacing x and y by y and x in (6), respec-
tively, by (19), we have

f(bx+ay)+ f (bx - ay)
+e[f(x+p)+ fx=y)-2f(x)-2f(y)]

=2d"f (y) + 20" f (x)
(22)

for all x, y € X. By (21) and (22), we have

(a0 =) [f (=) + f (x+7) =2 ) =2 ()] =0
(23)

for all x, y € X. Since a*b? — 2 #0, then

flery)+flx=y)=2f)+2f(y) @9
for all x, y € X. Hence, f is quadratic. O

Theorem 3. Let f : X — Y be a mapping with f(0) = 0.
Suppose that f satisfies (6) and a is a rational number. If ¢* =
a’b?, then f is quadratic.

Proof. Since b* + ¢ = b(b + a) #0, by the first few lines in
the proof of Theorem 2, f is even. Hence, in this case, we can
easily check that (8) can be reduced to

bbxa)[f(2x+y)+ f(2x-y)]
=bbxa)[4f (x+y)+4f(x-y)-6f(y) (25
+8f (x) - 2f (2x)]
for all x, y € X. Since b(b + a) # 0, we have
f@x+y)+fx-y)=4f(x+y)+4f(x-y)-6f(y)

+8f(x)-2f(2x)
(26)

forall x, y € X. By [14],a function f satisfying (26) is quartic-
quadratic. But in our case, f also satisfies (26) and since
flax) = a’ f(x), f is quadratic. O

Theorem 4. Let f : X — Y be a mapping with f(0) = 0.
Suppose that f satisfies (6) and a is a rational number. If c =
~b?, then f is quadratic.

Proof. Suppose that ¢ = —b”. By (8), we have
V2 o
L =) f (2 3) +  (2x - )

- (B @) 2f (e )+ 2 (5 3) ~4f ()

+2f 2x) = f () = £ (-»)]
(27)

for all x,y € X. By [15], f is quadratic-cubic and since
flax) = a* f(x), f is quadratic. O

Combining Theorems 2, 3, and 4 we can get the following
corollary as the conclusion of this section.

Corollary 5. Let f : X — Y be a mapping with f(0) = 0.
Suppose that f satisfies (6) and a is a rational number. Then f
is quadratic.



3. The Generalized Hyers-Ulam
Stability for (6)

In this section, we will prove the generalized Hyers-Ulam
stability for (6).

Theorem 6. Let ¢ : X> — [0,00) be a function such that

ia‘z”(p (a"x,a"y) < 00 (28)

n=0

forallx,y € X. Let f X — Y be a mapping such that
|f (ax +by) + f (ax —by) =2 f (x) - 2b° f (y)
re[fx+y)+ flx-y)-2f@-2f ]| @9
< ¢ (x )

for a fixed rational number a and fixed nonzero real numbers
b, ¢ with a#1,0 — 1 and a* #b*. Then there exists a unique
quadratic mapping Q : X — Y satisfying (6) and

Q) - fx) - £ ()
o 30
S%;?QW”MOfn®+¢mmn .
forall x € X.
Proof. Let g(x) = f(x) — f(0). Then g(0) = 0 and
|9 (ax + by) + g (ax - by) - 2a° g (x) - 2b°g ()
telgx+y)+g(x-y)-29x)-29(»)]| G
<¢(x, ) +¢(0,0)
for all x, y € X. Setting y = 0 in (31), we have
|a*g (x) - g (ax)| < %gbo (x,0) (32)

for all x € X, where ¢,(x, y) = ¢(x, ) + ¢(0, 0). Replacing x
by a"x in (32) and dividing (32) by @™V, we have

_2(n+1)g (an+1x)'| < la—z(n+1)¢0 (anx’ 0)

"a_z"g (@"x)-a 5
(33)

forall x € X and all nonnegative integers n. For m, n € N U{0}
with m < n,

"a_zmg (@"x)-a g(a x " %Z

n—-1
= 2—(112 Z a72kql>0 (akx, 0)
(34)

k+1)¢0 (a X, 0)
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for all x € X. Since (28) holds for y = 0, ZZ;,In a ¢, (a*x,0)
goes to 0 asm — 00. So {a >"g(a"x)} is a Cauchy sequence

in Y, and since Y is a Banach space, there exists a mapping
Q: X — Y such that
T —2n n
Q(x) = lim a™"g(a"x) (35)

forall x € X and
o - n+ n
[Q) - g @) <5y a”" Vg (a"x0)  (36)
n=0

for all x € X. Replacing x and y by a"x and a"y in (31), re-
spectively, and dividing (31) by a®", we have

"a_z"g (a" (ax + by)) +a g (a" (ax - by))
-c [a_zng (a"

2-ag(d'x) -2-a g ()] (37)

(x+y)+ag(a" (x-y))

an (anx) 2. b2 . a—2

<a ', (a"x.a"y)

forall x, y € X andlettingn — oo inthe above inequality, we
can show that Q satisfies (6). By Corollary 5, Q is quadratic.

Now, we show the uniqueness of the quadratic mapping
Q. Suppose that Q, is a quadratic mapping satisfying (6) and
(30). Then we have

Q) - Qy (0] = a | (a*x) -

2 —
—-2-a -a

"g(a"y)|

Q (a"x)|
<a *|Q(a"x) -

g(d)|

+a "QO (akx) -9 (akx)"

N (38)
< g2k —2(n+1) n+k 0
a n;)a 0N (a X )

—a Z —2(n+k)¢ ( n+k )

for all x € X and for all positive integers k. Hence, letting
k — oo in the above inequality by (28) the tail part
Y0, a2 (" x 0) = Y, a ¢ (a"x, 0) goes to 0. So
we have

Q(x) = Q (x) (39)
forall x € X. O

We remark that if £(0) = 0 in Theorem 6, inequality (30)
can be replaced by

lQ(x) - f ) < Z a 2"V (a"x,0).  (40)

nO

Related with Theorem 6, we can also have the following
theorem. And the proof is similar to that of Theorem 6.
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Theorem 7. Let ¢ : X2 5 [0,00) be a function such that
Za2"¢ (a"x,a"y) <0 (41)

n=0

forallx,y € X. Let f: X — Y be a mapping such that
|f (@x +by) + f (ax ~ by) - 2a° f (x) =267 f ()
re[fx+y)+fx-y)-2f@-2f (]| (2
<¢(x,y)

for a fixed rational number a and fixed nonzero real numbers
b, c with a#1,0 — 1 and a* #b*. Then there exists a unique
quadratic mapping Q : X — Y such that

QG- £ (= £ O = 3 0" [§(a",0)+ ¢ 0,0)]
n=0

(43)

forall x € X.

For the stability problem of quadratic functional equa-
tions, we can show that many quadratic functional equations
turn out to be types of (6) or to be deformed into the type

of (6). For example, Gordji and Khodaei [13] investigated the
following functional equation:

f (ax +by) + f (ax —by)

b b b b
SO p )+ B gy

+ (20" —ab-b") f (x) + (b - ab) f (y),

fax+by)+ flax-by)=2a"f (x) +b*f (). (45)

Indeed, the functional equation (44) can be written as

f(ax +by) + f (ax —by)
+te[fx+y)+ flx-p)-2f ) -2f(y)] (46)
=2a" f (x) +2V° f (),

where ¢ = —b(a + b)/2. Hence the functional equations (44)
and (45) are special cases of the functional equation (6).

As another example, Jun et al. [16] investigated the follow-
ing functional equation:

flax+y)+af(x—y)=(a+1)f(y)+aa+1) f(x),
(47)

where a is an integer with a# - 1,0. Suppose that f
satisfies (47). Then clearly, f is even, and hence the functional
equation (47) can be deformed into

flax+y)+ f(ax—y)
talf(x+y)+ fx—y)=2f @) -2f(y)]

= Zazf(x) +2f(y)
(48)

for all x, y € X. That is, we can transform (47) into the type
of (6).

Asan example of ¢(x, y) in Theorems 6 and 7, we can take
d(x, y) = e(lxI?llyI? +I|xI*? + ]| yII*?) which appeared in [17].
Then we can formulate the following corollary.

Corollary 8. Let p be a real number with p# 1. Let f : X —
Y be a mapping such that

"f (ax + by) + f (ax - by) - 2a" f (x)
—27f (p)+elf (x+p)+ f(x—y)-2f () -2f ()]
< e (I Iy1 + 107 + y])
(49)

for a fixed rational number a and fixed nonzero real numbers
b, c with a+1,0,—1 and a® +b*. Then there exists a unique
quadratic mapping Q : X — Y such that

2p
lQ)- £ (- £ )] < [f"x"

_ a2(1—p)]
(p>1, lal>1, or p<1,lal<1),
(50)

2p
lQ)- £ (- £ )] < [f"x"

— az(P_l)]
(p<Llal<1l,or p>1, |al>1)
forall x € X.

We remark that the functional equation (6) is not stable
for p = 1 in Corollary 8. The following example, which is a
special case of the example in [18], shows that (6) is not stable
for p = 1 especially in the case of a = 2,b = 1,and ¢ = -1.
We give a proof for the reader’s convenience.

Example 9. Lett: R — R be a mapping defined by

X2, if x| < 1,
t = 51
) {1, otherwise, )
and define a mapping f: R — R by
St (2"x
Fo) = Z%. (52)
n=0

We will show that f satisfies the functional inequality
If @x+y)+ f(2x-y)-8f(x)-2f (y)
“[fxry)+fla=p)-2f O -2f Wl (53
< 0 (1l y] + 1P + [yF)

for all x, y € R, but there do not exist a quadratic mapping
Q:R — Randa positive constant K such that

Q (x) - f (x)|| < KllxII (54)
for all x € R.



Note that | f(x)| < 4/3 for all x € R. For any mapping
g:R — R,let
Dg(x,y)=g(2x+y)+g(2x—y) - 8g(x)
-29(y)-lgx+y)+g(x-y) (55
-2g(x)-2g(y)]

forall x, y € R.
First, suppose that 1/16 < |x|[y| + lx|* + |y|2. Then
|Df (x, y)| < (640/3)(Ix||y| + lx]* + |y|2) forall x, y € R.
Now suppose that 1/16 > |x]||y| + |x|® + |y|2. Then there
is a positive integer m such that

1 2 2 1
22m+3 < |x| |y| + |X| + |y| < W) (56)
and so
1
2m |'x| < e}
2

" 1
-, 57
2"l <3 (57)

Hence, we have

{2"'_1 (x+y),2" " (x+y),2" %, 2" ly}

(58)
c(-1,1).
Hence foranyn =0,1,2,...,m -1,
Dt (2"x,2"y) =0, (59)
and so
1
Df (x,y) < Y —Dt(2"x,2"
f (x, ) ZO Dt y)
[oe)
=) 4_1nDt (2"x,2"y) (60)
40 320 2 2
< 3% 22m < T(|X||)’|+|x| +|)’| )
Thus f satisfies (53).

Suppose that there exist a quadratic mappingQ : R — R
and a positive constant K with (54). Since | f(x)| < 4/3,

4 4
—Kx? - 3 <Q(x) < Kx? + 3 (61)
for all x € R, and since Q is quadratic,
2 4 2 4
-Kx —ﬁSQ(X)SKX +ﬁ (62)
for all x € R and all natural numbers n. Hence, we have
IQ(x)] < Kx? (63)
for all x € R, and so, by (54), we have

|f (x)l < 2Kx? (64)

forall x € R.
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Take a positive integer [ such that / > 2K, and pick x € R
with 27 |x| < 1. Then

f=SH

n=0

2"x)
471

-1 n -1
t(2
> (2") = sz =Ix* > 2Kx?,
4" n=0

n=0

(65)

which contradicts (64).

4. Deforming Inequalities into the Type of (29)

It turns out that lots of functional inequalities can be
deformed into inequality (29). So we can regard inequality
(29) as a typical form of a certain class of functional inequal-
ities. In this point of view, we have a following systematic
program to prove the generalized Hyers-Ulam stability of
certain functional inequalities.

Step 1. Deform a given inequality into the type of (29) and
get a modified bound function.

Step 2. Apply Theorem 6 for the modified bound function.

It should be remarked that if a functional inequality can
be deformed into the type of (29), then a solution of the
original functional equation is quadratic. And, it can be easily
checked that the resulting unique quadratic mapping Q in
Step 2 also satisfies the original functional equation. So we
don’t need to worry anything about the given functional
equation in our program. In this section, we illustrate just two
of them.

First, we consider the following functional equation:

flax+y)+(@-1)f(x-y)-f(x+y)
=@+2)@a-1)fx)+@-1f(y)
for some rational number a witha #1, -1, 0.

Theorem 10. Let ¢ : X2 - [0,00) bea function with (28).
Let f: X — Y be a mapping satisfying f(0) = 0 and

If(ax+y)+@-1) f(x-y) - f(x+y) )
—@+2)@-1)f@)-@-)f)|<¢xy)

for some rational number a with a# 1,—-1,0. Then there exists
a unique quadratic mapping Q : X — Y such that Q satisfies
(66) and

0w~ @l < 3 [$(ax.0)+ S4 0.0
(68)
forall x € X.
Proof. Setting y = —y in (67), we have
|f (ax-y)+@-1) f(x+y) - f(x-y)

—@+2)(a-1)fx) -(a-1)f(y) <¢(x-y),
(69)
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and by (67) and (69), we have
|f (ax + y) + f (ax - y) - 2a° f (x) - 2f (v)
+@-2)[f(x+y)+ f(x-y)-2f(x)-2f (y)]
+@-D[f»)-FE]

<¢(xy)+¢(x,-y) )
70

forall x, y € X. Letting x = 0 in (67), we have
@@= [f ()= f (=]l < ¢(0.9) (71)
for all y € X. Hence, by (70) and (71), we have
|f (ax + y) + f (ax - y) - 2a° f (x) - 2£ (»)
t@-2)[f(x+y)+ fx=y)-2f () -2f (]|

<O (xy)
(72)

forall x, y € X, where ®(x, y) = ¢(x, y) + ¢(x, —y) + ¢(0, y).
So by Theorem 6, we get the result. O

Remark I1. 1t would be interesting to see how Theorem 10
works well for a simple case of ¢. Take ¢(x, y) = € > 0. Then
the original inequality in Theorem 10 is

If (ax+y)+(@-1) f(x=y) - f(x+y)

—(@+2)@-1)fx-@-10f(y)<e

After the deforming process, inequality (73) turns into the
following new inequality which is standard in our sense:

|f (ax + y) + £ (ax - y) - 2a° f (x) - 2f (v)
+@-2)[f(x+y)+ fx-y)-2f ) -2f )]

< 3e.

73)

(74)

With f(0) = 0, apply Theorem 6 or Theorem 7 (¢(x, y) = 3¢
in the theorems) to inequality (74); we get the following con-
clusion.

There exists a unique quadratic mapping Q : X — Y
such that Q satisfies (66) and

3e
— [ —
Qe £ (9l = 5 79
Now, we consider the following functional equation:
fBx+2y)+2f (Bx-2y) - 6f (x-y) o6

= 21f (x) + 6 (y).

Theorem12. Let ¢ : X2 5 [0, 00) be a function with (28) for
a=3.Let f: X — Y bea mapping satisfying f(0) = 0 and

If (3x+2y) +2f (3x—2y) - 6f (x-y)
“21f () -6f (V)| <¢(x ).

(77)

Then there exists a unique quadratic mappingQ : X — Y
such that Q satisfies (76) and

lQx) - f ) < %23‘””*” [¢(3"x,0) + 6¢(0,0)]
(78)
forall x € X.
Proof. Setting x = 0 in (77), we have

If @y)+2f (=2y)=6[f (y)+ f ()] <¢(0,9) oo

forall y € X. Letting y = —y in (79), we have

121 (2y) + f(=2y) =6 [f (y) +6f ()| < $(0,-y)
(80)

for all y € X. By (79) and (80), we have
If2y) - f (20 <¢(0.9) +¢(0.-y) (8D
for all y € X. Hence by (81), we have
y -y
lr»-fl=e(0l)+e(0) o

forall y € X.
Letting y = —y in (77), we get

If (3x—2y) +2f (3x+2y) —6f (x+y)

(83)
—21f () =6f (-y)]| < ¢ (x.-),
and by (77) and (83), we have
I30f (3x = 2y) + f (3x +2y) — 18f (x) - 8f (¥)]
—6[f(x+y)+ flx-y)-2f(x)-2f (y)]
(84)

+6[f (7))~ F (=PI
<¢(xy)+¢(x-y)
for all x, y € X, and so by (82), we have
ILf (3x = 2p) + f (3x +2y) — 18f (x) - 8f (¥)]
2(f(x+ )+ flx=y)-2f @ -2fWI 8
<@ (x,y)

for all x, y € X, where ®(x, y) = (1/3)[¢(x, y) + ¢(x, —y)] +
2[¢(0, y/2) + ¢(0, —y/2)]. So by Theorem 6, we get the result.
O
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